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Quantum polynomial optimisation problems for 
dimension 𝒅 variables, with symmetries



The Random Access Code (RAC) game

𝐴 𝐵

The Random Access Code (RAC) game
• Two players: Alice, in Madrid. Bob, in Barcelona

3



The Random Access Code (RAC) game

𝐴

𝑥 = 𝑥1, 𝑥2 ∈ {1, 2}2

𝐵

The Random Access Code (RAC) game
• Two players: Alice, in Madrid. Bob, in Barcelona

• 𝑨 receives input  𝒙 = 𝒙𝟏, 𝒙𝟐 ∈ {𝟏, 𝟐}𝟐

• She sends information 𝑰𝒙 to Bob 
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The Random Access Code (RAC) game

𝐴

𝑥 = 𝑥1, 𝑥2 ∈ {1, 2}2

𝐵

𝑏 ∈ {1, 2}

𝑦 ∈ {1, 2}

The Random Access Code (RAC) game
• Two players: Alice, in Madrid. Bob, in Barcelona

• 𝑨 receives input  𝒙 = 𝒙𝟏, 𝒙𝟐 ∈ {𝟏, 𝟐}𝟐

• She sends information 𝑰𝒙 to Bob 

• 𝑩 receives input 𝒚 and 𝑰𝒙
• He measures 𝑰𝒙 depending on 𝒚

• He outputs 𝒃

5

𝐼𝑥



The Random Access Code (RAC) game

𝐴

𝑥 = 𝑥1, 𝑥2 ∈ {1, 2}2

𝐵

𝑏 ∈ {1, 2}

𝑦 ∈ {1, 2}

The Random Access Code (RAC) game
• Two players: Alice, in Madrid. Bob, in Barcelona

• 𝑨 receives input  𝒙 = 𝒙𝟏, 𝒙𝟐 ∈ {𝟏, 𝟐}𝟐

• She sends information 𝑰𝒙 to Bob 

• 𝑩 receives input 𝒚 and 𝑰𝒙
• He measures 𝑰𝒙 depending on 𝒚

• He outputs 𝒃

Score
• This is done several time: 𝒑(𝒃|𝒙, 𝒚)
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The Random Access Code (RAC) game

𝐴

𝑥 = 𝑥1, 𝑥2 ∈ {1, 2}2

𝐵

𝑏 ∈ {1, 2}

𝑦 ∈ {1, 2}

The Random Access Code (RAC) game
• Two players: Alice, in Madrid. Bob, in Barcelona

• 𝑨 receives input  𝒙 = 𝒙𝟏, 𝒙𝟐 ∈ {𝟏, 𝟐}𝟐

• She sends information 𝑰𝒙 to Bob 

• 𝑩 receives input 𝒚 and 𝑰𝒙
• He measures 𝑰𝒙 depending on 𝒚

• He outputs 𝒃

Score
• This is done several time: 𝒑(𝒃|𝒙, 𝒚)

• Score of 𝑨&𝑩: probability that 𝑩 guesses 𝒙𝒚:

𝑺 = 𝒑 𝒃 = 𝒙𝒚 =

𝒙𝒚𝒃

𝜹𝒃=𝒙𝒚𝒑(𝒃|𝒙, 𝒚)

7

𝐼𝑥

𝒃 = 𝒙𝒚?



The Random Access Code (RAC) game

𝐴

𝑥 = 𝑥1, 𝑥2 ∈ {1, 2}2

𝐵

𝑏 ∈ {1, 2}

𝑦 ∈ {1, 2}

𝒃 = 𝒙𝒚?

Trivial strategy
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The Random Access Code (RAC) game

𝐴

𝑥 = 𝑥1, 𝑥2 ∈ {1, 2}2

𝐵

𝑏 ∈ {1, 2}

𝑦 ∈ {1, 2}

𝒃 = 𝒙𝒚?

Trivial strategy
• 𝑨 sends 𝑰𝒙 = 𝒙

𝑩 always guesses 𝒙𝒚
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The Random Access Code (RAC) game

𝐴

𝑥 = 𝑥1, 𝑥2 ∈ {1, 2}2

𝐵

𝑏 ∈ {1, 2}

𝑦 ∈ {1, 2}

𝒃 = 𝒙𝒚?

