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From the Euclidean to the metric setting

Let Q ¢ RN. The Neumann boundary value problem driven by a
p-Laplacian operator is

_Apu =g in Q, (1)
—|VuP20,u="f  onoQ,

where 1 < p < oo, g is a continuous function and 9, u is the
directional derivative of u in the direction of the outer normal to 99.
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From the Euclidean to the metric setting

The weak formulation of the problem is to find u € W'P(Q) such that
[ 9P 2v Vet [ c(ortodim o0 = [ atu
Q o0

for all o € W''P(Q).

Thus, solving (1) reduces to look for critical points of the p-energy
functional

J(u) = / VulPdx — / G(u)dx + / ufd ",
Q Q o0

where G is a primitive of g.
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Applications

@ Calculus on Riemannian manifolds.

@ Subelliptic operators associated with vector fields.
@ Potential theory on graphs.

@ Weighted Sobolev spaces.
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The problem

Let X be a complete metric space equipped with a doubling measure
supporting a (1, p)-Poincaré inequality (1 < p < +00).

Given a Neumann boundary value problem with boundary data f # 0
and reaction term G, we consider the following functional

J(U)z/gﬁdu—/ G(u)du+/ TufdPq forall ue N'P(Q). (2)
Q Q o0

where

@ Qis a bounded domain (non empty, connected open set) in X
with X'\ Q of positive measure such that Q is of finite perimeter
with perimeter measure Pq;
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The problem

Let X be a complete metric space equipped with a doubling measure
supporting a (1, p)-Poincaré inequality (1 < p < +o0).

Given a Neumann boundary value problem with boundary data f # 0
and reaction term G, we consider the following functional

J(u) = / ghdu —/ G(u)dp + TufdPq forall ue N'"P(Q).
Q Q o0
where
@ G:Q — Risdefined as
G(u) = ¢ — |u|” for all u € N"P(Q), (3)

forsomec>0and1<y<p*= L ifp<sandl <y < +oo
otherwise;
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The problem

Let X be a complete metric space equipped with a doubling measure
supporting a (1, p)-Poincaré inequality (1 < p < +00).

Given a Neumann boundary value problem with boundary data f # 0
and reaction term G, we consider the following functional

J(u):/gﬁd,u—/ G(u)dp + TufdPq forall ue N'"P(Q).
Q Q o0

where

@ f: 00 — Ris a bounded Po-measurable function with
fm fdPq = 0.
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Solution to the Neumann boundary value problem

Definition

A function up € N}*P(Q) is a p-harmonic solution to the Neumann
boundary value problem with boundary data f # 0 and reaction term
Gif

J(Uo)=/g50du—/ G(uo)du+/ Tuo fdPq
Q Q oN

s/g’v’du—/ G(v)du+/ TvidPq = J(v)
Q Q oN

for every v € N/ P(Q), where g,,, gv are the minimal p-weak upper
gradients of up and v in Q, respectively, and Tup and Tv are the traces
of up and v on 0%, respectively.
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Overview of the results obtained

@ existence of a solution and a weaker uniqueness property;

@ minimizers of the Neumann p-Laplacian problem satisfy a De
Giorgi type inequality and consequently we give boundedness
properties for them;

@ minimizers of the Neumann p-Laplacian problem with zero
boundary data are in the De Giorgi class. This permits us to
prove some further regularity results.
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Doubling measure

Let (X, d, 1) be a metric measure space, where . is a Borel regular
measure. Let B(x, p) C X be a ball with the center x € X and the
radius p > 0.

Definition ((Bj6rn, Bjérn (2011)), Section 3.1)

A measure p on X is said to be doubling if there exists a constant K,
called the doubling constant, such that

0 < u(B(x,2p)) < Ku(B(x, p)) < +o0,

forall x € X and p > 0.
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(1, p)-Poincare inequality

For a measurable set S C X of finite positive measure and for a
measurable function v : S — R, we denote

5.
Us = —— [ udp.
STuUS s

Let p € [1, +00[. A metric measure space X supports a
(1, p)-Poincaré inequality if there exist K > 0 and A > 1 such that

1 / 1 / o\’
_— U—ugxnldu < Kr| ————+ d
W(B) Jageny B (ms(x,xr)) e “)

for all balls B(x,r) c X and for all u € L} .(X).

loc
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Upper gradient

Definition ((Bjorn, Bjorn (2011)), Definition 1.13)

A non negative Borel measurable function g is said to be an upper
gradient of function u : X — [—oo, +o0] if, for all compact rectifiable
arc length parametrized paths + connecting x and y, we have

u(x) — u(y)| < / gds (4)

whenever u(x) and u(y) are both finite and fW g ds = +oo otherwise.
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p-weak upper gradient

Definition ((Bjérn, Bjérn (2011)), Definition 1.33)
Let p € [1,+o0[. Let T be a family of paths in X. We say that

inf Pd
n /X Pdu
is the p-modulus of I', where the infimum is taken among all non

negative Borel measurable functions ¢ satisfying fv ¢ds > 1, for all
rectifiable paths v € T.

