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History

(M, g) — (]\7, g, J) — Kahler manifold

T(M) its tangent bundle; (M) its normal bundle

Two important situations occur:
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History

(M, g) = (M, g, J) - Kahler manifold

iso

T(M) its tangent bundle; (M) its normal bundle

Two important situations occur:
® T.(M) is invariant under the action of J:

J(Ty(M)) = Ty(M) for all z € M

M is called complex submanifold or holomorphic submanifold
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History

(M, g) = (M,g,J) - Kahler manifold

iso

T(M) its tangent bundle; (M) its normal bundle

Two important situations occur:

® T,.(M) is anti-invariant under the action of .J:
J(T,(M)) C T(M)+ forallz € M

M is know as a totally real submanifold 3/28



History

In 1978 A. Bejancu

e C'R-submanifolds of a Kdhler manifold. I,
Proc. Amer. Math. Soc., 69 (1978), 135-142
e C R- submanifolds of a Kéhler manifold. Il,

Trans. Amer. Math. Soc., 250 (1979), 333-345
started a study of the geometry of a class of submanifolds situated between
the two classes mentioned above.

Such submanifolds were named CR-submanifolds:
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History

In 1978 A. Bejancu

e C'R-submanifolds of a Kdhler manifold. I,
Proc. Amer. Math. Soc., 69 (1978), 135-142
e C R- submanifolds of a Kéhler manifold. Il,

Trans. Amer. Math. Soc., 250 (1979), 333-345
started a study of the geometry of a class of submanifolds situated between
the two classes mentioned above.

Such submanifolds were named CR—-submanifolds:
M is a CR-submanifold of a Kahler manifold (M, g, J) if there exists a

holomorphic distribution D on M, i.e. JD, = D,, Vx € M and such that its
orthogonal complement D is anti-invariant, namely JD- c T(M)L, Vx € M.
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Sasakian manifolds

(M2m+ ¢ ¢ 0. G g) Sasakian manifold:
¢ € THM), € € x(M), n € AY(M);

P?*=—T+nREE=0,n0¢=0,n() =1

dn(X,Y) =g(¢X,Y) (the contact condition)
90X, 0Y) =g(X,Y) —n(X)n(Y) (the compatibility condition)
N=Ny+2dn®&=0 (the normality condition)

(Vuo)V = —g(U, V)E+n(V)U, U,V e x(M)
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Semi-invariant
submanifolds in almost
contact metric
manifolds
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Contact C R-submanifolds

Sasakian geometry: odd dimensional version of Kéhlerian geometry,
A new concept: contact C' R-submanifold:
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Contact C R-submanifolds

Sasakian geometry: odd dimensional version of Kéhlerian geometry,

A new concept: contact C' R-submanifold: o

a submanifold M of an almost contact Riemannian manifold (M, (¢,£,7,9))
carrying an invariant distribution D, i.e. ¢, D, C D,, for any = € M, such that
the orthogonal complement D+ of D in T(M) is anti-invariant, i.e.

D C T (M), forany x € M.
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Contact C R-submanifolds

Sasakian geometry: odd dimensional version of Kéhlerian geometry,
A new concept: contact C' R-submanifold: o
a submanifold M of an almost contact Riemannian manifold (M, (¢,£,7,9))
carrying an invariant distribution D, i.e. ¢, D, C D,, for any = € M, such that
the orthogonal complement D+ of D in T(M) is anti-invariant, i.e.
D C T (M), forany x € M.
This notion was introduced by A.Bejancu & N.Papaghiuc in
Semi-invariant submanifolds of a Sasakian manifold,
An. St. Univ. "Al.l.Cuza" lasi, Matem., 1(1981), 163-170.
by using the terminology of semi-invariant submanifold.

P
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Contact C R-submanifolds

Sasakian geometry: odd dimensional version of Kéhlerian geometry,
A new concept: contact C' R-submanifold: o
a submanifold M of an almost contact Riemannian manifold (M, (¢,£,7,9))
carrying an invariant distribution D, i.e. ¢, D, C D,, for any = € M, such that
the orthogonal complement D+ of D in T(M) is anti-invariant, i.e.
D C T (M), forany x € M.
This notion was introduced by A.Bejancu & N.Papaghiuc in
Semi-invariant submanifolds of a Sasakian manifold,
An. St. Univ. "Al.l.Cuza" lasi, Matem., 1(1981), 163-170.
by using the terminology of semi-invariant submanifold.
It is customary to require that £ be tangent to M rather than normal which is
too restrictive (K. Yano & M. Kon): M must be anti-invariant.

