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 Face 2-colorable biembeddings of cycle 
systems on surfaces

….….

K
n
 should be decomposable into 3-cycles and 

4-cycles so n≡1 mod 24. 
Let n=25
We have the differences: 

1 2 3 …. 12

We will have difference sets for 3-cycles:
{1, 7, -8}
{-2, -4, 6}
{5, 9, 11}
{-3, -10, -12}

We will have difference sets for 4-cycles:
{1, -2, -10, 11}
{-4, 7, 9, -12}
{-3, 5, 6, -8} 1 -2 11 -10

7 -4 9 -12

-8 6 5 -3

H(3,4;4,3)

Difference set: {1, -2, -10, 11}
Blocks:
0 1 24 14 
1 2 0 15
2 3 1 16
3 4  2 17
.
.
.



Heffter Arrays

•A Heffter array  H(m,n;s,t)  is an m x n matrix with nonzero entries from ℤ
2ms+1 

 such that :

• each row contains s filled cells and each column contains t filled cells,

• the elements in every row and column sum to 0 in ℤ
2ms+1 

, and

• for every x∊  ℤ
2ms+1 

/{0}, either x or –x appears in the array.

Observe that in an Heffter array ms=nt 

If m = n we denote it by H(m;t)  (it is a square array).

If the elements in each row and column sum to 0 in ℤ , it 
is called an integer Heffter array.   



H(6,12;8,4)

-1 2 29 -30 -25 26 5 -6

3 -4 -31 32 27 -28 -7 8

9 -10 -13 14 33 -34 -37 38

-11 12 15 -16 -35 36 39 -40

-17 18 21 -22 -41 42 45 -46

19 -20 -23 24 43 -44 -47 48



Tight Heffter array (all entries filled) 
H(4,6;6,4)

1 -2 3 -4 11 -9

-7 8 -12 10 -5 6

-13 14 -15 16 -23 21

19 -20 24 -22 17 -18



 Square 
integer 

Heffter array 
H(6;4)

-1 2 5 -6

3 -4 -7 8

9 -10 -13 14

-11 12 15 -16

-17 18 21 -22

19 -20 -23 24



What do we know ?

• Theorem: (Archdeacon, Cavenagh,Dinitz, Donovan, Wanless, Yazıcı, 
2019)

There exist an H(n,k) if and only if 3≤k≤n. 

• A H(n,m;m;n) (tight Heffter arrays) exist if m≥3 and n≥3. 



H(6,12;8,4)
-1 2 29 -30 -25 26 5 -6

3 -4 -31 32 27 -28 -7 8

9 -10 -13 14 33 -34 -37 38

-11 12 15 -16 -35 36 39 -40

-17 18 21 -22 -41 42 45 -46

19 -20 -23 24 43 -44 -47 48

N=2*48+1=97
Difference set {-1,2,29,-30,-25,26,5,-6}
Base block: (0, 96, 1, 30, 0 ,72, 1, 6) 
        not a 8-cycle
But if you reorder the differences
  {-1,2,-25,26,5,29,-6,-30}
Base block: (0, 96, 1, 73, 2, 7, 36, 30) 

Base block: (0, 96, 1, 73, 2, 7, 36, 30)

(1,0,2,74,3,8,37,31)
(2,1,3,75,4,9,38,32)
             .
             .
             .  



•  

Simple and globally simple Heffter arrays



• Theorem: (Costa,Morini,Pasotti,Pellegrini, 2018) There exists globally 
simple integer Heffter arrays H(n;k) when 3≤k≤10.

• Note: Integer Heffter array exists iff 3≤k≤n and nk≡0 or 3 mod 4.

• We will prove that there exists a globally simple Heffter array H(n,k)
1. k≡0 mod 4 and n≥k.
2. k≡3 mod 4 and n≡1 mod 4 and n≥k.
3. k≡3 mod 4 and n≡0 mod 4 and n≫k.

•  k≡1 mod 4 and k≡2 mod 4 still open

What do we know about globally simple Heffter 
arrays?



•  A s-cycle system S is called orthogonal to a t-cycle system T if the 
cycles in S have at most one edge in common with each cycle in T.

• Simple Heffter arrays imply orthogonal cycle systems so:

•Theorem: There exists a pair of orthogonal decompositions of K
2nk+1 

into cycles of length k where n≥k and nk≡0 or 3 mod 4 if
1. k∊{5,10} and n≡3 mod 4
2. k=6 and n≡2 mod 4
3. k≡0 mod 4
4. k≡3 mod 4 and n≡1 mod 4
5. k≡3 mod 4 and n≡0 mod 4 and n≫k.

Simple Heffter arrays and orthogonal cycle 
decompositions



• Assume p≥3 is odd and k=4p.

•Example: Let n=29 and k=28=4x7.

