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Goal, co-authors and main references

• To develop a simple model for heat-conducting binary fluid mixtures
described in the terms of the densities and the velocities for each fluid and
the temperature field for the mixture as a whole.

J. Málek, K. R. Rajagopal: A thermodynamic framework for a mixture of two liquids.
Nonlinear Analysis: Real World Applications, Vol. 9 (2008) 1649–1649.

O. Souček, V. Pruša, J. Málek, K. R. Rajagopal: On the natural structure of thermodynamic potentials and
fluxes in the theory of chemically non-reacting binary mixtures.
Acta Mechanica, Vol. 225 (2014) 3157–3186.

J. Málek, O. Souček: A simple thermodynamic framework for heat-conducting flows of mixtures of two
interacting fluids (2021), prepared for submission.

• framework of the theory of interacting continua (theory of mixtures)
• simplicity: the response of the whole mixture determined from a
small (minimal) set of material parameters

• simplicity: of a thermodynamic approach used in the derivation
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A thermodynamic framework - single continuum

Balance equations of continuum thermomechanics

∂ρ

∂t + div(ρv) = 0

∂(ρv)
∂t + div(ρv ⊗ v) = divT+ ρf

∂(ρE)

∂t + div(ρEv) = div(Tv − je) + ρf · v E =
1
2 |v|

2 + e

∂(ρη)

∂t + div(ρηv) = div jη + ξ and ξ ≥ 0

Constitutive relations

stress tensor T, energy flux je, entropy flux jη, entropy production ξ

can be determined from the knowledge of constitutive equations for

entropy η (e, ψ,H,G)

entropy production ξ
2
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A thermodynamic framework - Example (Navier-Stokes-Fourier fluid)

ψ = ψ̃(ρ, θ) with η = −∂ψ̃
∂θ

and p := ρ2 ∂ψ̃

∂ρ
ψ := e − θη

θξ = Tδ · Dδ + (
1
3 trT+ p) div v + jη · (−∇θ) (1)

Tδ = 2νDδ ν > 0
1
3 trT+ p = λ div v λ > 0

jη = −κ∇θ κ > 0

θξ = 2ν|Dδ|2 + λ(div v)2 + κ|∇θ|2 =: ζ̃(Dδ, div v,∇θ)

Rajagopal, Srinivasa (2004): the same constitutive equations are achieved by
a constrained maximization

max
(Dδ,div v,∇θ)∈A

ζ̃(Dδ,div v,∇θ) where A := {Dδ, div v,∇θ; ζ̃ = RHS(1)}

Easy to incorporate the incompressibility div v = 0 3
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Theory of interacting continua - the assumption of co-occupancy

Co-existence of individual constituents

Ω1

Ω2

Ω3

Ω

P

χ1

χ2

χ3

• M(P), V(P) - the total mass and the volume of P
• Mα(P), Vα(P) - the mass and the volume of the α-constituent in P
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Theory of interacting continua - mass and volume densities

Natural requirementsM ≪ V ,Mα ≪ V ,Mα ≪ Vα,Mα ≪ M, Vα ≪ V

• ρ density of the mixture as a whole
• ρα density of the α-constituent
• ρtr

α true density of the α-constituent
• cα mass fraction/concentration
• ϕα volume fraction

M(P) =

∫
P
ρ dV Mα(P) =

∫
P
ρα dV Mα(P) =

∫
P
ρtr
α dVα

Mα(P) =

∫
P

cα dM Vα(P) =

∫
P
ϕα dV =⇒ ρα = ρcα ρα = ϕαρ

tr
α

In addition, if Mα denotes molar mass of the α-constituent, then

cMα :=
ρα
Mα

cM :=
∑
α

cMα xα :=
cMα
cM

• xα molar fractions
∑

α cα = 1
∑

α xα = 1
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Mass and volume additivity constraints, whole-mixture velocities