Wﬂ 1
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Contact C R-submanifolds

Given a contact C'R submanifold M of a Sasakian manifold A/
either ¢ € D, or ¢ € D, Therefore

T(M) = H(M) & R¢ @ E(M)

H (M) is the maximally complex, distribution of M; ¢E(M) C T(M)> .
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Contact C R-submanifolds

Given a contact C'R submanifold M of a Sasakian manifold A/
either ¢ € D, or ¢ € D, Therefore

T(M) = H(M) & R¢ @ E(M)

H (M) is the maximally complex, distribution of M; ¢E(M) C T(M)> .

Both D := H(M), Dt = E(M) @ RE
D:= H(M)®R¢ D= E(M)
organize M as a contact C'R submanifold
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Contact C R-submanifolds

Given a contact C'R submanifold M of a Sasakian manifold A/
either ¢ € D, or ¢ € D, Therefore

T(M) = H(M) & R¢ @ E(M)

H (M) is the maximally complex, distribution of M; ¢E(M) C T(M)> .

Both D := H(M), Dt = E(M) @ RE
D:= H(M)®R¢ D= E(M)
organize M as a contact C'R submanifold
H(M) is never integrable (e.g. Capursi & Dragomir - 1990)
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Some inequalities
Theorem (Papaghiuc - 1984, M. - 2005) J

Let M2™+1(c) be a Sasakian space form and let M/ = N x N be a contact
CR product in M. Then the norm of the second fundamental form of M
satisfies the inequality

A2 > q ((c+3)s +2).

"=" holds if and only if both N™ and N\ are totally geodesic in M.
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Some inequalities

ro 82t G20+l §2mHl g g s+ q
(05 Y0y -y Ty Ysi U0y VO, -« -5 Ugy Vg) > (oo, Tjla — YjVas TjVa + Yjlas---)
M = 523+1 x SP 523+1 % S2q+1 r S2m+1
contact C'R product in S?™+! for which the equality holds.



Some inequalities

Theorem (Papaghiuc - 1984, M. - 2005)

Let M be a strictly proper contact C'R product in a Sasakian space form
M2+ (e), with ¢ # —3. Then

m > sq+s+gq.
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Some inequalities

Theorem (M. - 2005, Theorem 3.3) J

Let M = N; x; N, be a contact C'R warped product of a Sasakian space
form MZm“(c), that is a contact C' R-submanifold in M, such that NV is
p-invariant and tangent to &, while N, is p-anti-invariant. Then the second
fundamental form of M satisfies the following inequality

c+3

I1A])> > 2p |||[VInf||*> — Aln f + s+1].

Here f is the warping function which has to satisfy £(f) = 0 and Af is the
Laplacian of f.

9/28



Interesting result in S”

Theorem (M. - 2005) J

Let M = NT x N be a strictly proper contact C R product in S” whose
second fundamental form has the norm /6. Then M is the Riemannian
product between S3 and S' and, up to a rigid transformation of R® the
embedding is given by

783 x St — ST
’7‘(,’171, Y1, T2, Y2, u, ’l)) = ([12171,, y1u, —Yy1v, 1V, r2U, Y2u, —Y20, .’I,'Q"U).

10/28




Minimal contact CR
submanifolds in S#"**1
satisfying the
6(2)-Chen's equality

11/28



d(2) invariant
In 1993, B.-Y. Chen:

where

(inf K)(p) = inf { K () | 7 is a 2-dimensional subspace of T,,M }

and 7(p) = > K(e; A e;) denotes the scalar curvature
i<j




d(2) invariant

In 1993, B.-Y. Chen:

PSELDO-RIEMANNIAN
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0(2) invariant; §(2) ideals

In real space forms M (c):

5(2) < EDHI 4 (0~ 2)(n + Ve

Note that, for n = 2, both sides of the above inequality are zero.

A submanifold is called 6(2) ideal if and only if at each point it realizes the
equality in the above inequality.

u



Recent results in odd dimensional spheres

M.l. Munteanu, L. Vrancken:
Minimal contact C' R submanifolds in S>**! satisfying the 5(2)-Chen’s equality,
Journal of Geometry and Physics, 75 (2014), 92-97.

