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Unique Continuation Property in the Interior

Let Q ¢ RN be a connected open set.
Let £ be a linear elliptic differential operator.

L enjoys the (Weak) UCP in Q if

{Lu:O,mQ, — u=0inQ.

u=20inQ open €N

L enjoys in Q the SUCP (in the Interior) if

Lu=0,inQ, . y—omna
1Ull 2(8,(x0)) = o(rk), asr — 0,vk € N - ’
(Here xp € Q)
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Strong Unique Continuation at the Boundary

L enjoys the SUCPB w.r.t. to the homogeneous boundary conditions
Blul=0if

Lu=0,inQ,
Blu] =0, on %, — u=0inQ.
Il 2(,(x,)ne) = O(r), as r — 0,Vk €N,

Here xp € ¥, and X open portion (in the induced topology) of 0.

UCP for £ = Propagation of Uniqueness for u

QE of UCP for £L = Propagation of Smallness for u

Edi Rosset ( Dipartimento di Matematica e GeStrong Unique Continuation at the Boundary ilPortoroz, 8ECM, June 24th 2021



PROPAGATION OF SMALLNESS

QeNen

Lu=0inQ,
[Ull 2oy <6 = ”UHLz(ﬁ) < w(e),
Ul 2y <1,

where w(e) - 0ase — 0.

Example. Three sphere inequality in the Interior: for ry < r» < r3,

[% 1-0
Br, (%) Br, (%) Bry (%0)

2
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Connection between UCP and determination of

unknown boundaries

A common feature in several inverse problems for PDEs concerning
the determination of an unknown boundary I':

UCP for £ = uniqueness for I'
QE of UCP for £ = conditional stability for '
QE of SUCP & SUCPB for £ = optimal conditional stability for I'

@ Alessandrini, Beretta, R., Vessella, Optimal stability for inverse
elliptic boundary value problems with unknown boundaries. Ann.
Scuola Norm. Sup. Pisa CI. Sci. (4) 29 (2000), no. 4, 755-806.
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SUCPB for second-order elliptic equations

@ Adolfsson, Escauriaza, Kenig, Convex domains and unique
continuation at the boundary Rev. Mat. Iberoamericana 11 (1995),
no. 3, 513-525.

@ Adolfsson, Escauriaza, C'** domains and unique continuation at
the boundary. Comm. Pure Appl. Math. L, (1997), 935-969.

@ Kukavica, Nystrém, Unique continuation on the boundary for Dini
domains. Proc. Amer. Math. Soc. 126 (1998), no. 2, 441-446.

@ Sincich, Stable determination of the surface impedance of an
obstacle by far field measurements. SIAM J. Math. Anal. 38
(2006), no. 2, 434—-451.
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for second order parabolic equations

@ Canuto, R., Vessella, Quantitative estimates of unique
continuation for parabolic equations and inverse initial-boundary
value problems with unknown boundaries, Trans. AMS 354
(2002), 491-535.

@ Escauriaza, Fernandez, Vessella, Doubling properties of caloric
functions, Appl. Anal. 85 (2006), no. 1-3

@ Vessella, Quantitative estimates of unique continuation for
parabolic equations, determination of unknown boundaries and
optimal stability estimates, Inverse Problems 24 (2008), no. 2,
023001, 81 pp.

for wave equation with time independent coefficients
@ Sincich, Vessella, Wave equation with Robin condition,
quantitative estimates of strong unique continuation at the
boundary, Rend. Istit. Mat. Univ. Trieste 48 (2016), 221-243.
@ Vessella, Quantitative estimates of strong unique continuation for
wave equations, Math. Ann. 367 (2017), no. 1-2, 135—-164
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SUCPB in linear elasticity

@ Kirchhoff-Love plates

e Alessandrini, R., Vessella Optimal three spheres inequality at the
boundary for the Kirchhoff-Love plate’s equation with Dirichlet
conditions, Arch. Rational Mech. Anal. 231 (2019), 1455—-1486.

e Morassi, R., Sincich, Vessella, Doubling inequality at the boundary
for the Kirchhoff-Love plate’s equation with supported conditions,
Rend. Mat. Univ. Trieste, to appear.

