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» The Viscoelastic Material Model
regular, singular ... weaker formulations ... aging effects

» Existence & Uniqueness of Solutions

> ...... also in Magneto-Viscoelastic Materials
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General Framework of the Problem

the viscoelastic material model

» QO C R connected set: the body configuration;

» viscoelastic body — shape change of () according
to linear viscoelasticity;

» memory effects = the deformation depends on
time via present and past times;

» passive environment — environment’s status is not
affected by the body’s one.

. in addition ...
» no space dependence i.e. x-independence

key references

M. Fabrizio, A. Morro, 1992; G. Gentili, 2001
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Quantities of Interest

E=E(t) strain tensor
T ="T(t) stress tensor
G=G(t) relazation modulus
Go =G (0) initial relazation modulus
furthermore ...... constitutive assumptions

/ G(r)E({t—7)dr , G(t):Go—F/OtG(s)ds

or equivalently, when Ef(7) denotes the strain past history
T (t) = GoE(t) / G(r) E' (1) dr , El7):=E(t—1)
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Regular Memory Kernel

1-dimensional Viscoelastic Problem

Classical Problem c.pafermos 1970

uy = G(0)ugy —|—/0 G(t — T)Uge (T)dT + f

u(-,0) =ug, u(-,0)=uin Q; u=0o0n% =090 x (0,7)

u displacement and f external force (history of the material included)

GeL'(R") , G(t)=Go+ /tG(s) ds , G(oo) = lim G(t)

t—oo

Hence, G enjoys the fading memory property

ge.°]

Ve >03a=ual(e, BF') € Rs.t. Ya > a, G(s+a)E'(s) ds|<e

J0
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Generalisations

weaker assumptions on the relaxation modulus G

» Singular Memory Kernel i.e. unbounded relaxation
modulus G

S.C, V.Valente, G.Vergara Caffarelli 2013
require |G € L'(0,T),VT € R

... hence it follows 1iI(€l+ G(t) =+
t—

» Weak regular relaxation modulus G

S.C, M. Chipot, V.Valente, G.Vergara Caffarelli 2019 Assume

’V t e (0,00), G(t) >0, G is non-increasing and convex.

removing the classical assumptions, G ¢ L'(R") Hence,

¢
/ G(s) ds not defined , G € C°[0,T] VT € R
0
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Further Generalisations

and weaker assumptions

» relaxation modulus G admitting a jump discontinuity
S.C, M. Chipot, V.Valente, G.Vergara Caffarelli 2021 in progress
e G(s)>0 , 0<s<o
e (G monotonic not increasing function;
o G = limg_ o G(s) > 05

o / (G(s) — Goo) ds < 00, that is G(s) — G € L1(0,00).
0

and “aging” effects

» Time dependent relaxation modulus G
[M.Conti, V.Danese, C.Giorgi, V.Pata, 2018, S.C., C.Giorgi 2016]
The relaxation modulus G depends on the time variables ¢, 7
not only trough the difference ¢t — 7 but

G :=G(t,7)| ... combine it with magnetisation
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Obtained Results

» solution’s existence relies on Free Energy;
> Singular Viscoelasticity 1D S.C, V.Valente, G.Vergara Caffarelli 2013

> singular rigid heat conduction with memory 1D & 3D
S.C, V.Valente, G.Vergara Caffarelli 2014, S.C 2015

» 1 D singular magneto-viscoelasticity problem;
S. C., M.Chipot, V. Valente, G. Vergara Caffarelli, NONRWA 2017

» 3 D singular viscoelasticity problem;
S. C., AAPP 2019

> a weakly regular relaxation modulus,
S. C., M.Chipot, V. Valente, G. Vergara Caffarelli, CAIM 2019

... in progress ...