Mass additivity constraint ρ =
∑
α

ρα =⇒ 1 =
∑
α

cα

Molar mass additivity constraint cM :=
∑
α

cMα =⇒ 1 =
∑
α

xα

Volume additivity constraint V(P) =
∑
α

Vα(P) =⇒ 1 =
∑
α

ϕα

Velocities associated with the mixture as a whole

v =
1
ρ

∑
α

ραvα =
∑
α

cαvα

vM =
∑
α

xαvα

vϕ =
∑
α

ϕαvα
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Balance equations of the theory of interacting continua α = 1, . . . ,N

∂ρα
∂t + div(ραvα) = mα

∂(ραvα)

∂t + div(ραvα ⊗ vα) = divTα + ραfα + mαvα + Iα

∂

∂t

(∑
α

ραEα

)
+ div

(∑
α

ραEαvα

)
= div

(∑
α

Tαvα − je

)
+
∑
α

ραfα · vα

∂

∂t

(∑
α

ραηα

)
+ div

(∑
α

ραηαvα

)
= div jη + ξ and ξ ≥ 0

Eα = 1
2 |vα|2 + eα

∑
α

mα = 0
∑
α

(mαvα + Iα) = 0

How to determine the form of constitutive relations involving

stress tensors Tα, partial mass sources/gains mα, interaction terms Iα
energy flux je, entropy flux jη, entropy production ξ
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Binary fluid mixtures - N = 2

Various forms of the whole-mixture velocity vmixt := ωv1 + (1 − ω)v2

v = cv1 + (1 − c)v2 ω = c := c1

vM = xv1 + (1 − x)v2 ω = x := x1

vϕ = ϕv1 + (1 − ϕ)v2 ω = ϕ := ϕ1

In addition, we can include the constraint: all admissible processes
associated with the whole-mixture are volume conserving

div vmixt = 0

Material derivative associated with the mixture as the whole

.z :=
∂z
∂t + vmixt · ∇z

8



Binary mixtures - constitutive assumptions

Helmholtz free energy

ρψ = ρ̂ψ(θ, ρ1, ρ2) = ρ̂1ψ1(θ, ρ1, ρ2) + ρ̂2ψ2(θ, ρ1, ρ2)

ραψα := ραeα − θραηα

ραηα := −∂ρ̂αψα

∂θ
(α = 1, 2)

µα :=
∂ρ̂ψ

∂ρα
(α = 1, 2) µ := µ1 − µ2

p := −ρe + θρη +
∑
α

ραµα ρe = ρ1e1 + ρ2e2, ρη = ρ1η1 + ρ2η2

Entropy production

θξ = ζ̃(Dmixt
δ , div vmixt,∇θ, µ, v1−v2)

= 2ν|Dmixt
δ |2 + λ(div vmixt)2 + κ|∇θ|2 + βµ2 + α|v1−v2|2

Dmixt = 1
2

(
(∇vmixt) + (∇vmixt)T

)
9
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Binary mixtures - towards the application of a thermodynamic approach

Application of the constrained maximization:

max
Dδ(v1),div v1,Dδ(v2),div v2,∇θ,µ,v1−v2∈A

ζ̃(Dδ(vmixt),div vmixt,∇θ, µ, v1 − v2)

where
A := {Dδ(v1), div v1,Dδ(v2), div v2,∇θ, µ, v1 − v2; ζ̃ = RHS (???)}

To achieve (???)

• start with the constitutive equation for ρψ
• apply material derivative associated with vmixt

• use the balance equations governing flows of a binary mixture

10
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Binary mixtures - constitutive equtions

(???) takes the form

ζ = (
1
3 trT1−γEmixt

12 +ωp) div v1 + (
1
3 trT2+γEmixt

12 +(1−ω)p) div v2 − µm

+ (T1)δ : Dδ(v1) + (T2)δ : Dδ(v2)−
je +

(
(1 − γ)Emixt

12 − µmixt
12
)
(v1 − v2)

