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Introduction
We consider the g-hypergeometric function ,¢s defined by the series
ai,...,dar |
I’QSS < b]_,...,bs 1q72>
_ - (a19), (a2:9) - (2 9)i (1) @+s=nkgtts—)(3) z 7
(b1; )i (b2 )y -~ (bsi q), (9: 9«

k=0

with 0 < g < 1 and the expressions (a;; q), and (bj; q), denote the
g-analogues of the Pochhammer symbol, i.e.

n—1

(a;9)o:=1and (a;q), = H (1 - aqk> , n>1,
k=0
(3 @)oo = ﬁ (1 - aq") :
k=0
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Main Result

We are going to establish the following asymptotic behavior

—n _ajnt+b an+ as_1n+bs_
m g | GG g 2(q — 1)
n——+o0o s qo‘7 qclnﬁ“‘:’l7 chner?7 cee qcs,1n+d5,1 T [n]qa1 ["]qaz "'["]qasfl

["]qfl [”]qu : "["]qfs— 1

. (2 clarlelecle - [as-1le ) T (2 zlalfenle - lasle ) o q> |

g—"[nlq

[alqlea]q - - - [es—1lq [alglealq - [cs—1lq

where

B ) g 1=
rCI(Z) - (qz;q)oo(l q) %, [ ]q 1-q° 0<g<l,

and

a+1. a+1._2
@) (e 1) — R Z\“ - . —qz
Ja (Z, q) (q, q)oo <2) O(bl qa—l-l 1 q, 4 .
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Technical Results

Let k be a nonnegative integer and z a complex number, then

Fa(z+ k) _ (g% 9)

Fq(z)  (1—q)
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Technical Results

Lemma 15

Let k be a nonnegative integer and z a complex number, then

To(z+ k) _ (9%19)

Lemma 2nd

Let a be a positive real number and b a complex number. Then, we have,
for any k € Z fixed,

im Fq(an+ b+ k)

bl K =1.
n—+o0  [g(an+ b) [an -+ blg
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Technical Results

Lemma 15

Let k be a nonnegative integer and z a complex number, then

To(z+ k) _ (9%19)

Lemma 24
Let a be a positive real number and b a complex number. Then, we have,

for any k € Z fixed,

. Tg(an+ b+ k) —
[ G T T ) bk =1.
o e+ ) 2T Pl
We use,
_ [an+ b + K]
Fq(z + 1) = [Z]qrq(z) and nll>Too [aTb]qq =t
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Technical Results

Let k be a nonnegative integer. Then,
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Technical Results

Lemma 34

Let k be a nonnegative integer. Then,

Jim W = (-1)%qG)(1 - g)*.

V.
Lemma 4%

Let b be a complex number. Then, for a positive real number a, it holds

(qaner; CI) .
oo (1= ¥l

= [alg-
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Technical Results

Proposition
We have forn > 1,

(@ " a)
(kg | =

Let a be a positive real number and b = v + i3 a complex number. We

assume that an + ~ ¢ Z, for all n positive integer where
Z.=4{0,—1,-2,...}. Then, forn>1and k =0,1,...,n, we can affirm
that there are two constants, ¢, and ® ,, independent of n, so that

(qan+b; q) .

(1—q)klnle|

k
50

0<ek<

8ECM 6/18
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Main Result

Proposition

Let o € R\Z. be. Then,
2271 () (2v2) S 2,(2vZ(1 = 9); 9) = oy ( q_a 19, —2(q — 1)2q“> :
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Main Result

Let o € R\Z. be. Then,
2 () 2VEP U 2VEL - ) ) = oo (o iamzla - 1)

Theorem (Mehler—Heine asymptotics)
Assuming that o € R\Z,, a; > 0, ¢; > 0 and that b; and d; are complex
numbers satisfying ajn + Re(b;) ¢ Z, and cjn + Re(d;) ¢ Z, with
Jj€{1,2,...,5s—1}, then

n ain+tby
»q
cyn+dy
)

