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Integer order Orlicz-Sobolev spaces

The Orlicz-Sobolev spaces generalize the classical Sobolev space
WP (Q) = {uweakly diff. : v € LP(Q), Vu € LP(Q)},
and its homogeneous counterpart
VIP(Q) = {uweakly diff. : Vu € LP(Q)}.

Here, € is an open set in R"™.

The role of the Lebesgue space LP((2) is played by a more general Orlicz
space LA(Q).

In the definition of LA(Q), the power ¢ is replaced by a general Young

function, namely a convex function A : [0,00) — [0, 0] such that
A(0) = 0.
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The Orlicz space LA(Q) is equipped with the Luxemburg norm

The Orlicz-Sobolev space is then defined as

WHA(Q) = {uweakly diff. : u € L4(Q), Vu € LA(Q)},
and its homogeneous version as
VEA(Q) = {uweakly diff. : Vu e LA(Q)}.

The Orlicz-Sobolev spaces are of crucial use in the analysis of Partial
Differential Equations governed by nonlinearities which are not of
polynomial type.

The class of Orlicz-Sobolev spaces is also rich enough to shed light on
some aspects of the theory of classical Sobolev spaces.
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This is apparent when Sobolev embeddings are in question.

The class of Lebesgue norms is not large enough to be closed under the
operation of associating an optimal target in Sobolev embeddings.
Assume, for instance, that 2 is bounded and regular. Then

(Q) 1<p<n
whr(Q) — (Q) Vg<oo p=n
L>(Q) D > n.

An optimal Lebesgue target space does not exist for p = n.
This drawback does not affect the broader class of Orlicz-Sobolev spaces.
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Given any Young function A, there always exists another Young function
A,, such that
WhAQ) — L4 (Q), (1)

and L7 () is the optimal (smallest) Orlicz target space.
The function A,, is given by

Ap(t) = A(H; Y (t)) fort >0,

n

where H,, : [0,00) — [0,00) is defined as

1

o= ([ () )" rorrsn

[C., Indiana Univ. Math. J. 1996], [C., Comm. Part. Diff. Eq. 1997].
Versions of embedding (1) for the spaces Wol’A(Q) and WH4(R") are also
available.
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In particular, an application of this result yields:

LH%(Q) 1<p<n
WHP(Q) = SexpL™(Q)  p=n
Q) e

and tells us that all target spaces are optimal in the class of Orlicz spaces.

This recovers the Sobolev embedding for p # n, and the borderline
Pohozaev-Trudinger-Yudovich embedding in the borderline case p = n.

It also informs us about their optimality.
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Fractional order spaces

Various definitions of fractional order Sobolev spaces are available in the
literature, including Besov, Lizorkin-Triebel, Bessel-potential spaces.

We focus on Gagliardo-Slobodeckij type spaces.

They have been the object of renewed interest in the last two decades,
starting with the work of such authors as Bourgain, Brezis, Caffarelli,
Maz'ya.

Classical setting. Let s € (0,1), p € [1,00), @ = R".

The Gagliardo-Slobodeckij seminorm is given by

1
Jul, an(/ / <\u )\)p dacdy)p
P w e Ul —yl® |z — y|"

The homogenous fractional space is defined as

VRR) = {u: fuly e < o0}, )
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Classical fractional Sobolev embedding.

Let 1 <p < %. Then 3C s.t.

[l

172 ey = C ltlspre

for every measurable u decaying to 0 near infinity.

Although
cchp(Rn) 7& Vl’p(Rn)”,
in the sense that setting s = 1 in the definition of fractional order space

dose not recover the integer order one, the Sobolev exponent % is

reproduced on setting s = 1 in n’_”:p.
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Fractional order Orlicz-Sobolev spaces.

