Continuation of a quaternionic logarithm (G. Gentili J. Prezelj and F. Vlacci)

Formulation of the problem

be defined?

The mapping exp : H — H\ {0} is surjective but not a covering map.
If v:[0,1] — H\ {0} is a continuous curve, is there a continuous
curve log~y := In|y| + Arg(y) — H, where Arg(y) : [0,1] — Im(H)
and exp(logy) = 47 If v is a closed curve, can the winding number

Basic definitions

-S={qeH, ¢ =-1}
- exp(krS) = (=1);
- RP? ~ S/ y;

- v:[0,1] — H\ {0} : contin-
uous curve which intersects
the real axis finitely many
times, 7(0) ¢ R; hence there
exists unique real numbers
z(0),4(0), y(0) > 0 and an
imaginary unit /(0) such that
7(0) = 2(0) + 1(0)y(0);

- v is very tame if 4 a con-
tinuous projective curve 7 :
[0,1] — RP?; such that (t) €
R+ J)R,[J(t)] = T, (t) for
every t € [0,1].

- v is a very tame closed curve
if it is very tame, closed and
the projective curve 7, is also
closed;

- if 7 is very tame, then 37, :
[0,1] — S continuous, [Z,] =
Ty, Z,(0) = 1(0);

- a very tame closed curve 7 is

twisted if Z(0) = —Z(1).

- define arg(y) : [0,1] — R by
Ly arg(y) := Arg(7);

- define the complex curve
py = |y| exp(iarg(7));

- if v is closed then the wind-
ing number is defined as

w(7,0) = w(ey, 0);

Main Result 2

~ very tame closed twisted:

Examples

- (t) = cos(27t) + isin(27t),
t € [0,1], is a closed very tame
not twisted curve; w = 1;

- Figure 1: a very tame twisted
curve, w = 0:

- Figure 2: a very tame twisted
curve; w = 1:

- Figure 3: the curve ., for the
curve v in Figure 2:

-

Main result 1

v very tame closed not twisted: 271(0)w(7,0) = logy(1) — log~(0)
2m1(0)w(7,0) = —log (1) — log¥(0).

If v is a very tame curve then log~y always exists.

- any curve v : [0,1] - H\ R
is a very tame curve and if
closed is a very tame closed
curve;
- a curve which is not very
tame:

] < e

R —
C*-increasing function satis-

-if x [0,1] is a
fying x((—o00,0]) = 0 and
X([1,00)) = 1, then the curve
y(t) = t+14+(t—1/2)(ix(t—1/2)
+ix(1/2—1)),t €[0,1]
is not very tame at t = 1/2
but the choice of the argument
0 at the point v(1/2) = 3/2
guarantees the existence of a
continuous function log(y);

- a curve which is not tame
if 2(1/2) < 0 and tame if
z(1/2) > 0 : y(t) = =(t) +
(t—1/2) - (icos(1/(t—1/2))+
+jsin(1/(t —1/2))),t € [0,1];
- a curve which is very tame,

a tame closed curve but
not a very tame closed curve:




