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Part I: LSPILS*(19u!)

Definition 1

A latin square of ordern is an n x n array L defined on an n-set X such that

each symbol of X occurs exactly once in each row and exactly once in each
column.
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Definition 2

A partitioned incomplete latin square PILS(n; a;,a,, ..., a;) is an n x n array
L defined on X with a partition A, A,, .. ., A, (called groups), which satisfies
the following properties:
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Part I: LSPILS*(19u!)

Definition 1

A latin square of ordern is an n x n array L defined on an n-set X such that
each symbol of X occurs exactly once in each row and exactly once in each
column.

V.

Definition 2

A partitioned incomplete latin square PILS(n; a;,a,, ..., a;) is an n x n array
L defined on X with a partition A, A,, .. ., A, (called groups), which satisfies
the following properties:

(1YAinAj=0for1 <i<j<k |A]=a,anda; + ...+ a =n;

(2) each cell of L is empty or contains an element of X;

(3) the subarrays indexed by A; x A; are empty; and

(4) the elements in row or column x are exactly those of X \ A;, where x € A;.
A PILS is denoted by PILS(a}'a}...a}") if there are s; groups of size a;,
ie{l,2,..,t}.
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Definition

Two PILSs L and M are disjoint if L(i,j) # M(i,j) for each non-empty
cell (i,)).
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Two PILSs L and M are disjoint if L(i,j) # M(i,j) for each non-empty

cell (i, ).
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Definition of LSPILS ™ (g"u')

e A large set of partitioned incomplete latin squares of type g"u',

denoted by LSPILS(g"u'), is a set of mutually disjoint g(n — 1)
PILS(g"u')s.
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Definition of LSPILS ™ (g"u')

Definition

e A large set of partitioned incomplete latin squares of type g"u',
denoted by LSPILS(g"u'), is a set of mutually disjoint g(n — 1)

PILS(g"u')s.

e An LSPILS*(g"u') is a set of g(n — 1) PILS(g"u')s and u — g

PILS(g")s, which are pairwise disjoint.

Example. An LSPILS(1°21).
012 xy 012 xy
0 x|y|2]1 0 y 112
1]y x|0|2 1] x y|2|0
2/x|y 110 21y|x 01
x|112|0 x[2|0|1
y|2|0]|1 y[1]2]|0

Cong Shen (NNU)

LSPILS via “QDM

6/29



Definition of LSPILS ™ (g"u')

Definition

e A large set of partitioned incomplete latin squares of type g"u',
denoted by LSPILS(g"u'), is a set of mutually disjoint g(n — 1)

PILS(g"u')s.

e An LSPILS " (g"u') is a set of g(n — 1) PILS(g"u')s and u — g

PILS(g")s, which are pairwise disjoint.

Example. An LSPILS*(1321).

012 xy 012 xy
0 x|y|2]1 0 y 112
1]y x|0|2 1) x y|2|0
2\x|y 110 21y|x 01
x[1]2]0 x|2|0|1
y|l2]|0]|1 yl1(2|0
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Background

Theorem [Lei, JCD, 1997]

There exists an LGDD(g") if and only if n(n — 1)g> =0 (mod 6), (n — 1)g =0
(mod 2), and (g,n) # (1,7).
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Background

Theorem [Lei, JCD, 1997]

There exists an LGDD(g") if and only if n(n — 1)g> =0 (mod 6), (n — 1)g =0
(mod 2), and (g,n) # (1,7).

Theorem [Chang, JCD, 2007]

There exists a golf design of order x if and only if n = 1 (mod 2) and n # 5.

Theorem [Zheng, Chang, and Zhou, JCD, 2018]

There exists an LSPILS*(274!) if and only if » = 0 (mod 3), except possibly
for n € {30,48, 144}.

Theorem [Shen, Li, and Cao, JCD, 2021]

There exists an LSPILS* (g"(2¢)!) for all g > 1 and n > 3 except possibly for
n=2,10 (mod 12) and n > 14.
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Definition of *QDM

Definition 1
Let F, be a finite field of g elements, and let r be a primitive element of F,. A
quasi-difference matrix Q = (gq;;), denoted by QDM(q + u,u), is @ 3 x (g + 2u)
array defined on F, satisfying that

(1) each cell of Q is empty or contains an element of F,;

(2) each row contains exactly u empty entries (usually denoted by -), and
each column contains at most one empty entry;

(8) foreach 1 <i < j < 3, the multiset Ajj = {qq — g : 1 <1< g+ 2u, with g;
and g; not empty } = F,.
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Definition of *QDM

Definition 1

Let F, be a finite field of g elements, and let r be a primitive element of F,. A
quasi-difference matrix Q = (gq;;), denoted by QDM(q + u,u), is @ 3 x (g + 2u)
array defined on F, satisfying that

(1) each cell of Q is empty or contains an element of F;

(2) each row contains exactly u empty entries (usually denoted by -), and
each column contains at most one empty entry;

(8) foreach 1 <i < j < 3, the multiset Ajj = {qq — g : 1 <1< g+ 2u, with g;
and g; not empty } = F,.