Given s € (0,1) and a Young function A, the fractional Orlicz-Sobolev
seminorm is defined as

‘u’qA]Rn—lnf{)\>O // <|u (y)’> dz dy Sl}.
n Jrn Mz =yl* ) o —y

The homogenoeus fractional Orlicz-Sobolev space V4 (R") is then
defined as

VS,A(RN) = {u R |u’5,A,R” < OQ}7

We deal with functions in V¥4 (R™) that “decay to zero” near infinity.
Precisely, functions in the space

VIAR?Y) = {u e VAR : [{Ju] > t}] < oo VE > 0},

Pb.: Optimal embeddings of V;’ (R™) with target space in classes of
Banach function spaces.
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Embeddings into Orlicz spaces.

Like in the integer order case, there exists an optimal Orlicz target space
for embeddings of Vds’A(Rn).
Let A be a Young function such that

[l e o
A(AL))HSS dt < . (4)

and

Assumption (3) amounts to requiring that A has a non-supercritical
growth near infinity.
If A(t) = t*, condition (3) corresponds to

1<p<7%.
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Define the function H : [0,00) — [0,00) as

Ha(t) = </Ot (A(TT)YSSdT)nnS for t > 0

and the Young function A= by

An(t) = A(Hz'(t)) fort>0.

s

» The function A= is the optimal fractional Sobolev conjugate of A.

Note that setting s = 1 in An recovers the optimal integer order Sobolev
conjugate of A, although

cnvl,A(Rn) # VLA (Rn)w .

A. CianNcHI (UNIVERSITA DI FIRENZE) FRACTIONAL ORLICZ-SOBOLEV SPACES



11

Theorem 1: Optimal fractional Orlicz target space

Let s € (0,1). Let A be a Young function such that

/OO <AL)> = dt = 0o /0 <Azt)> = dt < oo. (5)

VAR - L% RY), (6)

Then,

and 3C s.t.

$,A rmn
il o gy < Clilsaze V€ VAR, ™)

Moreover, L** (R™) is the optimal (smallest) target space in (6)—(7)
among all Orlicz spaces.

Remark: The second condition in (5), is necessary for an embedding
Vj’A(R") — LP(R™), for any Young function B.
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Example 1. Let A be a Young function such that
A(t) = tP near infinity,

with 1 <p <%, Then Theorem 1 yields
ViP(®R") - L% (RY),

where

Moreover, L% (R™) is the optimal Orlicz target space.
This recovers the classical fractional Sobolev embedding (1 <p < %), and
provides us with a Pohozaev-Trudinger-Yudovich type result (p = %)
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Example 2. Let A be a Young function such that
A(t) = tP(logt)* ast — oo,

n

where either p=1and a > 0,or 1 <p <= and a € R, or p= 7 and
a< % — 1. Then, Theorem 1 tells us that

ACORS AT OF

where
ta-s(logt)i-r  ifl<p<?®

An(t) ~ 6tm fp=%anda<? -1 ast— oo
eetm fp="anda="2-1

Moreover, Lt (R™) is the optimal Orlicz target space.
This yields, in particular, embeddings for Vj’A(R”) in the spirit of
[Fusco-Lions-Sbordone, PAMS 1996] and [Edmunds-Gurka-Opic, IUMJ
1995].
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Improvement: optimal rearrangement-invariant target space.

Back to classical fractional Sobolev spaces.
Let s € (0,1). If 1 <p < Z, then

VIP(R™) = Lo P (R™). (8)

[Frank- Selrlnger JFA 2008].
Here, Lo P(R™) is the Lorentz space equipped with the norm

] =[jr==

L" =1 P(Rn) u*(T)HLP(O,oo)’

Since

L7=5P(R") & L= (R™),

embedding (8) actually improves the classical fractional Sobolev
embedding.
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Problem: improvement in a similar spirit for V;’A(R”).