Definition ((Bjorn, Bjorn (2011)), Definition 1.32)

If (4) is satisfied for p-almost all paths ~ in X, that is the set of non
constant paths that do not satisfy (4) is of zero p-modulus, then g is
said a p-weak upper gradient of u.
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minimal p-weak upper gradient

The family of weak upper gradients satisfy the result contained in the
following theorem concerning the existence of a minimal element.

Theorem ((Bjorn, Bjérn (2011)), Theorem 2.5)

Letp €]1, +o0o[. Suppose that u € LP(X) has an LP(X) integrable
p-weak upper gradient. Then there exists a p-weak upper gradient,
denoted with g,, such that g, < g u-a.e. in X, for each p-weak upper
gradient g of u. This g, is called the minimal p-weak upper gradient
of u.

We note that g, is p-a.e. uniquely determinated by u.
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The Newtonian space

Let X be a complete metric space equipped with a doubling measure
supporting a (1, p)-Poincaré inequality.

Definition
The Newtonian space N'P(X) is defined by

N'P(X) = VIP(X) N LP(X), p e [1,+od],

where VP(X) = {u : uis measurable and g, € LP(X)}. We consider
N'-P(X) equipped with the norm

ullnteoxy = 1Gulleexy + lUlleex)-

We denote with N!P(X) = {u € N'"P(X) : [, udx = 0}.

The Newtonian space N'”(X) is a complete normed vector space,
which generalizes the Sobolev space W'P(Q) to a metric setting.
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The perimeter

Definition (see (Miranda (2003)))

A Borel set E C X is said to be of finite perimeter if there exists a
sequence {Un}nen in N1(X) such that u, — xg in L'(X) and

Iiminf/ Qu,du < oc.
n—+0o [y

The perimeter Pg(X) of E is the infimum of the above limit among all
sequences {up} as above. For an open set U C X, the perimeter of E
in Uis

Pe(U) = inf {Iim inf/ 9u,dp : {Un}Ynen € NV (U), up = xEU IN L1(U)} .
X

n—+o0o

We note that E is a set of finite perimeter iff x g is a BV(U) function
(Miranda (2003), Definition 4.1).
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Hypotheses set on Q2

(H1) There exists a constant K > 1 such that for all y € Q and
0 < p < diam (92), we have

W(BY.p)N19) > en(BLY.0).

(H2) (Ahlfors codimension 1 regularity of Pg) For all y € 02 we have
that

,qu(B(y,p)) < Pa(B(y.p)) < ’;u(B(y, o).

where K and p are as in (Hy).

(Hs) (Q,dq, 1o) admits a (1, p)-Poincaré inequality with A = 1,
where p €]1, +o0].
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Trace operator

Definition (Lahti (2015), Definition 4.1)

Let Q C X be an open set and let u be a y-measurable function on Q.
A function Tu : 92 — R is the trace of u if for H-almost every y € 9Q

we have

1
lim —/ u—Tu du = 0.
B HQABY2) Jansyy T WK
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Some results

Existence of a solution and a weaker uniqueness
result

The existence of a nontrivial solution to the Neumann boundary value
problem with non zero boundary data f and reaction term G is an

immediate consequence of the following theorem which shows that J
has a minimizer.

@ J has a minimizer in N}P(<).

@ Ifuy, up € NIP(Q) are two minimizers of J, then gy, = gu, a.e. in
Q.
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Boundedness property

We show that minimizers are locally bounded near the boundary
under appropriate hypothesis on the boundary data f.

We assume that f € L>°(02). Our aim is to prove that, under this
assumption, we get that u € L>°(Qg) and Tu € L>(02g) where

QR:{yGQ:d(y,E)Q)<g} (5)

for an appropriate R > 0, that is u is bounded near the boundary.
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De Giorgi type inequality

Lemma

Let u € NIP(Q) be a minimizer of J and f € L>(0Q). Ify € 89,

0<p<R< % angd o ¢ R, then there is K > 1 such that the
following De Giorgi type inequality

K
gp_a dugi/ u—ao)du
/QmB(y,p) (u=a)y (R—p)P QmB(y,R)( Y

+K If|(u— a)P dPg
QNB(y,R)

is satisfied.

(6)
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The proof
We define B
ToR(X) = T(x) = <1 — W)
N
and

Sa.r ={x € B(y,r)NQ: u(x) > a}U{x e Bly,r)noQ: u(x) > a}.
We consider

(1-7)u—a)+a inS,r
u otherwise.