7qazf7+b27 soo q35—1"+b5*1 ) Z(q - 1)

qczn+d2, Tty ‘76571"”571 @ q—n—f![n] Ln]qal [lgaz - [n] 25—
4 [n]ger [n] e "'[”]qcs—l

— 2% (a) <2 z[a1]q[a2]q - - [351]q>1a /2, <2 z[a1]q[az]q - - - [as—1]q (1-q): q)

[alqlca]q - - [cs-1]q [alqlca]q - - [cs-1]q

. q
lim  s¢s o
n—+o00 q ,

uniformly on compact subsets of the complex.

v
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Main Result

Sketch of the proof

@ Scaling the variable z, then

sPs q ", q31n+b1’ q"2”+b27 B q35*1"2b571 »q Z(q — 1)
g%, qentdL gqantdy .. g—1ntds_y ? — [n]gar [nlgaz -+ [n] as—1

[lger [nlgea --[n] 1

" (a7 q)k (qaanrbl; q)k T (qas_1n+b5_1; q)k (_1)kq(§) zKq¥k(q — 1)k

= (@na, (@ g), - (@F=""=15q)), — [gan [Pl - lrlas (@ a)
Tl Iy e, ;7

3

= gn,k(z)'
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Main Result

Sketch of the proof

@ Scaling the variable z, then

d) q’", qaln+b1’ qa2n+b27 osa q8571ﬂ+b571 ) (q — 1)
S5 G, GBI, TR oo q5571n+d571 49 o [lgay [nlgao -+ [n] s
U LR e e e
—n. by . s—1n+bs—
_ N q)k (O q)k el O i q)k 1)kq(§) zkqok(g — 1)k

[n]k 31[ ]kaz [”]:as,l

— (q%; q), (qaantdi; q), - (qS-1"Fd-1; ¢
- a L g 9IS Gt Ty i,y (T D
q

3

= gn,k(z)'
k=0

® We have for k fixed,
im 281 oy lanlalaelg - [as1lg 24K (- 1)¥(1 — g)*
o1 8002 = 00 ) Lo (e aTE (0% 9) (a1 9
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Main Result

Sketch of the proof

© Taking z on a compact subset of the complex plane, then |z| < €q and we

k ok

Obtaln }gmk(z)' S ap~Vay"’ as 1 q() «'Xk

ck
et ek - ¢"5,1 [(aia)k |(q Q)k
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Main Result

Sketch of the proof

© Taking z on a compact subset of the complex plane, then |z| < €q and we

bt . < :1 §2' as_1 q() "Xk
obtain |gn(2)| < g er L, T |(qq)
ok ok ..ok ()

min 22 k-14 ‘-9 ¢k and this series is convergen
dominated by /%5 G NG R Sl (PN [P ¢k, and this series is convergent.

ck Thus, the previous series is
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Main Result

Sketch of the proof

© Taking z on a compact subset of the complex plane, then |z| < €q and we
k k

obtain |g, ()] < -2

: {;571 qz(é)q“k 1—q)
ek ek 'Q"S,l [(@%;9)x[(a:0)x
ok ok ..ok o(% ) g

a~ap "Tas_1 g K1—q) sk
dominated by /%5 G NG R Sl (PN [P ¢k, and this series is convergent.

ck Thus, the previous series is

@ We can apply the Lebesgue's dominated convergence theorem to obtain

i S T @) (e, (gl aterk -y

s (gl (i) (@G, P e Py
Q[,,]k ["]552”‘["]:‘5—1 q:q)k

q)%

N = 0 [ar]4lanlk - [as—_1]k Zkgok(1 —
= lim 0k(z) = (=) 2(2) ql92lq q
gog k ; q

n—+teo [ar]§leall - [es—al§ (0% @)k (95 Q)
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Main Result

