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Finite gap KdV solutions '*;Lvr\}lgre]rsnat

Theorem (Akhiezer, Dubrovin, Its, Matveev)

Algebro-geometric finite-gap solutions to the KdV equation with spectrum
[Eo, E1] U [EQ, E3] y-.-u [Ezg, OO]

can be described explicitly in terms of the Jacobi theta function related to

the hyperelliptic Riemann surface with upper sheet C \ Us_o[Ezj, Exit1]
(Esg+1 = 00) and related quantities:

q(x, t) = 202 log 63(Ux + Wt + D) + 2c

Belokolos, A. Bobenko, V. Enol'skii, A. Its and V. Matveev, Algebro-Geometric
Approach to Nonlinear Integrable Equations, Springer Series in Nonlinear Dynamics,
Berlin, 1994.
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Genus one KdV R-H problem

Find a vector-valued function, holomorphic in C\ [—ic,ic], 0 < a < c,
m(k,x,t) = (mi(k,x, t), ma(k,x,t))

satisfying the jump condition,
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Genus one KdV R-H problem pLnIversitat
Find a vector-valued function, holomorphic in C\ [—ic,ic], 0 < a < c,
m(k,x,t) = (mi(k,x, t), ma(k,x,t))
satisfying the jump condition,

my (k,x,t) = m_(k,x, t)v(k, x, t),

k € [—ic,ic]
0 i
i 0)’
v(k,x,t) =

k € [ic,ia],
—i

eiQ

k € [—ia, —ic],
—iQ
\ (eo 0), k € [ia, —ia],
with Q(x,t) = Ux + Wt + D.
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the symmetry condition,

01
m(—k, x, t) = m(k, x, t) (1 O) .
the normalization condition,

lim m(k,x,t) =(1,1).

k—o0

and having at most fourth root singularities at +ia:

m(k,x, t) = O((k Fia)~Y/%)
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Genus one KdV R-H problem i niversitat
the symmetry condition,

the normalization condition,

m(—k, x, t) = m(k, x, t) (0 L
k—o00

Do)
lim m(k,x,t) =(1,1).

and having at most fourth root singularities at +ia:

m(k,x, t) = O((k Fia)~Y/%)

Mateusz Piorkowski

Question: How can we obtain a one gap solution q(x, t) from m(k,x,t)?
Answer: q(x,t) = limy_oo 2k2(my(k, x, t)ma(k, x, t) — 1)

[m]
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Genus one KdV R-H problem

ic

ia

—ia

—ic

Figure: The jump contour
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First step: scalar R-H problem Wversitat
Find a scalar-valued function v: C/([—ic, —ia] U [ia,ic]) — C s.t.:

ic

ia

—ia
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First step: scalar R-H problem Wversitat
Find a scalar-valued function v: C/([—ic, —ia] U [ia,ic]) — C s.t.:
m (k) =iy_(k), k€ [ia,ic]

ic

ia

—la
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First step: scalar R-H problem Lniversitat
Find a scalar-valued function v: C/([—ic, —ia] U [ia,ic]) — C s.t.:
u ’Y+(k) = lfy—(k)a

k € [—ia, —ic]
B limeooy(k) =1
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k € [ia,ic]
u ’Y-i-(k) = _17—(k)7

First step: scalar R-H problem 2 \Digersitat
Find a scalar-valued function v: C/([—ic, —ia] U [ia,ic]) — C s.t.:
u ’Y+(k) = lfy—(k)a

ic

ke [—ia —i
€ [—ia, —ic] is

B limeooy(k) =1

= Unique solution ~y(k)

4/ k>+a?

- k2+c?

—la
Mateusz Piorkowski
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Second step: Conjugation Wversitat
Define n(k, x,t) := ’V(k)_lm(k,x, t), where v(k) = 4/Z§_ii§
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Second step: Conjugation e
Define n(k, x, t) := (k) "tm(k, x, t), where (k) =
Then

4/ k2+32
k2+c2
ny(k,x,t) = n_(k,x, t)v(k,x,t), k€ [—ic,ic]
01 ..
(1 0) , k € [ic,ia],
- 01
V(k,X, t)_ (1 0) 9

k € [—ia, —ic],
—iQ
(eo 0 ) , k€ [ia, —ia],
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Then

4/ k2+32
k2+c2
ny(k,x,t) = n_(k,x, t)v(k,x,t), k€ [—ic,ic]
01 ..
(1 0) , k € [ic,ia],
- 01
V(k,X, t)_ (1 0) 9

k € [—ia, —ic],
—iQ
(eo 0 ) , k€ [ia, —ia],
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In particular ny +(k, x, t) = na +(k,x, t), for k € [—ic, —ia] U [ia, ic].

