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Goal, co-authors and main references

e To develop a simple model for heat-conducting binary fluid mixtures
described in the terms of the densities and the velocities for each fluid and
the temperature field for the mixture as a whole.

@ J. Malek, K. R. Rajagopal: A thermodynamic framework for a mixture of two liquids.
Nonlinear Analysis: Real World Applications, Vol. 9 (2008) 1649-1649.

@ 0. Soucek, V. Prusa, J. Malek, K. R. Rajagopal: On the natural structure of thermodynamic potentials and
fluxes in the theory of chemically non-reacting binary mixtures.

Acta Mechanica, Vol. 225 (2014) 3157-3186.

@ ). Malek, O. Soucek: A simple thermodynamic framework for heat-conducting flows of mixtures of two
interacting fluids (2021), prepared for submission.

- framework of the theory of interacting continua (theory of mixtures)

- simplicity: the response of the whole mixture determined from a
small (minimal) set of material parameters

- simplicity: of a thermodynamic approach used in the derivation
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A thermodynamic framework - single continuum

Balance equations of continuum thermomechanics

% +div(pv) =0
% +div(pv @ v) = div T + pf
@ + div(pEv) = div(Tv —je) + pf - v E= %\v|2+ ¢
@ +div(pnv) =divj, +§ and >0

Constitutive relations

stress tensor T, energy flux j., entropy flux j,, entropy production &

can be determined from the knowledge of constitutive equations for

entropy (e, H, G)

m 3

entropy production
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A thermodynamic framework - Example (Navier-Stokes-Fourier fluid)

— 3p.0) withn =~ and po= 200 o
Y =1(p,0) with n = 20 and p:=p p ) :=e—0n
1 . .
05:'[[‘5-D5+(§trT+p)dlvv+3n~(—V@) (1)
Ts = 2vDs v>0
étr']l‘—i—p:/\divv A>0
jn = —krV0O k>0

0 = 2v|Ds|* 4+ A(divv)® + k| V6> =: {(Ds, divv, V6)

Rajagopal, Srinivasa (2004): the same constitutive equations are achieved by
a constrained maximization

(D(;,dirvnf}ée)eAC(Dé’div v,V0) where A:={D;, divv,V6;¢=RHS(1)}

Easy to incorporate the incompressibility divv = 0
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Theory of interacting continua - the assumption of co-occupancy

Co-existence of individual constituents

- M(P), V(P) - the total mass and the volume of P
- Ma(P), Va(P) - the mass and the volume of the a-constituent in P



Theory of interacting continua - mass and volume densities

Natural requirements M < V, My < V, Mo € Vo, Mo <K M, Vo <V

“p density of the mixture as a whole

+ pa density of the a-constituent

- p true density of the a-constituent

- ¢ Mass fraction/concentration

- ¢o volume fraction

M(P):/dev Mo(P)= [ peav Ma(P) = [ iz av.

MQ(P):/CO, M VQ(P):/qﬁadV — [ pa=pca | | pa=dapt"
P P

In addition, if M, denotes molar mass of the a-constituent, then

M
L Po M= 2 :CM - Ca

= = o — T
« M, « cM
«

- 2o, molar fractions dacta=1 YuTa=1



Mass and volume additivity constraints, whole-mixture velocities

Mass additivity constraint p= Z pa = 1= Z Ca

Molar mass additivity constraint M= "d = 1= 1,

Volume additivity constraint V(P)=> Va(P) = 1= ¢a
[e% [e%

Velocities associated with the mixture as a whole

V= l Zpava = Z CaVa
p @ a
VM = Z TaVa
a
V¢ = Z (bava
a




Balance equations of the theory of interacting continua

Opa | . _
ot + div(pava) = ma

a(pava) + diV(PaVa ® Va) =divT, + pafa + MaVa + 1o

ot

;(Z paEa) + div <Z paEnVa) = div <Z TQVQ _je) + Zpafn “Va
% <Z Puﬂ?a) + div (Z Paﬁuv(x) =divj, +¢ and £2>0

Ea:%|va\2+e& Zma:() Z(mava+1a):0

@

How to determine the form of constitutive relations involving

stress tensors T,, partial mass sources/gains mq, interaction terms I,

energy flux j., entropy flux j,, entropy production &
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Binary fluid mixtures - N = 2

mixt |

Various forms of the whole-mixture velocity | v'"" := wvi + (1 — w)va

v=ocvi+ (1 —c)vs w=c:=c
VM::vvl—l—(l—a:)vQ Ww=1T:=1
vO = gvi+ (1 — ¢)va w=¢:=¢1

In addition, we can include the constraint: all admissible processes
associated with the whole-mixture are volume conserving

. mixt
divv'" =0

Material derivative associated with the mixture as the whole




Binary mixtures - constitutive assumptions

Helmholtz free energy

pto = pih(0, p1, p2) = P11 (0, p1, p2) + parba (6, p1, pa)

p(ﬂ/}(’ = Paba — gpana

Opatia
Palla i= —pa% (a=1,2)
-
Pa = aﬁf (@=1,2)  pr=p—pe

p:=—pe+0pn+ Zp@ua pe=pier+ p2e2, pn = pini + p21m2

o

Entropy production

06 = {(DF™, divy™", VO, 1, v1—v>)
= 2D + A(divv™)? + £|VO]? + Bu® + alvi—va|?

