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PALEY-WIENER THEOREM FOR FOURIER TRANSFORMS

Bernstein spaces in L°, p € [1, +oc]: B? denotes the space of all
continuous LP-functions f : R — C which have an extension to the
whole complex plane as an entire function of exponential type o, i.e.

1(2)] < Cexplol32]) (2 €C).

Paley-Wiener theorem in LP, p € [1,2]: f € Bf if and only if ?(v) =0
fora.e. |v| > o.

@ R.P. Boas, Entire functions, (1954).
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THE SAMPLING THEOREM

The Sampling Theorem: If f € BY, p € [1,2], then
f(z) = i%fE sinc( 2% — k (ze€C)
ke —oo g ™ ’
where

sinc(z) = sin(mz)

, for z # 0,and sinc(0) = 1.

@ J.R. Higgins, Sampling Theory in Fourier and Signal Analysis,
(1996).
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THE EXPONENTIAL SAMPLING

Main references in applications:
@ N.Ostrowski - D.Sornette - P.Parker - E.R.Pike (1980),
@ M. Bertero - E.R. Pike (1991),
@ F. Gori (1993).

Original inverse problem:

= /oo K(t,s)f(s)ds
0

g is the data function, K is a kernel, f is the unknown function.
Example: Polydispersity analysis by photon correlation spectroscopy,
K(x) := exp(—x). Solution (f{, = exp(7n/Q), n=0,+£1,4+2,...)

1 sin(Qlog t)
= 3" f(t)S(Qt/tn), S(Q 1) = — e
= Vi Qlogt

Main tool: Mellin transform theory and Mellin analysis.
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MELLIN TRANSFORM IN SPACES X;

A rigorous treatment via Mellin transforms:

@ R.G. Mamedov - G.N. Orudhzev, Baku, 1979-1981
@ R.G. Mamedov, Baku, 1991

@ PL. Butzer-S. Jansche (1997-2000)
For a given ¢ € R we put

Xo:={f:RY - C:()°f(-) e L'(R)} ||fllx, == () ()«
The Mellin Transform: for f € X, we define

+o0o
MIf](s) = [fm(s):/o () dt, s—c+it, teR

[l + it)] < [Ifllx,-
Mellin bandlimited functions: for T > 0, we define

Bor :={f € X:N C(RT): [fiy(c+it) =0, forall |t} > T}.
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MELLIN TRANSFORM IN X2

For1<p<oo, X0 :={f: Rt = C: () VPf(-) € LP(RT)}
Ifllxe = 1C)°PEC) -

For p = oo we set ||f|[xx := supycr+ |[X°F(X)|.

The Mellin Transform in X2: for f € X2, s = ¢ + it,

=0.
L2(C+iR)

lim HM2[f](s)—/1:)p f(uyusdu

p——+00

Mellin bandlimited functions in X2: for T > 0, we define
B2;:={fe X2NCRY): [flye(c+it) =0, ae.|t| > T}, Bor C B2r.

@ P.L. Butzer - S. Jansche, 1999
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INVERSE MELLIN TRANSFORMS

The Inverse Mellin Transform in X;: for g € L'(c + iR),

—C [ee} .
M; (0100 = My glo+ i0x) = 5 [ glo+ it (xe )
The Inverse Mellin Transform in X2: for g € L2(c + iR),

p "
HM.%‘[ng)1 [ ste+tpeia —o
2 —p

lim
—00
P Xg

@ P.L. Butzer - S. Jansche, 1999.
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MELLIN DERIVATIVES

The pointwise Mellin differential operator: for f : R* — C and for
¢ € R we define

OLf(x) = Ocf(x) == xF'(x) + cf(x),  OL=0,0O5).

A representation theorem

,
(O (x) = Se(r, k)x* ¥ (x)

k=0

@ P.L. Butzer - S. Jansche, 1999.