Sketch of the proof

© Taking z on a compact subset of the complex plane, then |z| < €q and we
k k

obtain |g, ()] < -2

: {;571 qz(é)q“k 1—q)
ek ek 'Q"S,l [(@%;9)x[(a:0)x
ok ok ..ok o(% ) g

a~ap "Tas_1 g K1—q) sk
dominated by /%5 G NG R Sl (PN [P ¢k, and this series is convergent.

ck Thus, the previous series is

@ We can apply the Lebesgue's dominated convergence theorem to obtain

i S T @) (e, (gl aterk -y

s (gl (i) (@G, P e Py
Q[,,]k ["]552”‘["]:‘5—1 q:q)k

q)%

N = 0 [ar]4lanlk - [as—_1]k Zkgok(1 —
= lim 0k(z) = (=) 2(2) ql92lq q
gog k ; q

B=res [alkleall - - [es—1lk (a; a)y (a: a)k
— ( N Yqv_z[al]q[QZ]q -[as— l]q( 1)2qa) )

[CI]q[C2]q “[es— l]q
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We take r < s and o € R\Z,. We consider b; and dy complex numbers
satisfying ajn + Re(b;) ¢ Z., c¢;n+ Re(d;) & Z. where a; > 0, ¢, > 0 with
je{1,2,...,r—1}and ¢ € {1,2,...,5s — 1}. Then, we have
) q—n7 qaanrbl7 qa2n+b27 L. 7q.a,,1n+b,,1 . Z(q o 1)
nliToo r¢s qm7 qc1"+d17 qc2"+d2, cee qc5,1n+d5,1 9 —n—a[n] [nlgar [n]ga2 “‘[n]qar—l
q 9 [lger [nlyep Il oo 1
- i(_l)(l+r_s)kq(2+5_r)(‘2<) [31]5[32]5 e [arfl]s qu(!k(l o q)(2+r75)k
pars [ailsleals - [es—1ls  (aiq), (g: q),
v
JFMM (UAL)
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RENMEIS

Remark 1

In (Bracciali-Moreno—Balcazar, AMC, 2015) the authors obtain a

Melher-Heine formula for some hypergeometric polynomials. Taking into

account
. g, ..., q°% lis—r ai,...,ar
lim : -1 z | = ,F 1z .
g1 rbs gt,...,q"% 9,(9—-1) TS\ bi,. .., bs

our theorem recovers partially their results.
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In (Bracciali-Moreno—Balcazar, AMC, 2015) the authors obtain a
Melher-Heine formula for some hypergeometric polynomials. Taking into
account

. qalv"'aqar_ 1\ 1+s—r _ at, ..., ar |

our theorem recovers partially their results.

Remark 2

Using our theorem we can obtain a well-known type of asymptotics for the
g-Laguerre orthogonal polynomials, given by

lim Lg,a)(z; q) = z7°/2J) (2v'z1q) ,

n——+o00

uniformly on compact subsets of the complex plane.

v
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Consequence about the zeros

We denote by xg , x with 1 < k < n the zeros of the function

—n qain+by qaxn+by |, as—1n+bs_1
¢ q »q ,q ) ,q . Z( _ 1)
s¥s th’ qC1n+d1’ qC2n+d2’ e qC5,1n+d5,1 1 4, q 9

and by z, the zeros of the limit function

11—«
(2 z[al]q[az]q...[as_l]q> -/((X2—)1 (2 z[a]q[a2]q - [as_l]q(l —q); q) _

[cailglealq - -~ [es—1lq [ei]glealq - - - [es-1lq

Then, using the Hurwitz's Theorem, we have that the scaled zeros of the
function s¢s
[l [nlgee - - [Mlgesn

[n]ger [n]ge - - [n]qcs,1

Xgnk = a " “[nlq

Xq,n,ks

converge to the zeros of the limit function.
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Consequence about the zeros