Trivial strategy
• 𝑨 sends 𝑰𝒙 = 𝒙

𝑩 always guesses 𝒙𝒚

Restricted game
• 𝑨 receives 𝒙, sends restricted 𝑰𝒙 of dimension 2
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The Random Access Code (RAC) game

𝐴

𝑥 = 𝑥1, 𝑥2 ∈ {1, 2}2

𝐵

𝑏 ∈ {1, 2}

𝑦 ∈ {1, 2}

𝒃 = 𝒙𝒚?

The Random Access Code (RAC) game
• 𝑨 receives 𝒙, sends restricted 𝑰𝒙 of dimension 2

• 𝑩 receives 𝒚, 𝑰𝒙, outputs 𝒃

• Score : probability that 𝑩 guesses 𝒙𝒚 𝑺 = 𝒑 𝒃 = 𝒙𝒚
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The Random Access Code (RAC) game

𝐴

𝑥 = 𝑥1, 𝑥2 ∈ {1, 2}2

𝐵

𝑏 ∈ {1, 2}

𝑦 ∈ {1, 2}

𝒃 = 𝒙𝒚?

The Random Access Code (RAC) game
• 𝑨 receives 𝒙, sends restricted 𝑰𝒙 of dimension 2

• 𝑩 receives 𝒚, 𝑰𝒙, outputs 𝒃

• Score : probability that 𝑩 guesses 𝒙𝒚 𝑺 = 𝒑 𝒃 = 𝒙𝒚

Classical strategies
• 𝑰𝒙 ≔ 𝝀𝒙 is a bit of information depending on 𝒙

• 𝑩 outputs a classical function of 𝝀𝒙, 𝒃𝒚(𝝀𝒙)
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The Random Access Code (RAC) game

𝐴

𝑥 = 𝑥1, 𝑥2 ∈ {1, 2}2

𝐵

𝑏 ∈ {1, 2}

𝑦 ∈ {1, 2}

𝒃 = 𝒙𝒚?

The Random Access Code (RAC) game
• 𝑨 receives 𝒙, sends restricted 𝑰𝒙 of dimension 2

• 𝑩 receives 𝒚, 𝑰𝒙, outputs 𝒃

• Score : probability that 𝑩 guesses 𝒙𝒚 𝑺 = 𝒑 𝒃 = 𝒙𝒚

Classical strategies
• 𝑰𝒙 ≔ 𝝀𝒙 is a bit of information depending on 𝒙

• 𝑩 outputs a classical function of 𝝀𝒙, 𝒃𝒚(𝝀𝒙)

Quantum strategies
• 𝑰𝒙 ≔ 𝝆𝒙 is a qubit of information depending on 𝒙

• 𝑩 performs a quantum measurement 𝑴𝒚
𝒃 of 𝝆𝒙
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𝜌𝑥 ∈ ℒ(ℂ
2)

𝑀𝑦
𝑏



𝐴

𝑥 = (𝑥1, 𝑥2) ∈ {1,2}
2

𝐵

𝑏 ∈ {1,2}

𝑦 ∈ {1,2}

𝒃 = 𝒙𝒚?

Classical RAC game: Maximal score
• Optimal strategy: 𝝀𝒙 = 𝒙𝟏, 𝒃𝒚 𝝀𝒙 = 𝝀𝒙

𝑺𝒎𝒂𝒙
𝐜𝐥𝐚𝐬𝐬𝐢𝐜𝐚𝐥 = 𝟑/𝟒

RAC game: classical strategies
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𝜆𝑥 ∈ 1,2
𝑏𝑦(𝜆𝑥)



𝐴

𝑥 = (𝑥1, 𝑥2) ∈ {1,2}
2

𝐵

𝑏 ∈ {1,2}

𝑦 ∈ {1,2}

𝒃 = 𝒙𝒚?

Quantum RAC game
• 𝑨 receives 𝒙, sends qubit 𝝆𝒙

RAC game: quantum strategies
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𝐴

𝑥 = (𝑥1, 𝑥2) ∈ {1,2}
2

𝐵

𝑏 ∈ {1,2}

𝑦 ∈ {1,2}

𝒃 = 𝒙𝒚?