» 1 D magneto-viscoelasticity problem with aging
S.C., C.Giorgi, preprint 2021

> 1 D viscoelasticity problem with weaker possible regularity on G
S.C., M.Chipot, V. Valente, G. Vergara Caffarelli, in progress 2021
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Magneto-viscoelasticity problem

combine non classical viscoelasticity

» Singular viscoelasticity i.e. unbounded relaxation modulus G
existence & uniqueness (1-dimensional problem)
S.C, V.Valente, G.Vergara Caffarelli 2013

» Weakly regular relaxation modulus G
S.C, M. Chipot, V.Valente, G.Vergara Caffarelli 2019

» Relaxation modulus G = G(t,7) “aging” effects

S.C, C. Giorgi, 2016, M.Conti, V.Danese, C.Giorgi, V.Pata, 2018

with magnetisation
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Singular Memory Kernel

1-dimensional Viscoelastic Problem

Idea. S.C, V.Valente, G.Vergara Caffarelli 2013

» relax the assumptions on the relaxation modulus G:
require |G € L'(0,T),VT € R

... hence it follows 1iI(€l+ G(t) =+
t—

» construct regular approximated problems:
» find approximated solutions u;

» show 3 u := lim u°®
e—0

» recognize uniqueness of u solution to the singular problem.
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Approximation Strategy: Idea

Approximated Problems

> approzimated problems 0<e<1,G°(-) =G(e + )
translated relaxation modulus
Remark: 3! according to Dafermos [68, 70]

‘
ug = G*(0) ug, + /0 Gs(t —T)us(T)dr + f , i.c. & b.c.

» integral formulation of the problems

t t T
(1) = /O Ko (t — 1)l (1)dr + urt + uo + /O dr /O F(€)de,

3
K(¢) ::/ G(7)dr well defined since G € L'(0,7),VT € R
0

K integrated relaxation modulus
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Existence of the limit Solution

Given u® solution to the integral problem P¢

t t T
P uf(t) = / Ke(t — m)ul, (7)dT 4+ uit 4+ ug + / dT/ f(€)dg,
then 0 ’ °

Ju(t) = limu(t) in L*Q), Q=0 x (0,T).

e—0

Proof (Idea):

» weak formulation, on introduction of test functions
o€ HY(Q x (0,T)) s.t. ¢ =0 on 9Q;

» consider separately the terms without ¢;

> the terms with u® & K¢

» prove convergence via Lebesque’s Theorem.
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Solution uniqueness

The integral problem
t ot T
u(t) = / K(t — T)ugy(7)drT + urt + ug + / dT/ f(&)de,
JO JO J0

admits a unique weak solution.

(by contradiction)

» Let w:=wv — ¥,v # U, where v, 0 are weak solutions = w satisfies

//Rw(t)ll)(w,t)dxdt = //R Vez (T, 1) /Ot K(t — 7)w(r)drdadt

» recall the b.c.s w(0,t) = w(m,t) =0Vt € (0,T), choose the test function
Y(z,t) and wm,(z,t) via

PY(z,t) = p(t)sin(mz) , wm(z,t) Z am (t) sin(mae);

» orthogonality combined with Gronwall’s Lemma 1mp11es vm € N,

/OT ©(1) {am(t) - /Ot K(t— T)m2am(t)d7—] dt =0 = .
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Weak regular relaxation modulus

S. C., M.Chipot, V. Valente, G. Vergara Caffarelli, CAIM 2019

Assume

’V te (0,00), G(t) >0, G is non-increasing and convex.

removing the classical assumptions, G ¢ L'(R") Hence,

t
/ G(s) ds not defined , G € C°0,T] VT € R
0

3
G e LY0,T),VT € R — K(£) ::/ G(7)dr well defined

0
where K integrated relaxation modulus. Let

GE(t) = /tt+6p<t_7—> %G(s—l-T)dT, D<e<1 (1)

e €
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Existence of weak solutions

t t T
P () = / Ko (¢ — Ut (7)dr + wnt + o + / dr / F(E)de
0 0 0
where {ep},h € N, lim ¢, =0
h—o0