A *QDM(q + u,u) is a QDM(q + u, u) satisfying that (0,0,0)” is a column, and
for any two columns C and D with no empty entries, D # r'C holds for any
0<i<g-—2.LetQ=(gis) be a*QDM(q + u, u). If a and b are integers,

q11 = 0,g2 = j, and g3; = a + bj, then *QDM(q + u, u) is denoted by

0 = (a+ bj).
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PILS and *QDM

Example. *QDM(7 + 2, 2).
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PILS and *QDM

Example. *QDM(7 + 2, 2).

0 000O0O0O0OO0OO0x Yy
O=101 23 456 xy 00
05 x 63y 42112
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Example. *QDM(7 + 2, 2).

-~ o A

= o -

= N

00 0 O0O0O0OO0OTO
01 2 3 456
4

05 x 6 3 vy

|

0123456 xy

5[x[6]3]y[4]2]1

]
2

0
1
2
3
4
5
6
X
y
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Example. *QDM(7 + 2, 2).

-~ o A

00000GO0GO0O
05 x 63y 42

|

0123456 xy

0

1

3/0|6

2/x|6|5

1(x|2|5|4

0|x|1]5/4|3

6|x|0]|4]y[3]2

5[x[6[3[y[4]2]1

5

0

1

2|y|6

3|6|y|0

4(3/0|y|1

5(x[4[1]y][2

6|4|x|5/2|y|3

x[1]2]3[4]5]6]0
y[2[3]4[5[6]0]1
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LSPILS and *QDM

If there exists a *QDM(q + u, u), then there exists an LSPILS™ (19u!).
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LSPILS and *QDM

If there exists a *QDM(q + u, u), then there exists an LSPILS™ (19u!).

Example. An LSPILS*(172!) obtained from a *QDM(7 + 2, 2).
000000000xy

0=

0123456xy00

05x63y42112

“ ®x OO~ WON-—=O

!

0123456uxy
5/x|6|3|y|4|2]1
5 x|014]y|3|2
y|6 0|x|1/5|4|3
6|y|0 1/x|2|5|4
3|0|y|1 2|x|6|5
x|4(1]y|2 3|06
4|/x15|2|y|3 110
112|3|4|5|6|0

2|3/4(/5/6(0]1

000000000xy

=30 =

0362514xy00

=30=...

01x42y56336

= 2 OO0~ WON—=O

4

0123456«xy
y|4|1|5/2|x|6|3
x| |y|5|2|6|3|0|4
4\ x y|6(3/0|1|5
1/5]x y|0|4]|2|6
5/2|6|x y|1|3]0
2(6(3|0|x| |y|4]1
y|(3]014|1|x 5|2
3|4/5/6|0(1|2

6/0/1/2]3|4|5




LSPILS and *QDM

If there exists a *QDM(q + u, u), then there exists an LSPILS™ (19u!).

Example. An LSPILS*(172!) obtained from a *QDM(7 + 2, 2).

000000000xy 000000000xy
0=(0123456xy00| =30=10362514xy00]| =3’0=...

05x63y42112 01x42y56336

4 4

0123456 xy 0123456 xy

o[ [5]x[6[3][y]4]2]1 o[ [y[4]1][5]2]x]6]3 015

1[5 x[0[4]y[3]2 1]x] [y[5]2]6]3]0]4 01y

2[y|6] |0[x|1][5]4]3 2[4]x] |y[6]3]0]1]5 016

3[6[y|0] [1]x[2[5]4 3[1]5]x[ [y]0]4][2]6 013

4[3]0[y[1] [2]x]6]5 4[5/2[6]x] [y[1]3]0 01 x

5[x[4]1]y 3/0[6 5/2[6]3[0[x] |y[4][1 012

64[x|5[2[y[3] [1]0 6[y[3[0]4[1]x] |5]2 014

x[1]2]3[4]5]6]0 x[3]4[5[6][0]1]2

y|2][3]4]5]6]0]1 y|[6]0][1[2][3]4]5
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Main result of LSPILS from *QDM

There exists a *QDM(q + u, u) for any prime power ¢ = p™, ¢ > 3, and
2<u<qg—1.

0 0 0000 — — jo = —ab~!
o=1|ol... i ..ljoji—--0 0 i =a(l—b)"!

