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Outline

- Motivation: applications of moment estimation in probability, statistics and
statistical learning;

- A Hermite-Hadamard type inequality;

- Applications to the estimation of moments of convex functions of several
random variables;

- We use some results previously obtained in [Gav2015];

- A particular case can be applied to estimate the sum of moments for
identically distributed random variables.
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The classical Hermite-Hadamard inequality

If f: [a, b] — R is a convex function, then
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Generalized Theorem

Theorem ([Gav2015], Corollary 3.1)

Let f € C'[0,1] and w : [0,1] — R, be a probability density function which is symmetric

with respect to the midpoint 1. If |f'| is convex on [0,1], then the following inequality
holds:

’/01 Al — ¢ (%)’ < (1F ()] + |F (L)) /; (x - %) edde (@)

v
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Main Result
Theorem

Let D C R" be a convex and compact domain and w : D — R, be a probability density
function with support D, i.e., [, w(x)dx = 1. Assume that f : D — R is a twice

continuously differentiable function (f € C*(D)), convex on D. Let u € D and
gu : [0,1] — R be given by

&) = /D w(x)%[f((l — t)u+ tx)]dx. 3)

If g, is convex on [0, 1], then the following inequality holds

Mije = 5 (M5 + M) < [ wOf()de = F(u) < Mo+ MG +MD). (@)
My = /D w(x)(x — u) " V2 F(u)(x — u)dx,
My = /D w(x)(x — u) T V2 F(x)(x — u)dx,

=

\E
N
I

/D w(x)(x — u)'VF (X—; u) dx.

4
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Main Theorem. Proof.
We define
I = /D w(x)F(x)dx — F(u).

1
Iu:/ gu(t)dt
0

We note that g,(t) can also be written in the form

It is easy to see that

gult) = /D w(x)(x — 1) V(L = t)u+ tx)dx. 5)
From (5), we also have
gi(t) = /D w(x)(x — u) T VF((1 = t)u + tx)(x — u)dx. (6)
Since f € C?(D) is a convex function, it follows from (6) that g;(t) > 0 and therefore

£.(0) = 1,(0)| = Mg and g,(1) = |gu(1)| = My

Since g, (t) = |g.(t)| is convex on [0,1], we can use Theorem 1 together with the above
identities as well as g, (3) = My, and be led to the desired conclusion.
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An application to the estimation of sum of moments of
random variables

Let pe N*, v = (w1,..., vn)T € R", D C R" convex and compact and let f : D — R be
the function defined by

F) = 06— vi)®.
i=1
Clearly, f is convex and we have

Vif(x)

T
2p ((Xl - Vl)2p_1> ceey (Xn - Vn)zp_l) )

2p(2p — 1)diag ((xl )P (e — v,,)2p_2) ,

V3£ (x)
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A simple calculation gives
(1) = 2p(2p — 1) Z/ W) (1= )i + b5 — v)? 2 (xi — w)dx  (7)
i=1 /D

From (7), it is straightforward to see that g (t) is convex for t € [0,1] and we have

n

2p(2p — 1)’ S (s — i) /D w(x)(xi — ui)?dx, )

i=1

My
M{ = 2p(2p—1) Z /D w(x)(xi — vi)* 72 (x; — i) dx, (9)

v P < -
Mip = 52-1) Z/D w(x)(xi — u)(xi + uj — 2v;)*P dx. (10)
i=1
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Consider now the following:
a) Xi, ..., Xn with compact and convex support D,
b) n random variables identically distributed as the (generic) random variable Xp
c) E[X;] the expectation of the random variable X;
d) VAR[Xi] the variance of the random variable X;
¢) u=E[X],i=0n
f) v=(v1,..,vn) €R"
g) u=pe, withe=(1,..,1)7.

Then, we obtain:

ME = 2p(2p—1)VAR[XO]Z(V,-—M)2"*2, (11)
ME = 2p(2p-1) ZE[ (X6 — ) 2% — u)?] (12)
R B R ST N
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We can apply now the main result to obtain the following inequalities for the sum of the
2p moments of Xy centered at vi, ..., v,

1
MY, — & (M + MY < Z (E[06 = )] = (n = v)) < M+ (Mg -+ M) (1)
In particular for v € R and v = ye we obtain that
E[(%0 =) = (=" 2 gl [(Xo = )%+ 1= 29) 7]

4
E (X6 —2)"] = (1 =) < sy E [0 = )Xo = 27

222D ([0 = )7 06— 7] + (- P VARDGD) . (19)

+w (E [(Xo =) (X% - ﬂ)z] +r= “)2p72VAR[X°]) (16)

These are lower and upper bounds for the difference between of the 2p moment centered
at v and the 2p-power of the difference between the mean and +.

Raluca loana Pasca, Bogdan Gavrea A Hermite-Hadamard type inequality with application Portoroz, June, 23rd, 2021 10/12



Conclusions and future work

- we obtained a Hermite-Hadamard inequality for convex functions of several
variables;
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- we obtained a Hermite-Hadamard inequality for convex functions of several
variables;

- the result obtained is a generalization of [Gav2015];

- the result is derived by enforcing a convexity requirement on the derivative of a
single variable function (g;(t)) that envolves the integral and the gradient operators
of the original function.
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- we obtained a Hermite-Hadamard inequality for convex functions of several
variables;

- the result obtained is a generalization of [Gav2015];

- the result is derived by enforcing a convexity requirement on the derivative of a
single variable function (g;(t)) that envolves the integral and the gradient operators
of the original function.

- the inequality obtained can be used to provide lower and upper bounds for centered
moments of even order. Applications: probability, statistics and statistical learning.

- Future work: relaxing the convexity assumption on g;(t).
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