Theorem

uh — u weakly in H'(D) asej, — 0

uh — u strongly in L*(D) asej, — 0

The proof is in
S. C., M.Chipot, V. Valente, G. Vergara Caffarelli, On weak
regularity requirements of the relazation modulus in viscoelasticity, Comm.s

in Applied and Industrial Mathematics (CAIM), 10 (1), (2019), 78-87, 2019

Sandra Carillo, online June, 21-25, 2021 8th European Congress of Mathematics 14 / 35



A notable example

Sandra Carillo,

Goo — Go
G(s){ Ts—i—Go 0<s<a

Goo s>a

Relaxation function
The evolution equation

t
Ut = G(O)umr + / G(t - T)umc(T)dT + fa
0

now, on substitution of the given relaxation function G,
b1 .
ury = G(0)tge +[Goo — Go]/ “Uzg(8)ds+ [, t := max{0,t—a} .
;a

The limit a — 0, on application of the mean value theorem, gives

the wave equation: ’utt = Goollzz + f‘ .
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General Framework of the Problem

The magnetic model

» QCR3 connected set: the body configuration;

» magnetic body = magnetization of ) changes according
to the Landau Lifshitz equation:

in Gilbert form, where m represents the magnetization vector

7y 'my —mx (aAm —-m;) =0 ,jm|=1, y,a € R"

references

» M. Bertsch, P. Podio Guidugli and V. Valente, 2001
» T. L. Gilbert, 1955
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Magneto-Viscoelasticity Model

» interaction between the two different effects;
» model equations p,v,a € R given 3 dimensional

7' —m x (aAm —m —Lm ® Vu) =0

t. 1
pu — div (G(O)Vu + [ G(t — 7)Vu(r)dr + E]Lm ® m>:f
0

» model equations 0 < § < 1, 1 dimensional
gt — G(0)ugy — /Ot G(t — T) gy (T)dT — %(A(m) . m)x =f,
m; + mwT_l + AM(m)u, —my, =0,
references

» S. C., V. Valente, G. Vergara Caffarelli, D.C.D.S. — S 2012
» S. C., V. Valente, G. Vergara Caffarelli, Appl. Anal. 2011
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The evolution problem 3-dim

7l —m x (eAm —m —Lm® Vu) =0

t. 1
pu — div (G(O)Vu —i—/G(t —7)Vu(r)dr + iLm ® m):f
0
initial
m(0) =m°, jm°| =1, u(0)=u’, u(0)=u' (2)
and boundary conditions
m,[p0 =0, ulspg =0. (3)
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The evolution problem 1-dim

t
Ut — G(O)Umx — / G(t — T)umz(T)dT - % (A(m) : m)az = fv
2 _
m; + m’nl’(5 + AM(m)u, —my, =0,
initial

u(+,0) = up, u(-,0) =wu;, m(-,0)=mg, |my|/=1 in
and boundary conditions

u=0, aaj‘:o on X =aQx (0,T)
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Quantities of Interest

u:=u(x,t) displacement vector

m :=m (x,1) magnetization vector

G(8) = {Grimn(s)}, s €[0,T]  wisco-elasticity tensor

L = {Aktmn} magneto-elasticity tensor

E = {em} strain tensor
Grimner(W)emn(v) = GVu - Vv,

{Aktmnmemy} = Lm @ m ‘ Nijkl = M 8ijk1 + N26i58k1 + A3 (516851 + 811855

{Metmnmi€erm(n)} =Lm ® Vu
AklmnMEMEmp (1) = Lm @ m - Vu

em (1) = % (Wm + W) e(u) deformation tensor

furthemore ...... constitutive assumptions
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Constitutive Assumptions

1
Eex(m) = 5 / ajmyimy ;dQ  exchange magnetization energy
Q
® a;j = aj; symmetric positive definite matrix

e a;j =adj;, a€ RT diagonal matrix (most materials)

1
/ Xijiimimjeg (u)dS)  magneto-elastic energy
Q

Een(m,u) = 5

® Nijkl = A10ijk1 + A20i0k1 + A3(0ik0j1 + 0i10k);
o dji = 1ifi = j =k =1 and d;j;y = 0 otherwise;
e )\, A2, A3 € R constants.
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Constitutive Assumptions