Let M be a minimal proper contact C'R submanifold of dimension n in the
(2m + 1)-dimensional sphere S?™+1,
Assuming that the contact C'R structure is proper:

eq=1.

e 1 is an even number.

u



Recent results in odd dimensional spheres

Theorem (M., Vrancken - 2014) J

Let M" be a proper, minimal, contact C R-submanifold of S>*! which is a
§(2)-ideal. Then n is even and there exists a totally geodesic Sasakian S**! in
S?m+1 containing M as a hypersurface.

u



Recent results in odd dimensional spheres

Theorem (M., Vrancken - 2014) J

Let M™, n even, be a proper, minimal, contact C R-submanifold of S>”+! which
is a 9(2)-ideal. Then there exists a minimal surface in S”*! such that locally
M can be considered as the unit normal bundle of this minimal surface.
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Recent results in odd dimensional spheres

Theorem (M., Vrancken - 2014) J

Let M™, n even, be a proper, minimal, contact C' R-submanifold of S>”*! which
is a 9(2)-ideal. Then there exists a minimal surface in S”*! such that locally
M can be considered as the unit normal bundle of this minimal surface.

Theorem (M., Vrancken - 2014) J

Let M", n even, be a proper, minimal, contact C' R-submanifold of S?"+1
which is a 6(2)-ideal. Then M can be locally considered as the unit normal

bundle of the Clifford torus Sl(%) x SH(L) cs$? c sl

V2




Contact CR
submanifolds in S’
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Four dimensional minimal contact
C R submanifolds in S” satisfying Chen's equality

We find (locally) coordinates on M such that the immersion F : M — ST is
expressed as

F(s,t,u,v) = cosscostcosue] + sinscostcosu ey
+ cosscostsinu es + sin scostsinu ey

+sintcosv es + sintsin v eg.

Remark that M lies in a 5-dimensional sphere in a 6-dimensional J invariant
subspace of R®: ey = Jey, eq = Jes, eg = Jes.




New problem:

Let M be a contact C R submanifold in the Sasakian sphere S7.
Recall that:

T(M)=H(M)® EM)® [¢]

T+ (M) = pE(M) & v(M)




New problem:

Let M be a contact C R submanifold in the Sasakian sphere S7.
Recall that:

T(M)=H(M)® EM)® £

TH(M) = pE(M) @ v(M)

Problem. Find all proper contact C' R submanifolds in S7 such that

WH(M),H(M)) =0 & h(E(M),E(M)) = 0.

)




Work in progress

We have:

s+tq+r=3

where 2s = dim(H (M)), ¢ = dim(E(M)), 2r = dim(v(M)).
Then:

l. s=g=r=1hencedim(M) =4
II. s=1,¢=2,r=0hencedim(M) =5

lll. s=2,¢q=1,r=0hence M is a hypersurface in S’




4-dimensional contact C' R submanifolds in S°

Problem solved: with M. Djori¢ and L. Vrancken;
Math. Nachr. 290 (2017) 16, 2585-2596.




4-dimensional contact C' R submanifolds in S°

Theorem (Djori¢, M., Vrancken, 2017)

Let M be a 4-dimensional nearly totally geodesic contact C'R-submanifold in

S”. The M is locally congruent with one of the following immersions:

AU U
)

F(u,v,s,t) :<cosssint0 ,costsinv e

—sin ssint e, cost cos v e“"”)

@ F:S3xR— R8 F(y,t) = (cost y,sint y).

—18

F(v,u,t,s) = e" (eis costcostycosu + e ¥ sintsinty,

—18

sint cos tg, €** cost sinu, O) .

—ie* costsintgcosu + ie




5-dimensional contact C' R submanifolds in S”

Problem solved: with M. Djoric — 2020




dimensional contact C' 2 submanifolds in S’
Theorem (Djoric and M., 2020)

Let M be a five-dimensional proper nearly totally geodesic contact C R—submanifold

of seven-dimensional unit sphere. Then M is locally congruent to warped products
and S? x ; S? via the immersions

F(z,y,z,u,v) = (cosycosucos(z+ 5),cosy cosusin(z +
@ sinysinvcos(z — §),sinysinusin(z — ),
siny cosv cos(z — 3

Z),sinycosvsin(z — Z),
cosysinucos(z + £
fory € (0,

3);

x
2
5),cosysinusin(z + 7)

5, z,u,v R,




5-dimensional contact C' R submanifolds in S”

Theorem (Djoric and M., 2020) J

Let M be a five-dimensional proper nearly totally geodesic contact C R—submanifold
of seven-dimensional unit sphere. Then M is locally congruent to warped products
S® x ¢, St x4, S* and via the immersions

F(...)=—cosy(1-T) (cos (z+ %) , Sin (z+ %) ,0,0,0,0,0,0)

+CosyTu(0,0,cos (2+§),Sin(z+£),0,0,0,0.)
—}—co%yTU(OOOOOOCOS(z—i— ) (z—|— ))
—|—81n7/(0 0,0,0, CO@(Z—§> %m( —é) 0, 0)

where T = 2/(1 + u? + v?).