@ Other contributors to Mellin analysis: G. Vinti, L. Angeloni, L.
Zampogni, D. Costarelli, A. Sambucini, A. Boccuto, M. Seracini
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EXPONENTIAL SAMPLING FORMULA

Exponential Sampling Theorem
(Butzer -Jansche, 1998, 1999)
Let T>0and f € B, 7, then for any x € R

(0= 3 e Ming (e *x7),

k=—0c0
where

x—¢ X7ri o Xf7ri
- 270 logx

ling(x) : = x"sinc(log x), x € RT\ {1},

and ling(1) := 1
For the L2-version of EST see
@ P.L. Butzer - S. Jansche, 1999

Bardaro (D.M.l.) A complex function theory ... 8th ECM - Portoroz, June 2021



MELLIN-BERNSTEIN SPACES VIA RIEMANN SURFACES

The starting point

Theorem(BBMS, JAT 2016)

Let f e 82 7 be a non zero function. Then the function g(x) := x°f(x)
cannot be extended to the whole complex plane as an entire function.

Mellin-Bernstein spaces
B2 7 contains all functions f € XZ s.t. g has an analytic extension on
the Riemann surface S,z with branches 9k s.t.

° ‘gk(reie)’ < CeT2mk+0]
@ lim,_,0 gk(re’”) = lim,_ 1 o gk(re’?) = 0 unif. w.r. 6.

Paley-Wiener Theorem (BBMS, JAT 2016)

n2 P2
BC,T - BC,T‘
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POLAR ANALYTIC FUNCTIONS |

Let us denote H := {(r,0) € R x R}.
Definition If D C H we say that f : D — C is polar-analytic on D if for
any (rp, o) € D the limit exists

f(r,0) — f(ro, 00)
(r0)—(r0.00) re’? — rpeito

=: (Dpaf)(r0, bo)-
Definition. The polar Mellin derivative of f is defined by
O©cf(r,0) = re’9(Dp01f)(r,«9) + cf(r,0).

f=u+iv,u,v:D — C verifies

ou_ v ov_ ou
060 " or’ 90  or’
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POLAR ANALYTIC FUNCTIONS II

Expressions of the polar derivative

(Dporf)(r,0) = €7 (gru(r, 0) + i% v(r, 9))

—if
(Do) (1, 0) = er (;6 v(r,8) — i%u(r, 9))

o Of e~ of
—i0 Y7 — o
ar" 0 = T " 0)
Moreover If ¢(-) := f(-,0) then (D, f)(r,0) = ¢'(r) and
Ocf(r,0) = Ocp(r).

(Dpolf)(r7 9) =e
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MELLIN-BERNSTEIN CLASSES VIA POLAR ANALYTIC FUNCTIONS

Definition. Forc € R, T > 0 and p € [1, +o0] the Mellin—-Bernstein
space %QT comprises all functions f : H — C with the following
properties:
() fis polar-analytic on Hi
(i) £(-,0) € X&;
(iii) there exists a positive constant C; such that
f(r,0)] < Cer=ceTll ((r,0) € H).

Theorem (BBMS, MATH. NACHR. 2017). Let f € gﬁf:’j. Then
° f(-,@) S Xg: and Hf('?‘g)ng < eTw‘Hf('?O)HX[f
@ lim,_o = limy_ 1 réf(r,0) = 0 unif. w.r. 6
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PALEY-WIENER THEOREM FOR POLAR ANALYTIC FUNCTIONS

Theorem (Paley-Wiener, BBMS, MATH.NACHR., 2017)
¢ € X2 belongs to the Paley—Wiener space BgT if and only if there

exists a function f € %2 ; such that f(-,0) = ¢(-).
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TAYLOR'’S LIKE SERIES EXPANSION

Definition. Let (rp, 6p) € Hand p > 0.
The polar disk centered at (ry, 6p) with radius p is defined as:

E((r0,60). ) := {(r,0) € H: (log(r/m))* + (6 — 60)? < p*

0.3

0.2-

0.5

0.1

0.8 09 1.0 1.1 12 1.3

Figure: The polar-disks around the point (ry, 6p) = (1,0) with p = 1/3 and
p=1.
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TAYLOR'’S LIKE SERIES EXPANSION 2

Theorem. Let D C H be a domain and let f : D — C be polar analytic
on D. Let (ry,09) € D and ¢ € R. Then there holds the expansion

. > Bk
(re'®)¢f(r,0) = (roe"’f’)ckz:(:) (ecf),go’ %) (log(r/ro) + i(6 — 60))",

converging uniformly on every closed polar disk E((rg, 6p), p) C D.