• Consider the sequence :
1 -2 -25 24 5 -6 -21 20 9 -10 -17 16 13 -14 -12 11 18 -19 -8 7 22 -23 -4 3 26 -27 -15 28

Partial sums:

1 -1 -26 -2 3 -3 -24 -4 5 -5 -22 -6 7 -7 -19 -8 10 -9 -17 -10 12 -11 -15 -12 14 -13 -28 0

mod 8:

1  27 2  26 3 25 4  24 5 23 6 22 7 21 9 20 10 19 11 18 12 17 13 16 14 15 0

We see all possible equivalence classes mod 28 as partial sums

Globally simple H(n,4p)



Construction k=4p, p odd 
H(17,12)
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Construction 
k≡3 mod 4

1 -2 -29 30

32 3 -4 -31

-17 18 5 -6

-19 20 7 -8

-21 22 9 -10

-23 24 11 -12

-25 26 13 -14

-16 -27 28 15



Construction k≡3 mod 4

1 -2 -27 28

3 -4 -29 30

32 5 -6 -31

-17 18 7 -8

-19 20 9 -10

-21 22 11 -12

-23 24 13 -14

-16 -25 26 15

+ 5

6 -7 -32 33

8 -9 -34 35

37 10 -11 -36

-22 23 12 -13

-24 25 14 -15

-26 27 16 -17

-28 29 18 -19

-21 -30 31 20

Shiftable Heffter array 



Construction k≡3 mod 4
1 -2 53 -54 -85 -37 38 86

3 -4 55 -56 -101 -39 40 102

5 -6 57 -58 -91 -41 42 92

7 -8 59 -60 -81 -43 44 82

98 9 -10 61 -62 -97 -45 46

88 11 -12 63 -64 -87 -47 48

104 13 -14 65 -66 -103 -49 50

52 94 15 -16 67 -68 -93 -51

-27 28 84 17 -18 69 -70 -83

-99 -29 30 100 19 -20 71 -72

-74 -89 -31 32 90 21 -22 73

75 -76 -79 -33 34 80 23 -24

-26 77 -78 -95 -35 36 38 96 25

H(13,8)



• The array A of size n is defined to be a support shifted simple integer 
Heffter array H(n; 4p, γ ) if it satisfies the following properties:
1. Every row and every column of A has 4p filled cells.
2.  s(A) = {γ n + 1, . . . , (4p + γ )n}.
3. Elements in every row and every column sum to 0.
4. Partial sums are  distinct in each row and each column of A 
modulo 2(4p + γ )n + 1.

Support shifted globally simple Heffter arrays



H(17;12,3)



H(n,3)

L
’

L

L(2(i+1)+b,2j)=L’(i,j) where b=1



H(17;15)



How it all started

• Theorem (Archdeacon 2014):   Given a Heffter array H = H(m,n;s,t) 
with compatible simple orderings ω

r 
 on the rows and ω

c
  on the 

columns of H, there exists an orientable embedding of K
2ms + 1 

such 
that every edge is on a face of size s and a face of size t,  i.e. a 
biembedding of a s-cycle system and a t-cycle system.



Compatible orderings

…
.

• We say that ω
r 
 and ω

c
 are 

compatible if the permutation ω
r
 о 

ω
c
  is a single cyclic permutation.

• The composition of the row and 
column orderings gives the ordering 
of the faces around each vertex. 
Compatibility ensures there are no 
“pinch points”.



• If there exist compatible orderings ω
r
 and ω

c
 for a Heffter array H (m, n; s, 

t), then either:
1. m, n, s and t are all odd;
2. m is odd, n is even and s is even; or
3. m is even, n is odd and t is even.

•When m=n, H(n,k) with a compatible ordering: n is odd. 

   We also need to have nk ≡0 or 3 mod 4 for integer arrays. Hence:
1. n ≡ 1 mod 4 and k ≡ 3 mod 4                                                                      

we solved this with same sporadic exceptions

2. n ≡ 3 mod 4 and k ≡ 1 mod 4 STILL OPEN

Compatible orderings



• (Dinitz, Mattern, 2017) There exists an H (m, n; n, m) which 
admits both simple and compatible orderings,   
1. for all n ⩾ 3 when m = 3, and 
2. for all 3 ⩽ n ⩽ 100 when m = 5. 

• There exists an integer H (n; k), n ⩾ k and nk ≡ 3(mod 4), that 
admit both simple and compatible orderings, when 
1. (Archdecon, Dinitz, Donovan,2014) k is 3 
2. (Dinitz, Wanless, 2018) k is 5
3. (Costa, Morini, Pasotti, Pellegrini, 2018) k ∈ {7, 9}

Compatible orderings



H(17;15)

α



• If there exists α such that 2p + 2⩽ α ⩽ n − 2 − 2p, gcd(n, α) = 1, 
gcd(n, α − 2p − 1) = 1 and gcd(n, n−1 − α − 2p) =1, then there 
exists a globally simple integer Heffter array H (n; 4p + 3) with 
an ordering that is both simple and compatible.

• Let n ≡ 1(mod 4), p > 0, n > k = 4p + 3 and either: 

     (a) n is prime; 

     (b) n = k + 2; or 

     (c) n ⩾ 7(k + 1)/3 and if n ≡ 3(mod 6) then p ≡ 1(mod 3). 

Then there exists a globally simple integer Heffter array H (n; k) with an 
ordering that is both simple and compatible. Furthermore, there exists 
a face 2-colorable embedding of K

2nk+1 
on an orientable surface such 

that the faces of each color are cycles of length k.

Our Results



H(17;15)



• We also show that there are at least (n − 2)[((k − 11)/4)!/e]2 distinct 
such embeddings.

Our Results