Quantum RAC game
• 𝑨 receives 𝒙, sends qubit 𝝆𝒙

 𝝆𝒙 is a matrix of ℂ𝟐

 𝝆𝒙 hermitian, 𝝆𝒙 ≽ 𝟎, and 𝐓𝐫 𝝆𝒙 = 𝟏

RAC game: quantum strategies
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𝐴

𝑥 = (𝑥1, 𝑥2) ∈ {1,2}
2

𝐵

𝑏 ∈ {1,2}

𝑦 ∈ {1,2}

𝒃 = 𝒙𝒚?

Quantum RAC game
• 𝑨 receives 𝒙, sends qubit 𝝆𝒙

 𝝆𝒙 is a matrix of ℂ𝟐

 𝝆𝒙 hermitian, 𝝆𝒙 ≽ 𝟎, and 𝐓𝐫 𝝆𝒙 = 𝟏

• 𝑩 performs a quantum measurement 𝑴𝒚
𝒃

𝑴𝒚
𝒃 are matrices of ℂ𝟐

𝑴𝒚
𝒃 hermitian, 𝑴𝒚

𝒃 ≽ 𝟎, and ∀𝒚,σ𝒃𝑴𝒚
𝒃 = 𝑰𝟐

RAC game: quantum strategies
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𝐵
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Quantum RAC game
• 𝑨 receives 𝒙, sends qubit 𝝆𝒙

 𝝆𝒙 is a matrix of ℂ𝟐

 𝝆𝒙 hermitian, 𝝆𝒙 ≽ 𝟎, and 𝐓𝐫 𝝆𝒙 = 𝟏

• 𝑩 performs a quantum measurement 𝑴𝒚
𝒃

𝑴𝒚
𝒃 are matrices of ℂ𝟐

𝑴𝒚
𝒃 hermitian, 𝑴𝒚

𝒃 ≽ 𝟎, and ∀𝒚,σ𝒃𝑴𝒚
𝒃 = 𝑰𝟐

• 𝒑 𝒃|𝒙, 𝒚 = 𝐓𝐫 𝝆𝒙 ⋅ 𝑴𝒚
𝒃

• 𝑺 = 𝐓𝐫 σ𝒙𝒚𝒃𝜹𝒃=𝒙𝒚𝝆𝒙 ⋅ 𝑴𝒚
𝒃

RAC game: quantum strategies
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𝐵
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𝑦 ∈ {1,2}

𝒃 = 𝒙𝒚?

Quantum RAC game
• 𝑨 receives 𝒙, sends qubit 𝝆𝒙

 𝝆𝒙 is a matrix of ℂ𝟐

 𝝆𝒙 hermitian, 𝝆𝒙 ≽ 𝟎, and 𝐓𝐫 𝝆𝒙 = 𝟏

• 𝑩 performs a quantum measurement 𝑴𝒚
𝒃

𝑴𝒚
𝒃 are matrices of ℂ𝟐

𝑴𝒚
𝒃 hermitian, 𝑴𝒚

𝒃 ≽ 𝟎, and ∀𝒚,σ𝒃𝑴𝒚
𝒃 = 𝑰𝟐

• 𝒑 𝒃|𝒙, 𝒚 = 𝐓𝐫 𝝆𝒙 ⋅ 𝑴𝒚
𝒃

• 𝑺 = 𝐓𝐫 σ𝒙𝒚𝒃𝜹𝒃=𝒙𝒚𝝆𝒙 ⋅ 𝑴𝒚
𝒃

Maximal score

• 𝑺𝒎𝒂𝒙
𝓠

≈ 𝟎, 𝟖𝟓

RAC game: quantum strategies
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Generalised (𝒏, 𝒅)-RAC game

𝐴

𝑥 = 𝑥1, … , 𝑥𝑛 ∈ {1,… , 𝑑}𝑛

𝐵

𝑏 ∈ {1,… , 𝑑}

𝑦 ∈ {1,… , 𝑛}

𝜆𝑥
Or
𝜌𝑥

𝒃 = 𝒙𝒚?