4-dimensional contact C' R submanifolds in S°

Example 1.

F:R*xR2 — RS
= (901% Yyiu, r2u, Y2u, 10, Yy1v, 372’07,7/271),

F($1a?/17$2-/?/2§u7v)

is not an immersion.




4-dimensional contact C' R submanifolds in S°

Example 1.

Its restriction F': M =S3 x S' — §7

F(I’l y Y1, T2, Y25 U, U) - (.I'lu, yiu, r2u, Y2u, 10, Y1V, 20, yZU)
(with standard metrics) is an isometric immersion.




4-dimensional contact C' R submanifolds in S°

Example 1.

Its restriction F: M =S? x St — S7

F(z1,y1, 22, Y25 u, v) = (21U, Y1, T2U, Y2u, T1V, Y1V, T2V, Y2V)
(with standard metrics) is an isometric immersion.

the characteristic vector field

& = (—y1, 21, —y2,22) = Jp for p = (x1,y1, 22, 12) of S

FE=¢

¢ = (=z2,y2, 71, —y1) » it = (—=y2, —22,y1,21) and ¥ = (—v, u)

Set H(M) = span{(, u} and E(M) = span{v}
M becomes a nearly t.g. contact C' R-submanifold of S”




4-dimensional contact C' R submanifolds in S°

Example 1.

Its restriction F': M =S? x S' — §7 Chen type inequality
F(z1,y1, 22, Y25 u, v) = (21U, Y1, T2U, Y2u, T1V, Y1V, T2V, Y2V)

(with standard metrics) is an isometric immersion.

the characteristic vector field

& = (—y1, 21, —y2,22) = Jp for p = (x1,y1, 22, 12) of S

FE=¢

¢ = (=z2,y2, 71, —y1) » it = (—=y2, —22,y1,21) and ¥ = (—v, u)

Set H(M) = span{(, u} and E(M) = span{v}
M becomes a nearly t.g. contact C' R-submanifold of S”




4-dimensional contact C' R submanifolds in S°

Example 2.

F:M=8x8'—§7
F('Tlvylam%y?;u:v) - ('7;171/7 ?Jl“-/-7017)’3/17),372,1127070)»

with the warped metric gy, = gss + f2gs> Where

f:DCS =R, f(x1,y1,72,y) = \/m

Fis an isometric immersion and we have:




4-dimensional contact C' R submanifolds in S°

Example 2.

F:M=8$xS'—§"
F(x1,y1, 2, y2;u,v) = (T1, y1u, T10, Y10, T2, Y2, 0, 0),

with the warped metric gy, = gss + f2gs> Where

f:DCS =R, f(x1,y1,72,y) = \/m

Fis an isometric immersion and we have:
(i) M is nearly totally geodesic;

(ii) M is minimal and satisfies the equality in two Chen type inequalities
from my thesis;

(iii) M is a §(2)-ideal in S”. [M. and Vrancken - 2014]
i
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5-dimensional contact C' R submanifolds in S”

Example 1. [Djoric and M., 2020]

F:M=$S*x8>—§S7
F(x1,y1, 72, y2;u,v,w) = (T14, Y14, T10, Y10, T1W, Y1W, T2, Y2).

isometric immersion: warped metric on M

gm = gss + f2gs2, where f: D C S* - R, f(x1,y1,72,92) = \ad + i




5-dimensional contact C' R submanifolds in S”

Example 1. [Djoric and M., 2020]

F:M=$S*x8>—§S7
F(x1,y1, 72, y2;u,v,w) = (T14, Y14, T10, Y10, T1W, Y1W, T2, Y2).

isometric immersion: warped metric on M

gm = gss + f2gs2, where f: D C S* - R, f(z1,y1,22,y2) = /77 + 3.

Proposition.
(i) M is nearly totally geodesic;
(i) M is minimal and satisfies the equality in two Chen type inequalities




5-dimensional contact C' R submanifolds in S”

Example 2. [Djoric and M., 2020]

F:S3 Xflgl Xf2SI—>S7

F(XlaY1,X27Y2§uaV§aa b) — (uxlauylvvxlaVyluaX2vay2va2vby2)7

where the warping functions f, fo : D € S* — (0, o0) are given by
fi(x1,y1,%2,y2) = /X + yi
f2(x1,y1,X2,y2) = /X3 +¥3.
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