Corollary. If (ry,6p) € D is an accumulation point of distinct zeros of f,
then f is identically zero on D.
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CAUCHY INTEGRAL FORMULA

Theorem. Let D be a convex domainin Hand let f: D — C be
polar-analytic on D. Let ~ be a positively oriented, closed, regular
curve that is the boundary of a simply connected domain int () C D.
Then for (ry, 6p) € int (), c € R and k € Ny, we have

1 (re’®)°=1f(r, 0)el®
2ri ~y (Iog(l’/l’o) +i(0 — 90))k+

) ok
(dr +irdf) = (roe'%)c(ecf)lg!rfﬁ%).
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CAUCHY INTEGRAL FORMULA 2

Proof. Let us consider the function
CREI))
(log(r/ro) + i(6 — 6p))*""

F(r,0) = ((r,0) # (r0,00))-

("o', 60)
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A POLAR RESIDUE THEOREM

Definition. Let (rp, 6p) € H and let U C H be open nhood of (ry, 6p). If
f:U\{(r,00)} — Cis polar analytic, then (ry, 6p) will be called an
isolated singularity. An isolated singularity (ry, 6p) is called a pole of
order kK, if there exists a polar analytic function g : U — C with
9(ro,00) # 0 such that

f(r.0) = 9(r.6) (r,0) # (r0,00)).

~ (log(r/re) + i(0 — o))"

In this case the c-residue of f at (ry, 6p) is defined as

©5~"'9)(r0.60)
(k—1)! '

(rescf)(ro, 90) = (roeieo)c(
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A POLAR RESIDUE THEOREM 2

Theorem. Let D C H be a domain in H and let f be polar-anaytic on D
except for isolated singularities which are all poles. Let v be a
positively oriented, closed, regular curve that is the boundary of a
simply connected domain int () C D. Suppose that no isolated
singularity lies on -, while (r;,6;) for j = 1,..., m are the singularities
lying in int (). Then, for ¢ € R, there holds

m
/ (re®)e~f(r,0)€" (dr + ird0) = 27i ) (rescf)(r}, 6)).
Y j=1
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THE EXPONENTIAL SAMPLING FORMULA IN X?

Theorem. Let T >0, f € %E,T, c € R. Then
f(r.0) =Y (&' O)ling, r(er").
kez

Multiplied by r¢ the series converges absolutely and uniformly on strips
of bounded width parallel to the r-axis.

In particular, setting ¢(r) := f(r,0) one has

p(r) => (e Mling, r(e7*rT).
keZ
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BOAS’ DIFFERENTIATION FORMULA

Theorem Let f € %2, where p € [1,00], c € R,and T > 0. Then
f (k+1/2)7rC/Tf (k+1/2)7/T 0
(©¢f) Z (2k n 1 2¢ (re 0)

for (r,0) € H. Multiplied by r¢ the series converges absolutely and
uniformly on strips of bounded width parallel to the r-axis.

In particular, setting ¢(r) := f(r,0) one has

4T (=1 1)k

e(k—H 127/ T (rglk+1/2)m/Ty
=]

For Fourier case:
@ PL. Butzer - G. Schmeisser - R.L. Stens, (2013).
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MELLIN-BERNSTEIN INEQUALITY

Corollary. Let f € %2, where p € [1,0c], ¢ € R, and T > 0. Then for
any ¢ € R, we have

1Beh)(-+0)llxe < TIFC.O)llxe-
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VALIRON’S INTERPOLATION FORMULA

Theorem. Let f € X, where c € R,and T > 0. Then for any r € R™,
we have

ref(r,0) = sin(TIOgr)[(ecf)#Lo)_i_';E':o,g(;)i

(_1 )k+1 ekwc/Tf(ekn/T7 0)
+ T'°g'k€;\{0} Kk — Tlogr)

The series converges absolutely and uniformly on compact subsets of
RT.