Dm\'xt _ %((vaixt) + (vaixt)T> 9
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Binary mixtures - towards the application of a thermodynamic approach

Application of the constrained maximization:

= mixt . mixt
max C(Ds(v™), div v, VO, i, vi — v2)
Ds(v1),divvy,Ds(ve),divve,VO,u,vi —va €A

where

A = {Ds(v1),div vy, Ds(v2),div va, VO, u, vi — va; ¢ = RHS (272)}

To achieve (?2?)

- start with the constitutive equation for py
- apply material derivative associated with v

- use the balance equations governing flows of a binary mixture
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Binary mixtures - constitutive equtions

(???) takes the form
1 ix . 1 ix .
¢= (g tr T1 —y Els +wp) div vy + (§ tr To+yEs'+(1—w)p) div va — pum

et (=) B = pi) (vi = v2)
0

— (T4 S ni=v2) + V(EL) — pVeo + i) - (ni=v2)

+ (T1)s : Ds(v1) + (T2)s : Ds(v2) V0

mixt

where| Ef5 = (1 —w)prer — wpzen pis = (1 —w)p1Vur —wpaVis

Maximization procedure results at

Ty =vET+w (—p]I + Adivv™ T + ZVD(vm“Xt))
T2 = —vEf' T+ (1-w) (fp]I + Adivv™ + QVD(V’“"XT))

jo=—KV0 — (1 - ES — pls") (vi — va)

m=—pBpu
I=—-Vw(—-pl+ QV]D)(vmiXt) + Adiv vmmﬂ) — V('yETJZXt) — H,T‘Q“
— (a+ F)(Vi=va) m
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Binary mixtures - Final set of governing equations

B) .
% +div(pivi) = —=Bp w0, p1,p2) = p1 — p2

8(% + div(p2v2) = B
5%1;’1 + div(pivi @ v1) = w( Vp + 2vdivD(v™) + AV div vmm>
+pifi — pls' = (a4 B) (Vi — v2) = Buwa
6p5 2 4 div(pave @ v2) = (1 — w) (pr + divD(v™) + AV div vmm>

+ pofa + pis' + (a — E8)(vi — va2) + Buva

Jdpe . mixt) _ ymixt
B + d1v((pe +p)v ) div(kVE) — Z ta div(pa (Va )

+ )\(dlv vmlxt + QV‘D(lext ‘ + Oc|V1 _ vm’\xt|2
_ a/\
pe=pY(0,p1,p2) — &Sp (0, p1, p2)




Conclusions

- We presented a thermodynamic approach to develop the simplest
models for binary fluid mixtures. The simplicity concerns the number of
material moduli needed towards the derivation. For comparison, see the
formulas for models that come out from the rational thermodynamics:

Tl = (*pl + )\1 div v, + AQ div VQ)H =+ 2,LL1D(V1) + Q[LQD(VQ) + )\5V12
Ty = (—pz + Az divvy + Ag div VQ)H +4 2/13D(V1) -+ 2,LL4]D)(V2) A

Ky b2y 143, Hay A1, A2, Ag, Ad, As Vi =

Vvi—(Vv)T Ve —(Vve)T
2 2

- We removed deficiences of Malek and Rajagopal (2008).
- different functions pa1o for constituents
- thermal effects included
- in equillibrium the mixture of ideal gases was not covered. This brought us
to incorporate various forms of the whole-mixture velocities.

- We derived the equations for non-dissipative binary fluid mixtures as
well
- We also derived the models with an additional constraint divv™ =0
- We also derived the boundary conditions for balance of linear momenta
of each fluid from the boundary conditions formulated for the mixture
as a whole. 13




Boundary condition: from mixtures to individual fluids

v n =0 and (=Tn), = av!™ (a>0)

Since vi -n=vy-n=0and

2
T:T1+Tz—Zpa(v—va)@)(v—va)

a=1

where T1 + Ty = —pl + A div v + 21/]D)(vmm)

one gets
A 2 (Tin),
(=Tn), = ((T1 + T2)n), = 2v(D(v"")n), =

ﬁ (TQH)T

@ J. Malek, O. Soucek: A simple thermodynamic framework for heat-conducting flows of mixtures of two
interacting fluids (2021), prepared for submission.