W:u_T(”_O‘)*:{ )
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The proof

We observe that, from the definition of w, we have |w| < |u|. Using

Leibniz rule,
u—a« .
g < (1—7)9u+ R BUR\BY) in So.R ®)
w =
9u otherwise.
By (8) we deduce that
u—a)P .
o <2 (95(1 s+ M) in Sup. ©)
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The proof

Since u is a minimizer of J, then

J(u) :/ g‘u’du—/ (c— \umdw/ ufdPq
QNB(y,R) QNB(y,R) aQNB(y,R)

g/ gﬁ,duf/ (cf|w|”)du+/ widPq
QnB(y,R) QnB(y,R) 29MB(y,R)

= J(w). (10)
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The proof

By adding

anB (v, R\Sa,r gud'u + fQﬁB (v, H)( ‘U|'Y)d,u - fBQﬁB(y,R) ufdPq
to both sides of (10), we get

/ 95dﬂ</ dhd / (c— Wl — (c - |u]"))du
Sa.R Sa.n QnB(y,R)

/ (U a)fdPQ

89N Sa A

<[ heu [ (ul W

S B(y.R)

/ (U — a)fdPq

0QNS, R

p - J—
S/S,Xﬁ gwdp /amsm T(U a)fdPQ (by (7)) (11)
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The proof

Using (9) and (11), we obtain

2pP
%1g2ﬂ/ fwu+———f/ﬁ u— a)Pdu
‘/Sa,p gu : saﬁ\sa,p gu (R - p)P Sa,H( )

—/ (U — a)fdPy.
6Qﬂs(,)n
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The proof

Now, we add 2° fs ghdu to both sides of the inequality, then we
divide all by 1 + 27 and we obtain

2° 2°
Ddu < el / u—a)Pd
/Saypgu 'LL_ 1+2p /Sa,HgU l’l’+(1+2p)(R_p)p Sa,R( a) 'LL
1 /
7~ (U — o) fdPq.
(1+2°P) Joans. x ( )P

(12)
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The proof

At this point we can use (12) and a lemma by Giusti (Giusti, Direct
Methods in the Calculus of Variations. World Scientific Publishing,
River Edge (2003), Lemma 6.1) to get

/ gbdu < L/ (ufa)pdu+K/ (U — a)|f|dPq.
Sa,p (R—p)P Sa.r

BQOSa,R

That completes the proof.
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A boundedness result

Let0 < R < %@ ang Qp = {y € Q: d(y,09) < 81.

Ifu e NI*P(Q) is a minimizer of J and f € L>(9), then

u e L>(Qg) and Tu € L>*(0QR).
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Sketch of the proof

Proceeding as in the proof of [Maly and Shanmugalingam (2018),
Theorem 5.2], we can find d > 0 such that

/ (u—d)ldu=0, forallx € 09Q.
QﬁB(x,g)

This implies that u < d p—a.e. in QN B (x, §). Consequently, u < d
p—a.e. in Qg.
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Sketch of the proof

In order to deduce that u is also —a.e. lower bounded, we observe
that if u is a minimizer for J, then —u is a minimizer for J_, where J_

is defined as
/ gudy — / c—|ul")du— / ufdPq.
a0

In fact, u minimizer for J means J(u) < J(v) for all v € N}"P(Q).
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Sketch of the proof

We have that
J_(—u) = J(u) < J(v) = J_(-v) forallve NP(Q),

which means that —u is a minimizer of J_. This ensures that —u is
pu—a.e. upper bounded in Qg and so u is u—a.e. lower bounded in
Qg. We conclude that u € L>°(Qg). In a similar way, we have that
Tue Loo(aﬂ,q)
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Forthcoming research

Other results and forthcoming research

@ Neumann p-Laplacian problem with zero boundary data;

@ Extending the results to the (p, q)- Laplacian problem in the
metric setting.
[Joint paper with Cintia Pacchiano Camacho]
Given a Dirichlet (p, g)-boundary value problem, we associate
the following functional

J(u) = / gﬁdqu/ gldu forallue NP(Q).  (13)
Q Q

in the setting of a non empty open set Q of a metric measure
space (X, d, i) equipped with a doubling Borel regular measure
u and supporting a weak (1, s)-Poincaré inequality for some s
such that 1 < s < g < p < s*, where s* is the critical exponent
associated to s.
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Other results and forthcoming research

Definition

A function uo € N;P(Q) is a quasi-minimizer of J on Q if there exists
C > 1 such that for every bounded open subset Q' of Q with Q’ C Q
and for all functions v € N'P(Q') with up — v € Ny P(Q') the inequality

| ddn+ [ atau<c( [ ceau+ [ i)
Q Q Q Q/

holds, where g,,, gv are the minimal p-weak upper gradients of ug
and v in Q, respectively.
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Other results and forthcoming research

Definition

Let L} .(2) be the space of all measurable functions that are

p-integrable on bounded subsets of X.
The space N, P(Q) is defined by

loc

NLP(Q) = VP N LR (Q), pelt,+od,

loc loc

where V!P(Q) = {u : uis measurable and g, € Lh ()}

loc
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Other results and forthcoming research

Lemma

Letu € N;P(Q) be a quasi minimizer of J. If0 < p < R < d‘amT(Q) then
there exists ¢y, ¢, > 0 such that the following De Giorgi type inequality

C
/ (95+93)du<m_‘p)p/ H(u—a)pdu

o, p o,

ar 7(":{ — ,D)q /SQ’R(U — a)qdu,

is satisfied.
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Forthcoming research

Other results and forthcoming research

De Giorgi type inequality has a key role in order to prove...
@ boundedness results

@ other regularity results as Hélder continuity, Harnack’s inequality,
strong maximum principle ...
(to be continued)
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Thanks for your attention!
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