1
EVe(u) = Z/Qlemn(O)6kl€mndQ+

1/t :
2/ dr </ Gtmn (t — T)le(T)Gmn(T)dQ> viscoelastic energy
0 Q

lemn = Gmnkl = lemn
Glimn €kiemn = 0 €xi€xt, B > 0, e = e
qklmneklemn <0

lemnekl emn = 0
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Magneto-Viscoelasticity Model

Results: Regular Case

» 1-dimensional problem™:

t A
utr — G(0)ugy — / G(t — T)Uge(7)dT — B (A(m) : m) =f,
0 T
2 _
m; + m|m|T1 + MM (m)u, —m,, =0 + i.b.c

existence & uniqueness of the weak solution(®)

» 3-dimensional problem(®:
v lm —m x (e¢Am —m — Lm ® Vu) =0
t
pu — div (G(O)Vu + [ G(t — 7)Vu(r)dr + %]Lm ® m):f + i.b.c
0

existence of weak solution(?)

(1) S. C., V. Valente, G. Vergara Caffarelli, Appl. Anal. 2011
(2) S.C., V. Valente, G. Vergara Caffarelli, , D.C.D.S. Series S 2012
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Theorem (1-D. pb.)

Assumptions:
eT>0 e small enough (i.e. § < A72G(T))

= 3! weak solution to the problem (1), ( ) (3
o ue CO([0,T]; Hy() N C([0,T]; L*(%))
e mc CO[0,7]; HY(Q)) N L2(0,T; H*(Q))
e m; € L2(0,T; L*(Q)),

) such that:

key tools viscoelastic term
> viscoelastic free energy;
» Gronwall’s lemma;
provide an a priori estimate of the viscoelastic term

1 1 [
; / (pal?de + / lpe[2de < aeTC(f, g0, 1), @, C € R
JQ Q
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Theorem (1-D. pb.)

Proof’s Ingredients

e a priori estimates (coupled system)
e via two Lemmas
e ( the 2nd provides a uniform a priori estimate )

e fixed point theorem.

Remark: crucial is the free energy functional

b= ;/Om/ooc G(7 — s|)B(s) - B(r)dsdr
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Theorem (3-D. pb.)

Assumptions:
e u’ € H} (R eu' € L*(O;R?)
em’c H'(R?), Im’| =1ae inQ oG(s)cC?0,T]
o fc L2 (Q;R?), Q=0x]0,T)

= 3 (m,u) weak solution to the problem (1), (2), (3) such that:
e me HY(Q;R3) with |m|=1 ae. inQ
e uc L*0,T; HY(;R?) and ue L?(Q;R3)
o V(p,g) s.t.g € HYQ;R®), p € H"(Q;R?),
p(0) =p(T) =0,

/ [wilm-pﬁ»a(mXVm)«Vp«FmX (m+Lm®p»Vu)} dQudt = 0

. 1
/ [*pﬁ-g+(C(O)Vu+5Lm®m)4Vg]det+
Q

+ /Q (/“* G(t — 7)Vu(r) - Vg(7’)dr> dQdt — /Q f-gdQdt =0

Sandra Carillo, online June, 21-25, 2021 8th European Congress of Mathematics 26 / 35



Theorem’s Proof

Outline:
e Approximated penalty problem:
> introduce a small positive parameter § and consider in
Q an approximated i.b.v. problem:;
> consider the related Faedo-Galerkin approximation

e Convergence of the approximate solutions;

Approximated penalty problem
7y m® x m® +m® — aAm® + Lm° @ Vu’ + 6! (|m‘5|2 )m® =0
pit’ — div (G( 0)Vu® / G(t —7)Vul(r )dT—|— Lm ®m ) f
i.b.c.
w(,0)=u’, 0’(,0)=u!, m’(,0)=m’ |m° =1 inQ

uw’ =0, m’ =0 on X =00Qx][0,T]
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Comparison: 1-D & 3-D Results

