Mean value theorems for polynomial solutions of
/ linear elliptic equations with constant coefficients
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Introduction

Let P(D) be a linear partial differential operator with constant
coefficients in the Euclidean space R", n > 1, and let u be a complex
Borel measure supported in the closed unit ball B in R". Zalcman ?
proved the equivalence of the following assertions: a) for any domain
G c R" and for any complex-valued function u € C(G),

fu(x © rt) du(t) = 0

forall x € G and r € (0, dist(x,dG)) if and only if u is a weak solution
of the equation P(D)f = 0 in G; b) the operator P(D) is homogeneous
and the functional F,(¢) := [ ¢(t) du(t), ¢ € C°(R"), in the space
&' (R") is represented in the form F, = P(D)T for some distribution
T € &(R") supported in B with T(0) # 0, where T is the
Fourier—Laplace transform of T. This result was the first general mean
value theorem for solutions of linear partial differential equations,
which contains the classical Gauss characterization of harmonic
functions by spherical means, the Morera—Carleman characterization
of analytic functions of a complex variable by zero integrals [ f(z) dz
over circles, and some other concrete mean value theorems as special
cases. A. Pokrovskii generalized Zalcman’s result for the case of
gquasihomogeneous operators and applied it to investigation of
removable singularities of solutions of the equation P(D)f = 0 with
quasihomogeneous semielliptic operator P(D).
O. Trofymenko studied classes of smooth functions defined in a disk
B(0, R) := {z € C : |z| < R} that satisfy the condition
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She proved as a special case of more general result that each function
f e C2(m-1)-5(B(0, R)) satisfying this condition for all r € (0, R) and

z € B(0, R - r) is a solution of the equation 8™56™f = 0.

Notations

letne N:={1,2,...}and let M = (M4,..., M,) be a vector with
positive integer components, |[M| = My + ... + M,,. To each polynomial
P=P(z),z=(z,...,2n) € C", with complex-valued coefficients and
to each r > 0 we assign the differential operator P(rD), in which z,
K=1,...,n,is replaced by —ird/ox.

A polynomial P(z) (an operator P(D) = P(1D)) is said to be
M-homogeneous if thereisan | € Ny :={0,1,2,...} such that

P(z) = Y« akz, where zK := Z! ... z/" and the sum is taken over the
set of all multiindices k = (Kki, ..., k) € Nj with

kM| := kiMy + ... + k,M, = I. For any polynomial P(z) = 3, axz" we
denote by deg,, P the number sup |kM|, where the supremum is taken

over all multiindices k € Ny with ax # 0.

For x = (x1,...,X,) € R"and r > 0 we use the following notation:

Mx = (rMxy,....'Mx,), Bu(x,r) == {x + Mt : t e R", |t| < 1}. If

M= (1,...,1),thendegy P =: deg P, Bu(x, r) =: B(x, r). Recall that
the Fourier—Laplace transform of a distribution f € &'(R") is defined by
the formula f(z) := f(e”*?), where z = (z1,...,z,) € C",
X=(X1,...,Xn) €ER", X-Z = X121 + ...+ XnZn. As usual, ¢ is the Dirac
measure, i.e., the unit measure concentrated at the origin.

Let u be a complex Borel measure supported in B := B(0, 1) and let
P = P(z) and Q = Q(z) be polynomials with complex-valued
coefficients (z € C"). Denote by F, the functional corresponding to the

measure u in the space &'(R"), i.e., Fu(¢) := [ ¢(t) du(t) for all
¢ € Cy'(R"), i(z) := Fu(2).
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Main results

Definition 1. We say that the triple (M, u, Q) characterizes continuous
weak solutions of the equation P(D)f = 0 if for any domain G c R"
and for any function u € C(G) the following conditions are equivalent:
a) u is a weak solution of the equation P(D)f = 0 in G;

b) for all ¢ € C3°(G) and r > 0 such that supp ¢ + Bu(0, r) ¢ G we have

j(; u(x)(fgo(x — r't) du(t) — Q(—rD)go(x)) dx = 0.

Theorem 1 (A. Pokrovskii, O. Trofymenko) A triple (M, u, Q) characterizes
continuous weak solutions of the equation P(D)f = 0 if and only if the
polynomial P is M-homogeneous and there is a distribution T € &' (R")
supported in B such that T(0) # 0 and F, = P(-D)T + Q(-D)F;.

Theorem 1 implies that the triple (M, u, Q) characterizes continuous
weak solutions of the equation 8™df = 0. Since the differential
operator ™9™ is elliptic and consequently its distributional and
classical solutions coincide, then we show that the condition (15) holds
for a function f € C2™-1)-$(G) if and only if f is a solution of the
equation 9™ 9f = 0 in G.

Note the conditions in the ‘only if’ part of the last assertion can be
essentially weakened. Namely, let m e N, s € Ny, s < m, and let

Js1(2) = @SH g p!F(sE:j /)op+ ) (g)zp (2€©)

be the Bessel function. For r > 0 denote by Z, the set of all zeros of
the entire function
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Let r1, r, R be positive numbers.

Theorem 2 (O. Trofymenko) @) if R > ry + 2, Z, N £, = O,
f e C2™=2-5(B(0, R)), and the condition (1) holds for all z € B(0, R - r),
then f belongs to the class C*(B(0, R)) and satisfies the differential
equation

0" 59"f = 0;
b) if max{r,r} < R<ry+nrnorZ. NZ,+ 2, then there exists a
function f € C*(B(0, R)) satisfying the condition (1) for all
z € B(0, R — r) that is not a solution of this equation in B(0, R).
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