@ Generalized Plane Stress problem

e Morassi, R., Vessella, Optimal identification of a cavity in the
Generalized Plane Stress problem in linear elasticity, JEMS, to
appear.
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DETERMINATION OF A RIGID INCLUSION
IN A THIN ISOTROPIC ELASTIC PLATE
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Thin elastic plate: Q x |2, 2], having middle plane Q, D rigid
inclusion

Lw = div (div (Pv2w)) =0, inQ\D.

where w is the transversal displacement and
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P - = C
N~~~ 12 ~—
plate tensor elasticity tensor

Cixi = Cuij = Cyji, 1,4, k,1=1,2

CA-A>~|AP,
N————

Ellipticity

for every 2x2 symmetric matrix A.
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Assuming that the plate is made by isotropic material we have
PA=B[(1—v)AY" + vir(A)l]

for every 2 x 2 matrix A, where

3
B(x) = ?—2 (%) , (bending stiffness)

E(x) = “(X)Lz(/;g):z ;\r(i;‘(x)), (Young’s modulus)
v(x) = 2(/1()();(1)/\()()) (Poisson’s coefficient).

the Lamé parameters A, u satisfy

u(x) > g 2u(x) 4+ 3A(x) >
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Direct Problem:
D e Q rigid inclusion, D, Q simply connected bdd domain of class C''

( Lw =0, inQ\ D,
(PV2w)n-n= —M,, on 99,

(P)S div(PV2w) - n+ 9s((PV2w)n- 1) = 9s(M.),  on 9%,
w =0, on 9D,

(| Opw =0, on 9D,

M. and M, are, respectively, the twisting and bending component of
the assigned couple field M. n outer normal to (2 \ D), s arc length
parametrization of 092 .
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Wellposedness of the Direct Problem (P)

If Q and D are simply connected domains of class C'',
Me H 2(0Q,R2), [,o M, =0,a=1,2,
then problem (P) has a unique weak solution w € H?(Q \ D) satisfying

1wl ey < ClIMIlir-1/2(00
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INVERSE PROBLEM

Determine an unknown rigid inclusion D from the additional
measurement of the Dirichlet data {w, 0,w} taken on an open portion
¥ of 0Q, that is from the Cauchy data on X :

W‘Za
anW‘):
Cauch _
(Cauchy) (PV2w)n-n|s = —M,
div(PV2w) - n + ds((PV2w)n - 7)|s = ds(M)
APPLICATIONS

Non-destructive testing for quality assessment of materials
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Hypotheses and a priori assumptions

HYPOTHESES (Concerning the Data)

@ 00 of class C?' with constants ry , M,
0 Q] < M,

@ ¥ C 99 of class C3' with constants ry , Mo

Y D 00N B, (Py), for some Py € &

@ supp(M) c £, M € [2(09, R?), <A7In,6s(A7IT)) # 0 and

m
J H@(asz) SF
M1 /20

@ \ucCHQ)
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A PRIORI ASSUMPTIONS (Concerning the Unknown inclusion)

@ dist(D,0Q) > ny

@ 0D of class C% with constants ry , My , a € (0,1)
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Theorem (Stability)

Letw; € H?(Q \ D;) be the solutions to (P), i = 1, 2.
If, givene > 0, we have

{lIwr = wollizqz) + 9n(ws — wa)lize) } < e,
then we have

d’)—l(ﬁ'lv ﬁZ) < C(| |Og€|)_n7

foreverye, 0 < e <1, where C > 0, 7,0 <n <1, are constants only
depending on the a priori data.

dy (D, D>) is the Hausdorff distance between D; and Ds.
Morassi, R., Vessella, SIAM J. Math. Anal., 2019
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Main tool of the proof