1-D
e a priori estimates;
e fixed point theorem

— existence & uniqueness

3-D
e Approximated penalty problem
e Faedo-Galerkin approximation
e Local Existence

e Prolongation

— global existence ... but no uniqueness
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The evolution problem 1-dim

Results: Singular Case®

t t t
u(t) —/0 G(t — T)uze (T)dT — U1 _/0 g(/\(m)~m)zd7’ :/0 f(r)dr

m: +m

2 _
|m|5 ! + A (m)uz — mgy =0,

initial
u(+,0) = ug, w(-,0) =w1, m(-,0)=mgy, |mg/=1 in§
and boundary conditions

om

u =0, — =0 on X =00x(0,7T)

ov

(x) S. C., M. Chipot, V. Valente, G. Vergara Caffarelli, NONRWA 2017
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Theorem (1-D. Singular pb.)

VT >0, Q:=Qx(0,7T)

= 3 a weak solution (u, m) to the singular problem such that:

o u € L®0,T; H (D)) o u € L®(0,T; L*(Q));
e meI®0,THQ)  emy e IX(Q).

Sandra Carillo, online June, 21-25, 2021 8th European Congress of Mathematics 30 / 35



References

— G.Amendola, S.C., J.M. Golden, A. Manes, Viscoelastic Fluids: Free
Energies, Differential Problems and Asymptotic Behaviour, DCDS-B
19(7),(2014),1815-1835
— G. Amendola, S.C., Quart.J.Mech.Appl. Math. 57(3), (2004);
— K. Adolfsson, M. Enelund, P. Olsson, On the Fractional Order Model of
Viscoelasticity, Mechanics of Time-Dependent Materials 9, (2005), 15-34C.
— V. Berti, Existence and uniqueness for an integral-differential equation
with singular kernel, Boll. U.M.IL., Sez. B., 9-B, 2006, 299-309.
— L. Boltzmann, Zur theorie der elastichen nachwirkung,
Ann. der phys. und chemie 77, 1876,624—654.
— 8. C., J. Nonlinear Math. Phys. 12, (2005), suppl. 1;
— S.C, V. Valente, G.Vergara Caffarelli A result of existence and uniqueness
for an integro-differential system in magneto-viscoelasticity,
Applicable Analisys, 1791-1802, (90) n.ro 12, (2011);
— S.C, V. Valente, G.Vergara Caffarelli An existence theorem for the
magneto-viscoelastic problem D.C.D.S. Series S., 435 — 447 (5) 3, (2012);

Sandra Carillo, online June, 21-25, 2021 8th European Congress of Mathematics 31 /35



References (viscoelastic pb.)

— S.C, V.Valente, G.Vergara Caffarelli, Differential and Integral Equations, 26,
n.ro 9/10 (2013), 1115-1125;

— C. M. Dafermos, An abstract Volterra equation with applications to linear
viscoelasticity, J. Diff. Equations, 7 (1970), 554-569.

— C. M. Dafermos, Asymptotic stability in viscoelasticity, Arch. Rat. Mech.
Anal., 37 (1970), 297-308

— M. Fabrizio, B. Lazzari, Stability and free energies in linear visco-elasticity, LE
MATEMATICHE, vol. LXII, 2 (2007), 175-198.

— G. Vergara Caffarelli, Boll. UM.I.

— L. Deseri, M. Fabrizio, J.M. Golden, (2004);

— Enelund, M., Mahler, L., Runesson, K. and Josefson, B.L., Formulation and

integration of the standard linear viscoelastic solid with fractional order rate laws,
Int. J. Solids Struc., 36, 1999, 2417-2442.

— Enelund, M. and Olsson, P., Damping described by fading memory — Analysis

and application to fractional derivative models, Int.J.Solids Str. 36, 1999,939-970.