[m]
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Second step: Conjugation \nIversitat
Moreover, n satisfies the symmetry condition,
the normalization condition,

n(—k,x, t) = n(k,x,t) (

01

o)

— 00

lim n(k,x,t) =(1,1).
and has at most square root singularities at tia:

n(k,x, t) = O((k T ia)~%/?)
Mateusz Piorkowski
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Second step: Conjugation Lvr\}igﬁrsitét

Riemann-Hilbert problem on a torus University of Vienna

m+(k,x,t) = m ~(k,x,t), k € [—ic,—ia] U [ia,ic]

| \//” () h upper sheet

- 5 Lower sheet

12N G4
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Second step: Conjugation Wversitat
Define a function N on X:

N((k,+)) = m(k),

N((k,=)) = n2(k),

on the upper sheet
on the lower sheet
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Second step: Conjugation
Riemann-Hilbert problem on a torus

Define a function N on X:

N((k,+)) = m(k),
N((k,=)) = m(k),

on the upper sheet
N(p), p € X is a holomorphic function with a jump on Y CX:

on the lower sheet

N\
\\
Vo
\ ’7:/ / // /"
5 /
. N } -

Mateusz Piorkowski
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Isomorphism between X and C/A

We now construct an explicit bijection from X to the torus C/A:

ic

ia

—ia

—ic
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Isomorphism between X and C/A Wversitat
We now construct an explicit bijection from X to the torus C/A:
We define a homological basis a, b:

The cycles a, b describe fully
the topology of X:

)

Mateusz Piorkowski
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Isomorphism between X and C/A Lniversitat
Next we define the normalized holomorphic differential dw on X:
d
dw:=T 3

V(2 + 2)(E + )
with [ := (fa

¢ € C\ ([~ic,ia] U [ia, ic])
-1
(772_'_62)("2_’_32)) = fa dw = 1

Mateusz Piorkowski
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Isomorphism between X and C/A s niversitat
Next we define the normalized holomorphic differential dw on X:
d
dw:=T 3

V(2 + 2)(E + )
with [ := (fa

)

¢ € C\ ([~ic,ia] U [ia, ic])
)l fdo=1

PP+ at =5

Define now (the half-period ratio)
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Isomorphism between X and C/A Wversitat
Having 7 we can now define the lattice
and the Abel map

N={m+nreClmneZ}

p
A: X = C/A, p|—>/ dw.
ic
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Isomorphism between X and C/A 1 \nyersitat
Having 7 we can now define the lattice
and the Abel map

N={m+nreClmneZ}

p
A: X = C/A, p|—>/ dw.
ic
X and C/A.

The Abel map A is an biholomorphism (holomorphic+invertible) between
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Isomorphism between X and C/A 1 \nyersitat
Having 7 we can now define the lattice
and the Abel map

N={m+nreClmneZ}

P
A: X = C/A, p|—>/ dw.
ic
The Abel map A is an biholomorphism (holomorphic+invertible) between
X and C/A.
= X =~ C/A as Riemann surfaces.
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Dictionary between m and E Wversitat
Define E(A(p)) := N(p)
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Dictionary between m and E Wversitat
Define E(A(p)) := N(p) == m(k) = (E(A(k)), E(~A(k)))
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Dictionary between m and E S
Define E(A(p)) := N(p) = m(k) = (E(A(k)), E(—A(k)))
Then E(z + 1) = E(z) and the following are equivalent:
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m (0= m(4) ()

0
0

eiQ

> — E(z+7) = E(2)e!
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Dictionary between m and E {7 \niversitat
Define E(A(p)) := N(p) = m(k) = (E(A(k)), E(—A(k)))
Then E(z + 1) = E(z) and the following are equivalent:

m (0= m(4) ()

0 e?g) — E(z+7) = E(2)e!
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Dictionary between m and E TS
Define E(A(p)) := N(p) = m(k) = (E(A(k)), E(—A(k)))
Then E(z + 1) = E(z) and the following are equivalent:

m (0= m(4) ()

0 e?g) — E(z+7) = E(2)e!
m(—k) = m(k) (2 (1)

) — E(z—i—%) = E(z)

Jim m(k) = (1,1) < E(}) =1
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Dictionary between m and E e
Define E(A(p)) := N(p) = m(k) = (E(A(k)), E(—A(k)))
Then E(z + 1) = E(z) and the following are equivalent:

—iQ
me (k) = m_(k) ( .

e?g) — E(z+7) = E(2)e!
m(—k) = m(k) (2 é) — E(z+1) = E(2)

Jim m(k) = (1,1) < E(}) =1
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fourth root singularities at k = +ia <= poles at z = —,

T 1+71
>

o
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Construction of E Wversitat
Lemma
Let F be a meromorphic function satisfying
F(z+1) = F(2),

F(z+7) = F(z)e®

Mateusz Piorkowski
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Construction of £ WICN
Lemma
Let F be a meromorphic function satisfying
F(z+1) = F(2),
Then

F(z+7) = F(z)e®
Fz)=c]]
where K = 137

2

93(2 — Zj — K)
i=1

03(z — pi — K)
and 03(z) = Y ,.c7 exp ((n*T + 2nz)7i) is the Jacobi
theta function. The zeros z; and poles p; of F satisfy

Mateusz Piorkowski

n n
Y zi-> pi=0
=1 =1
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Pole condition = p; = 5, pp = 7
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Pole condition = py = J,po = 137

Symmetry condition = z, = z1 + %
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. 1
Pole condition = p; = 5,p> = %

-, _ 1
Symmetry condition = z = z1 + 3

Quasiperiodicity (jump) condition = z; + 20 — p1 — p2 = Q
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Construction of E

Riemann-Hilbert problem on a torus University of Vienna

Pole condition = py = J,po = 137

Symmetry condition = z, = z1 + %
Quasiperiodicity (jump) condition = z; + 20 — p1 — p2 = Q

03(z—5+3)03(z—$)03(3)?

93(2%)93(2)93(7_7)93( p uniqueness for free

= E(z) =

Mateusz Piorkowski Riemann—Hilbert problem on the torus: A case study
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