0 a+ bj — —aji aa+(b-1)j/) Jj€GF(@) \{jo.ji}
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Main result of LSPILS from *QDM

There exists a *QDM(q + u, u) for any prime power ¢ = p™, ¢ > 3, and
2<u<qg—1.

0 0 0000 — — jo = —ab~!
o=1|ol... i ..ljoji—--0 0 i =a(l—b)"!

0 a+ bj — —aji aa+(b-1)j/) Jj€GF(@) \{jo.ji}

There exists an LSPILS* (194" for any prime power g = p™, ¢ > 3, and
2<u<qg—1.
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Main results of LSPILS

Definition

Let n =II!_, p’, where p; are distinct primes and ¢; are positive
integers. Then n is called a regular integer if p;’ > 4 holds for all
1<i<lt.

Theorem [Shen and Cao, submitted to DM]

There exists an LSPILS* (g7"(gu)!) for all positive integers g, u and
regular integer n, where g is a prime power, and g > u+ 1 > 4.
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Part II: OLSPILS

Definition 1

Define I, = {1, 2, ...,k}. Two PILSs both defined on X with groups A; for i € I;
are orthogonal if upon superimposition all ordered pairs in

(X x X) \ U5, (A; x A;) result. A Latin square is self-orthogonal if it is
orthogonal to its transpose.

Definition 2

Two LSPILSs, say {L; : i € I,} and {M; : i € I}, are orthogonal if each L; and
M; are orthogonal, i € I;. An LSPILS is called self-orthogonal if each Latin
square is self-orthogonal.
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Known results of OLSPILS

Theorem [Zhu, 2006]
There exists an OLSPILS(17) for ¢ > 3 a prime power.

It can always exist by taking L;(x,y) = aix + (1 — a;)y and M; = Ly, for
ie€l,,,where L, | =L;,x#y¢€ GF(q),and a; € GF(q) \ {0, 1}.

Theorem [Huang, Liu, Ge, Ma, and Zhang, 2019]

There exist a number of new instances of a pair of mutually orthogonal
partial golf designs {L; : i € I;} and {M; : i € I;}, where d < n — 2. If

d =n—2,itis a pair of orthogonal golf designs. However, there has
been no example for a pair of orthogonal golf designs so far.

Theorem [Shen, Cao, and Ji, JCD, 2020]

There exists an OLSPILS(7°).

Cong Shen (NNU) LSPILS via *QDM 18/29



Constructions

i 0 ..l 0 0 0 &%
il j S T & 0
O x1 |... a+ bj ... SO la+bTy a+ bS; a+(b—1)S
0y xo |... c+dj Lo+ dSy| 0 c+dT, c+(d-1T
X —X2|-..la—c+ (b—d)j... - - la—c+bS —dhija—c+ (b—1)S;— (d— 1T,
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Constructions

i 0 .0 0 0 &%
il j S T & 0
O x1 |... a+ bj ... SO la+bTy a+ bS; a+(b—1)S
0y xo |... c+dj Lo+ dSy| 0 c+dT, c+(d-1T
X —X2|-..la—c+ (b—d)j... - - la—c+bS;—dlija—c+(b—-1)S—(d— 1T,

emma

Let ¢ = p™ be a prime power, where ¢ > 2u+ 1 and u > 2. Q| = (a + bj),
0, = (c + dj) are two *QDM(q + u, u)s.
IfS, T, S;,and T; (i = 0, 1, 2) satisfy the following conditions:
()SNT =0and |S| = |T| = u;
@ {(b-d)s:iel}U{(b-d)f:iel}
={bs! —dt! :ie;}U{(b—1)s? —(d— 1)} :ie€l}.
Then there exists an OLSPILS(19u").
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Example. Initial triples of an OLSPILS(173!).

i 0/0|0|0|0|0|0|0]|0|a|a]as

Jj 6 | 1 21 3|4 |5 ||a|la|laz| 0]0]O0

Ly: X1 a 4 ap | az 6 2 1 3 5 1 5 6
My: X2 3 ai 4 2 a | as 5 1 6 3 1 5
x1—=x2 | - | - | -1 -1-]- 3126|541
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Constructions

Let p be a prime. There exists an OLSPILS(173') for p > 7.

@ p=17,11
@ p>11
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Constructions

Let p be a prime. There exists an OLSPILS(173') for p > 7.

@ p=711
@ p>11
i |l o |..lo]o 0 0 0 0 0 0 0 01 002 003
2 T A O N 1T O M et R ) et e (G () 001 002 003 0 0 0
Q1 x| 1+bj|..| oo [L+bj) oo 003 | —bd~'|l +b(1 —d)~" 1 1+ bj, (1-b)" 1 bt 14 (b—1)j
0 x| 1+dj|.Jl+dj| oor [I—db~ |l +d(1—b)""| o0y 003 (1—ay! 1 1+djp L+ (d—1)j 1 d-!
= x| —dj..| - - - - - - L—(1—a)7"| by (1-b)"—1—djy (1-d)jp p~" 11+ (b—1)j; —d'

Cong Shen (NNU) LSPILS via *QDM 21/29



Constructions

Let p be a prime. There exists an OLSPILS(173') for p > 7.