Sandra Carillo, online June, 21-25, 2021 8th European Congress of Mathematics 32 /35



References

— M. Chipot, G. Vergara-Caffarelli,
Some results in viscoelasticity theory via a simple perturbation argument,
Rend.Sem.Mat. Univ.Padova 84, 223-239 (1991).

— M. Chipot, G. Vergara-Caffarelli,
Viscoelasticity without initial condition. 52—66, Pitman Res. Notes Math.
Ser., 190, Longman Sci. Tech., Harlow, 1989

— M. Fabrizio, in Mathematical Models and Methods for Smart Materials,
M. Fabrizio, B. Lazzari, A. Morro, Ed.s, World Sci. 2003;

— M. Fabrizio, J.M. Golden, Quart. Appl. Math. 60 no.2(2002);

— M. Fabrizio, J. M. Golden, Rend. Mat. Appl. 20 no. 7(2000);

— G. Gentili,Quart. Appl. Math. 60 no. 1 (2002);

— C. Giorgi, G. Gentili, Quart. Appl. Math. 51 (2) (1993);

— J. M. Golden, Quart. Appl. Math. 58 (2000).

— C. Giorgi and A. Morro, Viscoelastic solids with unbounded relazation function,
Continuum Mechanics And Thermodynamics, 4 n.2, (1992), 151-165;

— S.C. and C. Giorgi, Non-classical memory kernels in linear viscoelasticity, in
Viscoelastic and Viscoplastic Materials, M.El-Amin Ed., InTech, (2016);

— C.M. Dafermos, An abstract Volterra equation with applications to linear
viscoelasticity, J. Diff. Equations, 7, (1970), 554 — 569.

— C.M. Dafermos, Asymptotic stability in viscoelasticity, Arch. Rat. Mech. Anal.,
37, (1970), 297 — 308.

Sandra Carillo, online June, 21-25, 2021 8th European Congress of Mathematics 33 /35



References (viscoelastic pb.)

— A. Hanyga,
Relations Between Relazation Modulus and Creep Compliance in
Anisotropic Linear Viscoelasticity, Journal of Elasticity 88, (2007); 41-61.
— A. Hanyga, M. Seredynska,
Relations Between Relazation Modulus and Creep Compliance in
Anisotropic Linear Viscoelasticity, Journal of Elasticity 88, (2007); 41-61.
— A. Hanyga, M. Seredynska,
Asymptotic and exact fundamental solutions in hereditary media with
singular memory kernels, Quart. Appl. Math. 60 (2002), no. 2, 213-244.
— Koeller, R.C.,
Applications of fractional calculus to the theory of viscoelasticity, ASME J.
Appl. Mech. 51, 1984, 299-307.
— Rabotnov, Yu.N.,
Elements of Hereditary Solid Mechanics, Mir Publishers, Moscow, 1980.
— Messaoudi S.A., Khenous H.B.,

A General Stability Result for Viscoelastic Equations with Singular Kernels,
J. Appl. Computat. Math. 4: 221.

Sandra Carillo, online June, 21-25, 2021 8th European Congress of Mathematics 34 / 35



References (Magnetic effects)

— M. Bertsch, P. Podio Guidugli and V. Valente,
On the dynamics of deformable ferromagnets. I. Global weak solutions for
soft ferromagnets at rest, Ann. Mat. Pura Appl. (4) 179 (2001), 331-360.
— L. Gilbert,
A Lagrangian formulation of the gyromagnetic equation of the
magnetization field, Phys. Rev. 100 (1955) 1243.
— M. Chipot, I. Shafrir, V. Valente, G. Vergara Caffarelli,
A nonlocal problem arising in the study of magneto-elastic interactions.
Boll. UMI Serie IX, vol. I (2008) 197-222.
— M. Chipot, I. Shafrir, V. Valente, G. Vergara Caffarelli,

On a hyperbolic-parabolic system arising in magneto-elasticity. J. Math.

Anal. Appl., 352 (2009) 120-131.

Sandra Carillo, online June, 21-25, 2021 8th European Congress of Mathematics



