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Definitions

o X: finite set; 2X = {subsets of X}; [n] :={1,2,...,n}
@ [ip: p-biased product probability measure on 2X
pp(A) = pAI(1 — p)XM - AC x
o Xo~pp (eg X= (1) = X,=Gnp)
F C 2X is an increasing property if BOD A€ F = Be F
o graphic e.g.’s: F = {connected}; F = {contain a triangle}
Assume F # (), 2%,

e Fact. Given F, pp(F)(= P(X, € F)) is strictly increasing in p

X wp(F)
]

X
i 2




Definitions

@ The threshold p.(F): pp.(F) = 1/2 (unique)

X 1o(F)

2X

Central question in probabilistic combinatorics :

Given F, what's the threshold for F7?

E.g. Gpp: threshold for connectivity, Hamiltonicity, etc.



Getting a lower bound — expectation calculation

Example 1.
X = (['27]) (Xp = Gnp), F: contain K <D—A

Q. pc(F) (the threshold for G, , to contain K)?




q(F): the expectation threshold

o GivenGC2X (G):={T:35€G,SCT}
Observation
We have p < pc(F) if 3 G C 2% such that 0 23
(1) (G) 2 F ("G covers F")
(2) Xseg P < 3
()

e Ex 1. F = {contain K}

.

o E(#K's) =~ n°p® =0 if p< n>/° ﬁ
172

o E(#H's)~n*p® -0 if p<n*5 J

@ the expectation threshold q(F) := max{p: 3G} — q(F) < pc(F)




Another lower bound — Coupon collector [ I ] [
N

n vertices

Example 2.
X = () (X, = G p), F: contain a perfect matching
Q. pc(F) (the threshold for G, , to contain a PM)?

Hp(7)
1

@ the expectation threshold q(F) ~ 1/n
e BUT: p.(F) ~ logn/n

e Actually, log n/n is another lower bound on pc(F).

0 1

p < logn/n = G, has an isolated vertex w.h.p.

Kahn-Kalai Conjecture (‘07)

3 a universal K > 0 such that for any finite X and increasing F C 2%,

pe(F) < Kq(F)log |X].




Observation

gr(F): the fractional exp thr We have pi2 plF) i SIG © 2% suchithat
(1) Gy 2 F ("G covers F")
More observation (2) Xsegp® < 3

We have p < pc(F) if 3 X : 2X — [0, 00) such that
@ Y.scrMS)>21 VFerF
@ Yscx MS)pl < 3

o the fractional expectation threshold gf(F) := max{p : 3 \}
o Easy. q(F) < g(F) < pc(F)

Theorem. (Frankston-Kahn-Narayanan-P. '19)
3 a universal K > 0 such that for any finite X and increasing F C 2%,

pc(F) < Kgr(F) log | X|.

Weaker than Kahn-Kalai Conjecture (but still very strong)



Talagrand’s conjecture on q(F) vs. gr(F)

Conjecture (Talagrand ‘10)
There exists a universal constant L > 0 such that for any finite X and
increasing F C 2%,

qr(F) < Lq(F)

@ Implies KK Conj (via FKNP Thm)

@ Even simple instances of the conjecture are not easy to establish.

True if A is supported on singletons (Talagrand ‘10)

Talagrand suggested two test cases:
o X = (If)) = E(K,) and (for some k) X is the indicator of copies of K
in K, (DeMarco-Kahn '15)
e A is supported on 2-element sets (Frankston-Kahn-P. ‘21)



Conjecture (Talagrand ‘10)
JL > 0 such that for any finite X and increasing F C 2X.

qr(F) < Lq(F)

Two possible approaches: either give
@ Upper bound on g (F); or
@ Lower bound on q(F)

Reformulation
3L > 0 such that for any finite X, p € [0,1], and A : 2X — [0, o0),

F={ucX: 3 A>3 As(Lp)l}

scu sCx
admits G C 2% that satisfies

@ (G)oF
@ Ysegp®l <3




Open question

Conjecture (Talagrand, ‘10)
3L > 0 such that for any finite X, p € [0,1], and X : 2X — [0, c0),

F={UCX:> As>> As(Lp)*l}

SCuU SCX
admits G C 2X that satisfies

@ (G)OF
@ Ysegp®l <3

Thank you!