Specifically, we seek the optimal rearrangement-invariant target space
Y (R™) for
VAR = Y (RY).
Recall that a Banach function space X (R") is called a
rearrangement-invariant space if

[l x ®ny =[]l x @n) if u=0".
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Let s € (0,1). Let A be a Young function as above, and let
a:[0,00) = [0,00) be such that

¢
At) = / a(r)dr fort > 0.
0
Define the Young function A as

At) = /0 “ardr fort>0, (9)
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One has that N
A(t) S A(t) fort>0.

Moreover, R
Aty = A(t) if A(t) << t=

in the sense that the Matuszewska-Orlicz index I(A) < %, where

log ( supt.o 475
I(4) = lim ( Tog A )

> AN =tPand 1<p<? — A(l)~

n
s

n ~ t :
> IfA(t) = ts ast—)oo:>A(t);w<logt) as t — oo.
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Let L(A\, %)(R") be the Orlicz-Lorentz space equipped with the norm

|’uHL(A‘7%)(Rn) = HTﬁZU*(T)HLK(O,oo) :

Theorem 2: Optimal r.i. target space

Let s € (0,1). Let A and A be as above.
Then,
$,A rmn 1T n n
Ve (R™) = L4, §)(R™), (10)

and 3C s.t.
HUHL(A“,%)(Rn) < C‘U|S,A,R” (11)

for every u € V"4 (R™).

~

Moreover, L(A,2)(R") is the optimal r.i. target space in (10)—(11).
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» Theorem 1 (optimal Orlicz target) is deduced from Theorem 2
(optimal r.i. target).

» Theorem 2 is in turn a consequence of a Hardy type inequality for
functions in V;’A(Rn).
Classical Hardy inequality: if 1 < p < n, then

<C ”VUHLP(R”)

LP(R™)

for every u € le’p(R”).
A fractional Hardy inequality in V;"P(R"), for 1 <p < Z, yields

|z[*

<Clu

s,p,R™

LP(R™)

for every u € V;"P(R™) [Maz'ya-Shaposhnikova, JFA 2002] .
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Theorem 3: Fractional Orlicz-Hardy inequality

Let s € (0,1). Let A and A be as above. Then, there exists a constant C

s.t.
u(z)
]

N < C ‘u|s,A,R"
LA(R™)

for every u € V” A(R") Moreover,

JoACRR) w=a-0 [ [ 4(ME=) Bt

for every u € V” A(R”)
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Example 3. Let A be a Young function such that

A(t) = tP(logt)* ast — oc.

Then ()
u(z
s ~ S C‘U|5’A7Rn
|| LA(RN)
where
~ ti(logt)“ ) ifl<p<?®
A(t) = (ts(logt)* s fp=2anda<%—-1 ast— occ.
n n
ts(logt)'(log(logt))™s ifp="anda="2-1
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Additional results on fractional Orlicz-Sobolev embeddings

» Embeddings for higher-order fractional Orlicz-Sobolev spaces.

» Fractional Orlicz-Sobolev spaces defined on open bounded sets
Q CR"™.

» Compact embeddings.
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Limits of normalized seminorms as s — 0™ and s — 1~

Recall that, setting s = 0 or s = 1 in the definition of the fractional space
VP(R™), does not reproduce the space LP(R™) or V1P(R™).

However, a result from [Maz'ya-Shaposhnikova (2002)] tells us that, if
p>T1and u € Ugqq)V,"(R"), then,

Pdxd 2 nwp,
lim s/ / (|u — E )> i yn _ e / |u(x)|P de.
s—0+ n JRrn |z — y| |z — y| D n
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Pb: What about the limit of V54 (R") as s — 077

Define the Young function A associated with A as

A(t):/OtA(T) dr  fort>0.

T

One has that

A~ A since  A(t/2) < A(t) < A(t) for ¢t > 0.
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Recallthat A ¢ Ay if IC >0 s.t.
A(2t) < CA(t) fort > 0.
For instance, if v > 0 and
Alt)~e"" ast— oo andfor A(t)~e
then A ¢ As.

