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Find u € WyP(Q) s.t.
/ Vu-Vodz = v(zg) Vv e W(l)’p* ().
Q

(1<p<?2)
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DG discretisation
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DG discretisation

> DG space:
Voo(T) = {v € L2(Q) : v|x € S¢(K) VK € T}

> DG discretisation:

/ Vrupe - Vrvdz + Fpe(upg, v) = v(zg) Yv € Vpg(T)
Q

-~

=:apg(upG,v)




DG discretisation

> DG space:
Voo(T) = {v € L2(Q) : v|x € S¢(K) VK € T}

> DG discretisation:

/ Vrupe - Vrvdz + Fpe(upg, v) = v(zg) Yv € Vpg(T)
Q

-~

=:apg(upG,v)

with SIPG-fluxes
Soc(upG,v) = —/g ((V7upe) - [v] + [upc] - (V7o) ds) ds

+ /5 h~[upc] - [v] ds
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Approximating J,,

Suppose zg € Ky € T uniquely.

> Define 0k, € S¢(Ky) as local L2-lifting:

Or,vdr = v(xo) Vv € S¢(Kp)
Ko
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Approximating J,,

Suppose zg € Ky € T uniquely.

> Define 0k, € S¢(Ky) as local L2-lifting:

Or,vdr = v(xo) Vv € S¢(Kp)
Ko

> Letting

0 onT\{Koy}

oG € Vog(T),  dpg =
DG DG( ) DG {(5[(0 o K()
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Approximating J,,

Suppose zg € Ky € T uniquely.

> Define 0k, € S¢(Ky) as local L2-lifting:

Or,vdr = v(xo) Vv € S¢(Kp)

Ko
> Letting
0 on T \ {K
dpG € Vpe(T), dpG = { \ (Ko}
0Kk, on Ky
we have
/ opgvdx = U(:L'o) Yu € VDG(T) (CP)
Q



A priori error analysis |

Auxiliary problem: U" € H}(Q) s.

/VUh Vvd:c—/dDGvdx

mScott; Numer. Math.; 1973/74
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Vv € Hy(Q)
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A priori error analysis |
Auxiliary problem: U" € H}(Q) sit.
/ VU" . Vodz = / dpgudr Yo € HY(Q)
Q Q
> Elliptic regularity:
10" la20) < Clldpelliz) ~ ki (Reg)

mScott; Numer. Math.; 1973/74
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A priori error analysis |
Auxiliary problem: U" € H}(Q) sit.
/ VU" . Vodz = / dpgudr Yo € HY(Q)
Q Q
> Elliptic regularity:
10" 2y < Clldpellizi) ~ hi, (Reg)
> Approximation property on quasi-uniform meshes ['!:
< C(09, zo)h (AP)

mScott; Numer. Math.; 1973/74



b

u

b
UNIVERSITAT
BERN

A priori error analysis Il

> DG formulation & (CP):

apg(upg,v) = v(xg) = / dpgvdx Vv € Vpg(T)
Q

(2] Arnold, Brezzi, Cockburn, Marini: SIAM J. Numer. Anal.; 2001
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A priori error analysis Il

> DG formulation & (CP):

apg(upg,v) = v(xg) = / dpgvdx Vv € Vpg(T)
Q

> Error bound °!:

(Reg)
|U" = upclliz) < CRAIUMlnz@) < Ch?[|dpallrz@) ~
—_———

~h—1

(2] Arnold, Brezzi, Cockburn, Marini: SIAM J. Numer. Anal.; 2001
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A priori error analysis Il

> DG formulation & (CP):

apg(upg,v) = v(xg) = / dpgvdx Vv € Vpg(T)
Q

> Error bound °!:

(Reg)
|U" = upclliz) < CRAIUMlnz@) < Ch?[|dpallrz@) ~
S

~h—1

> Triangle inequality:

(AP)
2@ < Ch

v — upgllr2(e) < +[|U" — upg|

(2] Arnold, Brezzi, Cockburn, Marini: SIAM J. Numer. Anal.; 2001



b
_ _ u
Numerical experiment

b
UNIVERSITAT
BERN

Fundamental solution of Laplacian (988 elements):
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Numerical experiment—O(%) convergence
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lu = up6l3 ~ llu — uns |22y + 0L — uocllZ2 o0



b

u

b
UNIVERSITAT
BERN

Mesh refinements

> Error bound may be improved on graded meshes
Apel, Benedix, Sirch, Vexler; SIAM J. Numer. Anal.; 2011
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Mesh refinements

> Error bound may be improved on graded meshes
Apel, Benedix, Sirch, Vexler; SIAM J. Numer. Anal.; 2011

> A posteriori error estimate:

/
o~ upclia@y < C(0, + 32 k)
KeT
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Mesh refinements

> Error bound may be improved on graded meshes
Apel, Benedix, Sirch, Vexler; SIAM J. Numer. Anal.; 2011

> A posteriori error estimate:

1/2
lu — upgllLz () < C( + > 771() ;
KeT
with local error indicators
M = hicl| Aupg + 0612 (xy + hic [V Tup6llif2 om0

+ || [unclIE2 o)

Houston & W.; ESAIM: M2AN; 2012
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Singular boundary conditions
Poisson problem with discontinuous boundary condition:
—Au(z,y) =0 -l<z<l,0<y<1

1 forxz<O
0 forz>0
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Singular boundary conditions
Poisson problem with discontinuous boundary condition:
—Au(z,y) =0 -l<z<l,0<y<1
1 forz <0
(L’7 — 0 —
9@y ) {0 forx >0

Singular behavior of exact solution
at origin:
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Singular boundary conditions

DG discretisation:

apc(upg,v) = —/{m(vfrv -m)gds —i—’y/BQ hlguds Vv € Vpg(T)
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Singular boundary conditions

DG discretisation:
apc(upg,v) = —/ (Vrv-n)gds + ’y/ hlguds Vv € Vpg(T)
0 a0
Local a posteriori error indicators:

i = hicllAunglIfz k) + bk IV Tuncllif2 om0\ 00)
+ hik || [upg] H%,Z(BK\E)Q) + hillg — upc H%P(E)Kmaﬂ)

Houston & W.; IMA J. Numer. Anal.; 2011
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Singular boundary conditions

b
UNIVERSITAT
BERN




b

u

hp-adaptive DG discretisation
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hp-adaptive DG discretisation
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hp-adaptive DG discretisation
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