@ p=7,11
@ p>11
i | 0 .. oo 0 0 0 0 0 0 0 o1 00 003
e A L O T O B G B R A B O o0 00 003 0 0 0
Oir x| LB || oor |L+bj o0 003 L —bd='|l+b(1 —d)~" 1 L+bji|  (1-b)7" 1 b L+ (b= )i
0 x| 1+dj|.Jl+dj| oor [I—db~ |l +d(1—b)""| o0y 003 (1—ay! 1 1 +dj> I+ (d—1)j) 1 d-!
X —x . |b—d).| - L= (=)' by [(1=0)"" —1—djs| (1=d)jp ="~ 11+ (b~ 1) —d
(b—d)jji=b""—1,
b—d)jp=1-(1-d)7",
(b=d)(=b7") =1+ (b= 1j—d™,
(b=d)(1=b)"" = (1= d)p,
(b—d)(=d~") = bjy,
b-—d)(1—-d)'=(1-b)""-1=dj
21/29
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Constructions

[ bib—a) 0 . 1-b
i (b-di1—d) —d
bed(b— 1) 0 Vil —2bd + b
0 (1-d1—-b | b—d
had 0 : d—b
0 (1=B)(1—d)d 6 —2d+d
- [ bd 0 d—b |
0 (1—=b)1-d) | bh—d
0 0 : d® — 3bd + d + b*
0 0 | 0
0 0 | 0
0 0 : 0

=b*—3db+d+d*=0

= A = 5d° — 4d is the square element of GF(p).

_ {Ja = (d —b)(bd) ",
h=0b-d)1-d)'(1-b)"".

Specially, setd =4 and b = 2.
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Example

p=13
u=3 1 d 4 1 4 14 4 T 14 14
i [0707070T0T070 0707070700070 — — —
j (17273745 76 7 8 00/11712|— — —"0"0"0
x1=1+2j (8375777911 —"2"4"6 —"10 —[1 787127177 11
x2=1+4j (659 — —"8T1273 —"1172 "6 T10[ 471 7771271 "10
x2-x1 "e '8 1z '3 i 11(3 "6 "8 1177 N12
u=5:
i
J
x1=1+2j
x2=1+4j
x2-x1 10 1 "5 "g 175 "9 "10
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Example

p=13
u=3 14 14 14 14 14 1 d 14 1d 14 1 1 14
i [07070707070707070 0 0 00070 — — —
j (17273747576 7 8 9 0/11712]— — —"0"0"0
x=1+2j (37577 9 11 —"2"7476 —T10 —[178712"1 7 11
x2=1+4j (59 — —"gl1273 —"1172"76 T10[4 7177 71271 T10
x2-x1 "e '8 120 "3 i 11376 "8 "1177 N12
u=5:
i
J
x1=1+2j
x2=1+4j
x2-x1 "10 "1 "5 "g 175 "9 "10
(d—=Db)j1 = (d—1)j3— (b—1)ja,
(d—=b)j» = (d—1)js — (b= 1)y, N J1=2j3 —ja,
(d = b)jz = djs — bja, J2 = —j3+ 2js-

(d — b)js = djz — bjy.
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Constructions

Letp > 13 is a prime, p # 19, and

M={0,—1,-271 =371 471 —4-1 (-2).37!} Thenthe setZ, \ M
can be partitioned into |(p — 7)/4] disjoint quadruples of the form
(2x —y,2y — x,x,).
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Main results of OLSPILS(17(2¢ + 1)1)

Let p > 11 be a prime. There exists an OLSPILS(17u'), where u is an
odd integerand 5 <u <3 +2[(p—7)/4].

Cong Shen (NNU) LSPILS via *QDM 25/29



Main results of OLSPILS(17(21)!)

Let p be aprime andp =1 (mod 6).
1. There exists an SOLSPILS*(1721).
2. There exists an OLSPILS(174!).
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Main results of OLSPILS(17(21)!)

Let p be aprime andp =1 (mod 6).
1. There exists an SOLSPILS*(1721).
2. There exists an OLSPILS(174!).

ot >27
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Further research

Problem

Let p be a prime and u = 0 (mod 2).

Prove the existence of an OLSPILS(17u') for
(Mu=2,4andp =5 (mod 6); and
(2)u>6.
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Thank you for your attention!
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