Theorem (Optimal three spheres inequality at the boundary)
If xo € 0D and

Lw =0, inQ\D,

there exists C > 1 such that, for every ry < r» < r3 < dist(xp, 092),

—0

Il 5 <C(2 5
12(By, (xo)N(Q\D)) = 2( By, (x0)N(Q\D))

0 1
fg) H WHL2(B,1 (XO)Q(Q\E)) H WHL
where

_e(a)

o8 (1)

Alessandrini, R., Vessella, ARMA, 2019
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Corollary (Finite Vanishing Rate at the Boundary)
Under the above hypotheses, there exist C, N such that

/ ~w2>crN
Br(x0)N(Q2\D)
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In the interior, similar results hold true. In particular we have

Theorem (Finite Vanishing Rate in the Interior)
If xo € Q\ D and B,(xo) € Q\ D there exist C, N such that

/Br(xo)

2
VZW‘ > crN
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Basic steps of the Proof of the Optimal stability in

determining rigid inclusions in K-L plates

a) Stability estimates of continuation from Cauchy data:

macd [ Pwel? [ R < (o)
Dy\D> D>\ Dy

b) by the Finite Vanishing Rate in the Interior and at the Boundary,

é
dy(Dy, Dp) < <max{/ _ |V2W2!27/ _ !V2W1|2}> < (w(e))’
D1\D2 DZ\D1
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GENERALIZED PLANE STRESS PROBLEM
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Let D be a cavity inside the plate Q. The in-plane displacement field
U = uieq + ueo satisfies the two-dimensional Neumann problem

95Nag =0, inQ\ D,
Nosng =N, ondQ,  (a,8=1,2)
Na/gng =0, on oD.

where ]

Nog = Caprsrs:  €ap = 5 (9pUa + dalis),
C is the elasticity tensor of the (isotropic) material

hE(x)

AT

[(1—v)AYT + vir(A) ]

for every 2 x 2 matrix A.
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Airy’s function (1863)

1Nyt + 02N12 =0, inl := Bgy(xo) N (2\ D),

{ O1Noy + 02aNop = 0, inl := Bgy(xo) N (2 \ D),

We have that
—Nij2dxy + Nyidxo, —Noodxy + Nojdxo
are exact forms. Hence there exist ¢1and ¢, such that
(&) 0191 = —Ni2, 0291 = Nyg and 9192 = —Naz, 0202 = Not.
The symmetry of N5 implies Ni2 = N»4, hence
0101 = =022,
and, again, the differential form
—P2dXy + praXy,

is exact so that there exists ¢ (Airy’s function) such that

(J %) 019 = —p2, Oop = Py
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By the definition of N,5 and by (%) — (% %) we have
€1 = hiE (05 — vO%19) |
ez = — R 0%,
€22 = hiE (0%10 — v0350)

On the other hand, since e,5 = 3 (93Uq + 0als) We have

2 2 2
822611 — 2812612 + 811622 =0

hence
div (div (LV%)) —0, inU
where 1
+ v 1%
Laﬂw& = ﬁéa’yéﬁé - Eéaﬂ&yé
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By a suitable choice of the primitives, we also have

p=0np =0, on BRO(XO) noD

— FVRB for ¢ and for V¢

m|V2p[? < |Vul? < M|V2p[2

Theorem ( Morassi, R., Vessella, JEMS, to appear)

If 9D is of C®« class and u is not constant in Bg,(xo) N (2 \ D) then
there exists C, N positive such that for every r < Ry/2, we have

/ Vs e
B (0)N(2\D)

The above theorem is the main tool for the proof of optimal stability
estimates for identification of cavities in the GPS problem.

Edi Rosset ( Dipartimento di Matematica e GeStrong Unique Continuation at the Boundary iPortoroz, 8ECM, June 24th 2021 29/30



SOME OPEN PROBLEMS ABOUT SUCPB IN LINEAR ELASTICITY

@ Could the assumption 9D € C%* be weakened?

@ The case of isotropic Kirchhoff-Love plate with Neumann
condition i.e. Optimal stability for unknown cavities inside
the plate

@ The case of three dimensional Lamé system
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