7 ast — 0,

Theorem 5: 1limit of V;‘A(R") as s — 0"

Let A € Ay. Assume that u € U Vj’A(R”). Then
s€(0,1)

i / . / . (’u 2 _y,(y)‘) |ffdjn = 2nuw, / A(ju(w)) do.

Note that Theorem 5 recovers [Maz'ya-Shaposhnikova (2002)] when
A(t) = t* for some p > 1, since A(t) = %t” in this case.
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A partial result in this connection had been establsihed in

[Capolli-Maione-Salort-Vecchi, 2019], where just estimates for lim inf and
s—0t
lim sup are proved, and additional assumptions on A are required.
s—0t
Theorem 5 provides a full answer to the relevant problem. Indeed, the

result can fail if the As-condition is dropped.

There exist Young functions A & Ay, and corresponding functions u : R™ —
R such that u € Vj’A(R") for every s € (0,1),

| Alu@hdo< [ AQu@)) do < oo,

i s [ [ a(MOZH et
s—0t n n |$ - y|S |J" - y|n

but
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The analysis of the limit as s — 1~ was initiated by
[Bourgain-Brezis-Mironescu (2001)].

A result from that paper tells us that if 1 < p < oo and

u e WHP(R™),
then
P odxd
lim ( 1—5/ / <|u ()|) Ty = K(p, )/ |Vul? dz,
s—1— n n |.'1; - y‘ ‘ y‘n Rn
where

K(p,n)

= 1/ 10 - e? dH"(0),
P Jsn—1

S™! denotes the (n — 1)-dimensional unit sphere in R";

e H"! denotes the (n — 1)-dimensional Hausdorff measure;
e ¢ is any point on S" 1.
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A converse of this result is also shown in the paper

[Bourgain-Brezis-Mironescu (2001)], which holds if 1 < p < occ.
Assume that u € LP(R"). If

p
liminf ( 1_9/ / <\u <>|> dedy _
s—1— n Jon \:E—y\

|z —y|"

then
u € WHP(R™).

If p =1, then the conclusion can fail!

A version holds in the space BV (R") of functions of bouned variation
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Pb: What about the limit of W*4(R") as s — 177

Define the Young function A, as
dr

t
A(t) = /0 - A(r 10 - e|) dH"1(0) - for t >0, (12)

where e is any fixed vector in S" 1.
e The right-hand side of (12) is independent of the choice of e.

e A, is always equivalent to A, namely J¢q, o s.t.

A(crt) < Ao(t) < cA(t) for t > 0.
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Theorem 7: 1limit of W¥4(R") as s — 1T

Let A be a finite-valued Young function. If

uwe WHA(RM),

then, there exists A\g > 0 such that

lim ( // u(z) —u(y)|\ dzdy :/ A, (1
5%1* n JRn )\\:L‘—y\ |z — y|™ n A

for every A > \g.

) a
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In the light of the restriction p > 1 in the “converse” result by
[Bourgain-Brezis-Mironescu] to imply that u € W1P(R"), a converse to
our Theorem 7 requires some additional assumptions on A, which rule out

the case where A(¢) = t. They amount to:

At
lim Alt) = 00, superlinear growth near infinity (13)
t—oo ¢
and N
t
lim Alt) =0 sublinear decay at 0. (14)
t—0+ 1

» If A(t) = tP, then conditions (13) and (14) correspond to requiring
that

p>1.
A Young function A is called N-function if it is finite-valued, strictly
positive and fulfils conditions (13) and (14).
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A converse to Theorem 7 holds for the subclass of N- functions A.

Let A be an N-function. If uw € LA(R") and I\ > 0 s.t.

liminf ( 1—5/ / <|“ (y)|> dx dy .
s—1— n n )\’x_y’S |x_y|n

then u € WHA(R™).

e If A has a linear growth near infinity or near zero, then a counterpart
of theses results holds for the relaxed functional of

A(|Vul) dx
R”

in the space space BV (R") of functions of bounded variation.
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