Numerical Experiments

We take the following data: s =3, ¢=1/2, « =1 and

=3 by =6 a=4/3 | d=2-3i
@ =5/4 | b= —2/3+2 | ,=5/6 | da=1

X{/2.n1
n=10 1.192838457108567 — 0.000373946558540/
n=20 1.191325673237055 — 6.242164358332549 x 10~8/
n=40 1.191320585493521 — 1.806507624485436 x 1015}

zy 1.191320585443003

X 2,n,2
n=10 10.5677725749753241 — 0.001544756947360/
n=20 10.5384014795907282 — 2.574926397461865 x 10~ 7i
n=40 10.5383205870081968 — 7.451913839285253 x 1015/

zy 10.5383205862744722

X*
1/2,n,3
n=10 54.673251810109320 — 0.003501823799542/
n=20 54.420541178838059 — 5.826491777755416 x 10~ 7/
n=40 54.419973744203762 — 1.686199155483337 x 10~ 15;

zy 54.419973739631614
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Consequence about the zeros

Numerical Experiments

We take the following data: s =3, g =1/2, « = —51/100 and

=3 by =6 a=4/3 | d=2-3i
@ =5/4 | b= —2/3+2 | ,=5/6 | da=1

X{ 1201
n=10 —0.257907814868696 + 0.000069310548527/
n=20 —0.257444571262302 + 1.156063483173270 x 108/
n=40 —0.257443205893177 + 3.345689303361298 x 1016/

zy —0.257443205880353

X*
1/2,n,2
n=10 1.717581648483185 — 0.000304499739637i
n=20 1.712978988207565 — 5.076635738362011 x 108/
n=40 1.712966620706365 — 1.469194883628405 x 1015/

zy 1.712966620595486

x*
1/2,n,3

n=10 15.162942911385623 — 0.001127913055563/

n=20 15.093385289370837 — 1.877379036189081 x 10~

n=40 15.093230236139474 — 5.433179181138827 x 10— 15;

zy 15.093230234896025
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Consequence about the zeros

Numerical Experiments

We take the following data: s =3, ¢ =1/2, « = —78/10 and

=3 by =6 a=4/3 | d=2-3i
@ =5/4 | b= —2/3+2 | ,=5/6 | da=1

XL /2,01
n=10 —26.583782080249094 + 13.144830793624180/
n=20 —24.217517881848614 + 13.495110134590402/
n=140 —24.215268341966693 + 13.495244741512639/

zy —24.215268337780208 + 13.495244740537485/

x*
1/2,n,3
n=10 —11.012428251874263 + 62.145264518015616/

n=20 —6.977745534060112 + 56.644723043027267i

n=40 —6.974490887747343 4 56.639531189402158/

zp —6.974490884027720 + 56.639531179755917/
x{ 2,n,5

n=10 —16.166116185151479 — 0.00004242253437]
n=20 —15.859752369735673 — 9.93118142529022 x 10~9/
n=40 —15.859327530746363 — 2.87493401650658 x 1016/

zy —15.859327529012374
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Consequence about the zeros

Numerical Experiments

x*

1/2,n,6
n=10 —8.372365289781465 + 1.061870351231816 x 10— %/
n=20 —8.358589490583791 + 2.877523388911743 x 1019/
n=40 —8.358521100270454 + 8.331309933918279 x 1018/

zy —8.358521099509627

Xl* 2,n,7
n=10 —4.183493772518376 + 7.184651279381444 x 106/
n=20 —4.174952644245207 + 1.169874676784201 x 10~12;
n=40 —4.174916567642287 — 8.016528868055206 x 1020/

zy —4.174916567260315

Xl* 2,n,8
n=10 —2.085524807895160 + 0.001212554068904/
n=20 —2.087470339682883 + 2.036177391751408 x 10~ 7
n=40 —2.087472421385608 + 5.892871393618265 x 10715/

zy —2.087472421388369
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