For Fourier case:
@ PL. Butzer - G. Schmeisser - R.L. Stens, (2013).
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HARDY SPACES IN MELLIN SETTING

For a > 0 we denote H, := {(r,0) : r > 0, 0 €] — a, a[}.

Definition. Letc e R,p € [1,+o0[,a > 0.

The Mellin-Hardy space HE(H,) comprises all functions f : H, — C
that satisfy the following conditions:

(i) fis polar-analytic on Hyg;
(i) f(-,0) € XP foreachd €] — a, 4|;
(iii) there holds

(Hf('ﬂ)ﬂf(p + [I(-, —9)Hf(p)1/f’
‘ < < 400.

Iy = sup .

<f<a
When a € ]0, 7] we can associate with each function f € HS(H,) a
function g analytic on the sector S, := {z € C : | arg 2| < a} by defining
g(re'®) := f(r,0). The collection of all such functions constitutes a
Hardy-type space H5(Sz), which may be identified with H5 ().

Bardaro (D.M.l.) A complex function theory ... 8th ECM - Portoroz, June 2021 26/31



SOME APPLICATIONS- QUADRATURE FORMULAE

Mellin-Poisson summation formula (Butzer-Jansche, 1998)
If f ¢ W)''(RT) be a continuous function on R* such that

Z |[f]/,\\/,C(C+ 27iok)| < oc.
KEZ

Then
> f(eM)el7 = > [fly. (¢ + 2mick).

keZ keZ
If f € B;’zm, then the above equality reduces to

/ f(x)x° Tdx = 1 > f(eflo)elr.
0 d k=—oc0
Iff & Egyzm, we obtain the approximate quadrature formula

00 1 0
f c—1 _ f k/o\ akc/o R fl.
| fox ok = 23 He)el 4 el

k=—o0
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ESTIMATION OF THE REMAINDER in HARDY-TYPE SPACES |

Mellin inversion class. Let us denote by M?~ the class of all functions
f € X§ N C(RT) such that [f]}, € L'(c + iR).

Mellin-even and Mellin-odd |§arts (Schmeisser, 1999)

For x > 0 define:

for (X) = S () + X~ T /X)), o (3) == S (xF(x) —x~°1(1/))
so that f(x) = x~¢(fe4-(x) + fe—(x)) for every x > 0.
Theorem (BBMS, Calcolo, 2018). Let f € M. Then for a > 0, we
have for ¢ — 400,

fe HS(Ha), f(-,O) = Yot = Hc,a[QO] — O(ef2rraa)'
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ESTIMATION OF THE REMAINDER IN HARDY-TYPE SPACES Il

Mellin translation operator (Butzer-dansche, JFAA, 1997)
For f: Rt — C and h > 0, define: (75f)(x) := h°f(hx).

Theorem (BBMS, Calcolo, 2018). Let f € M. Then for a > 0, we
have for o — +o0,

f e Hy(Ha), f(-,0) = ¢ <= Ro,[r5¢] = O(e727%)

uniformly w.r.h € [e~1/(27) g!/(29)],
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REFERENCES ON QUADRATURE ON THE POSITIVE REAL AXIS

@ F. Stenger, 1973

@ D.P. Dryanov, Q.. Rahman - G. Schmeisser, 1990.

@ W. Gautschi, 1991

@ G. Schmeisser, 1999

@ G. Mastroianni-G. Monegato, 2003

@ G. Mastroianni—I. Notarangelo—G.V. Milovanovic, 2014.
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