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Problem formulation

Find u ∈W1,p
0 (Ω) s.t.∫

Ω
∇u·∇v dx = v(x0) ∀v ∈W1,p?

0 (Ω).

(1 ≤ p < 2)
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DG discretisation

> DG space:

VDG(T ) = {v ∈ L2(Ω) : v|K ∈ S`(K) ∀K ∈ T }

> DG discretisation:∫
Ω
∇T uDG · ∇T v dx+ FDG(uDG, v)︸ ︷︷ ︸

=:aDG(uDG,v)

= v(x0) ∀v ∈ VDG(T )

with SIPG-fluxes

FDG(uDG, v) = −
∫
E

(
〈〈∇T uDG〉〉 · [[v]] + [[uDG]] · 〈〈∇T v〉〉 ds

)
ds

+ γ

∫
E
h−1[[uDG]] · [[v]] ds
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Approximating δx0

Suppose x0 ∈ K0 ∈ T uniquely.

> Define δK0 ∈ S`(K0) as local L2-lifting:∫
K0

δK0v dx = v(x0) ∀v ∈ S`(K0)

> Letting

δDG ∈ VDG(T ), δDG :=

{
0 on T \ {K0}
δK0 on K0

we have ∫
Ω
δDGv dx = v(x0) ∀v ∈ VDG(T ) (CP)
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A priori error analysis I

Auxiliary problem: Uh ∈ H1
0(Ω) s.t.∫

Ω
∇Uh · ∇v dx =

∫
Ω
δDGv dx ∀v ∈ H1

0(Ω)

> Elliptic regularity:

‖Uh‖H2(Ω) ≤ C‖δDG‖L2(Ω) ∼ h−1
K0

(Reg)

> Approximation property on quasi-uniform meshes [1]:

‖u− Uh‖L2(Ω) ≤ C(∂Ω, x0)h (AP)

[1]Scott; Numer. Math.; 1973/74
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A priori error analysis II

> DG formulation & (CP):

aDG(uDG, v) = v(x0) =

∫
Ω
δDGv dx ∀v ∈ VDG(T )

> Error bound [2]:

‖Uh − uDG‖L2(Ω) ≤ Ch2‖Uh‖H2(Ω)

(Reg)
≤ Ch2 ‖δDG‖L2(Ω)︸ ︷︷ ︸

∼h−1

∼ h

> Triangle inequality:

‖u− uDG‖L2(Ω) ≤ ‖u− Uh‖L2(Ω) + ‖Uh − uDG‖L2(Ω)

(AP)
≤ Ch

[2]Arnold, Brezzi, Cockburn, Marini; SIAM J. Numer. Anal.; 2001
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Numerical experiment

Fundamental solution of Laplacian (988 elements):
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Numerical experiment—O(h) convergence
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O(h)

` = 1
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O(h)

` = 2

‖u− uDG‖20,h ∼ ‖u− uDG‖2L2(Ω) + ‖h1/2[[u− uDG]]‖2L2(∂Ω)
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Mesh refinements

> Error bound may be improved on graded meshes
Apel, Benedix, Sirch, Vexler; SIAM J. Numer. Anal.; 2011

> A posteriori error estimate:

‖u− uDG‖L2(Ω) ≤ C
(
h2
K0

+
∑
K∈T

ηK

)1/2
,

with local error indicators

ηK := h4
K‖∆uDG + δDG‖2L2(K) + h3

K‖[[∇T uDG]]‖2L2(∂K\∂Ω)

+ hK‖[[uDG]]‖2L2(∂K),

Houston & W.; ESAIM: M2AN; 2012
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Numerical experiment

2 adaptive refinements 6 adaptive refinements
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Singular boundary conditions

Poisson problem with discontinuous boundary condition:

−∆u(x, y) = 0 − 1 < x < 1, 0 < y < 1

g(x, y = 0) =

{
1 for x < 0

0 for x > 0

Singular behavior of exact solution
at origin:

u(r, θ) =
1

π
θ =

1

π
=(log(x+ iy))

∇u(r, θ) =
1

πr

(
− sin(θ)
cos(θ)

)
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Singular boundary conditions

DG discretisation:

aDG(uDG, v) = −
∫
∂Ω

(∇T v · n)g ds+ γ

∫
∂Ω

h−1gv ds ∀v ∈ VDG(T )

Local a posteriori error indicators:

ηK = h4
K‖∆uDG‖2L2(K) + h3

K‖[[∇T uDG]]‖2L2(∂K\∂Ω)

+ hK‖[[uDG]]‖2L2(∂K\∂Ω) + hK‖g − uDG‖2L2(∂K∩∂Ω)

Houston & W.; IMA J. Numer. Anal.; 2011

12



Singular boundary conditions

DG discretisation:

aDG(uDG, v) = −
∫
∂Ω

(∇T v · n)g ds+ γ

∫
∂Ω

h−1gv ds ∀v ∈ VDG(T )

Local a posteriori error indicators:

ηK = h4
K‖∆uDG‖2L2(K) + h3

K‖[[∇T uDG]]‖2L2(∂K\∂Ω)

+ hK‖[[uDG]]‖2L2(∂K\∂Ω) + hK‖g − uDG‖2L2(∂K∩∂Ω)

Houston & W.; IMA J. Numer. Anal.; 2011

12



Singular boundary conditions
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hp-adaptive DG discretisation
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hp-adaptive DG discretisation
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h−Refinement
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Thank you for listening!
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