θ
· ∇θ

−
(

I + m
2 (v1−v2) +∇(γEmixt

12 )− p∇ω + µmixt
12

)
· (v1−v2)

where Emixt
12 := (1 − ω)ρ1e1 − ωρ2e2 µmixt

12 := (1 − ω)ρ1∇µ1 − ωρ2∇µ2

Maximization procedure results at

T1 = γEmixt
12 I+ ω

(
−pI+ λdiv vmixtI+ 2νD(vmixt)

)
T2 = −γEmixt

12 I+ (1−ω)
(
−pI+ λ div vmixtI+ 2νD(vmixt)

)
je = −κ∇θ −

(
(1 − γ)Emixt

12 − µmixt
12
)
(v1 − v2)

m = −βµ

I = −∇ω
(
−pI+ 2νD(vmixt) + λdiv vmixtI

)
−∇(γEmixt

12 )− µmixt
12

− (α+
m
2 )(v1−v2) 11
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Binary mixtures - Final set of governing equations

∂ρ1

∂t + div(ρ1v1) = −βµ µ(θ, ρ1, ρ2) = µ1 − µ2

∂ρ2

∂t + div(ρ2v2) = βµ

∂ρ1v1

∂t + div(ρ1v1 ⊗ v1) = ω
(
−∇p + 2ν divD(vmixt) + λ∇div vmixt

)
+ ρ1f1 − µmixt

12 −
(
α+ βµ

2
)
(v1 − v2)− βµv1

∂ρ2v2

∂t + div(ρ2v2 ⊗ v2) = (1 − ω)
(
−∇p + divD(vmixt) + λ∇div vmixt

)
+ ρ2f2 + µmixt

12 +
(
α− βµ

2
)
(v1 − v2) + βµv2

∂ρe
∂t + div

(
(ρe + p)vmixt

)
= div(κ∇θ)−

2∑
α=1

µα div(ρα(vα − vmixt))

+ λ(div vmixt)2 + 2ν|D(vmixt)|2 + α|v1 − vmixt2 |2

ρe = ρ̂ψ(θ, ρ1, ρ2)− θ
∂ρ̂ψ

∂θ
(θ, ρ1, ρ2)
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Conclusions

• We presented a thermodynamic approach to develop the simplest
models for binary fluid mixtures. The simplicity concerns the number of
material moduli needed towards the derivation. For comparison, see the
formulas for models that come out from the rational thermodynamics:

T1 = (−ρ1 + λ1 div v1 + λ2 div v2)I+ 2µ1D(v1) + 2µ2D(v2) + λ5V12

T2 = (−ρ2 + λ3 div v1 + λ4 div v2)I+ 2µ3D(v1) + 2µ4D(v2)− λ5V12

µ1, µ2, µ3, µ4, λ1, λ2, λ3, λ4, λ5 V12 := ∇v1−(∇v1)
T

2 − ∇v2−(∇v2)
T

2

• We removed deficiences of Málek and Rajagopal (2008).
• different functions ραψα for constituents
• thermal effects included
• in equillibrium the mixture of ideal gases was not covered. This brought us
to incorporate various forms of the whole-mixture velocities.

• We derived the equations for non-dissipative binary fluid mixtures as
well

• We also derived the models with an additional constraint div vmixt = 0
• We also derived the boundary conditions for balance of linear momenta
of each fluid from the boundary conditions formulated for the mixture
as a whole. 13



Boundary condition: from mixtures to individual fluids

vmixt · n = 0 and (−Tn)τ = avmixtτ (a > 0)

Since v1 · n = v2 · n = 0 and

T = T1 + T2 −
2∑

α=1
ρα(v − vα)⊗ (v − vα)

where T1 + T2 = −pI+ λdiv vmixtI+ 2νD(vmixt)

one gets

(−Tn)τ = ((T1 + T2)n)τ = 2ν(D(vmixt)n)τ =


1
ω
(T1n)τ

1
(1−ω)

(T2n)τ

J. Málek, O. Souček: A simple thermodynamic framework for heat-conducting flows of mixtures of two
interacting fluids (2021), prepared for submission.
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