The (𝒏, 𝒅)-RAC game
• A direct generalisation:

• 𝒙 = 𝒙𝟏, … , 𝒙𝒏 ∈ {𝟏,… , 𝒅}𝒏, 𝒚 ∈ {𝟏, … , 𝒏}

• restricted 𝑰𝒙 of dimension 𝒅
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Generalised (𝒏, 𝒅)-RAC game

𝐴

𝑥 = 𝑥1, … , 𝑥𝑛 ∈ {1,… , 𝑑}𝑛

𝐵

𝑏 ∈ {1,… , 𝑑}

𝑦 ∈ {1,… , 𝑛}

𝒃 = 𝒙𝒚?
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• A direct generalisation:

• 𝒙 = 𝒙𝟏, … , 𝒙𝒏 ∈ {𝟏,… , 𝒅}𝒏, 𝒚 ∈ {𝟏, … , 𝒏}

• restricted 𝑰𝒙 of dimension 𝒅

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅
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Generalised (𝒏, 𝒅)-RAC game

𝐴

𝑥 = 𝑥1, … , 𝑥𝑛 ∈ {1,… , 𝑑}𝑛

𝐵

𝑏 ∈ {1,… , 𝑑}

𝑦 ∈ {1,… , 𝑛}

𝒃 = 𝒙𝒚?

The (𝒏, 𝒅)-RAC game
• A direct generalisation:

• 𝒙 = 𝒙𝟏, … , 𝒙𝒏 ∈ {𝟏,… , 𝒅}𝒏, 𝒚 ∈ {𝟏, … , 𝒏}

• restricted 𝑰𝒙 of dimension 𝒅

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

• In general, 𝑺𝒎𝒂𝒙
𝓠

is not known
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Generalised (𝒏, 𝒅)-RAC game

The (𝒏, 𝒅)-RAC game
• A direct generalisation:

• 𝒙 = 𝒙𝟏, … , 𝒙𝒏 ∈ {𝟏,… , 𝒅}𝒏, 𝒚 ∈ {𝟏, … , 𝒏}

• restricted 𝑰𝒙 of dimension 𝒅
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𝓠
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𝒃,𝝆𝒙∈ℱ
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𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

• In general, 𝑺𝒎𝒂𝒙
𝓠

is not known
• Dimension 𝒅 non commuting polynomial 

optimisation problem 
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Generalised (𝒏, 𝒅)-RAC game

The (𝒏, 𝒅)-RAC game
• A direct generalisation:

• 𝒙 = 𝒙𝟏, … , 𝒙𝒏 ∈ {𝟏,… , 𝒅}𝒏, 𝒚 ∈ {𝟏, … , 𝒏}

• restricted 𝑰𝒙 of dimension 𝒅

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

• In general, 𝑺𝒎𝒂𝒙
𝓠

is not known
• Dimension 𝒅 non commuting polynomial 

optimisation problem 
 Lower bounded by explicit solutions

 Upper bounds?
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Generalised (𝒏, 𝒅)-RAC game
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𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅
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𝑆𝑆max
𝒬

𝜌𝑥, 𝑀𝑦
𝑏

ℱ = 𝜌𝑥, 𝑀𝑦
𝑏

𝑆(𝜌𝑥, 𝑀𝑦
𝑏)

M. Navascués, S. Pironio, and A. Acín, Phys. Rev. Lett. 98, 010401 (2007)



Generalised (𝒏, 𝒅)-RAC game

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

SDP relaxation
• Order 𝒍 moment matrix 𝝆𝒙,𝑴𝒚

𝒃 ↦ 𝜞𝝆𝒙,𝑴𝒚
𝒃

27

𝑆𝑆max
𝒬

𝜌𝑥, 𝑀𝑦
𝑏

ℱ = 𝜌𝑥, 𝑀𝑦
𝑏

𝑆(𝜌𝑥, 𝑀𝑦
𝑏)

𝜞𝝆𝒙,𝑴𝒚
𝒃

M. Navascués, S. Pironio, and A. Acín, Phys. Rev. Lett. 98, 010401 (2007)



Generalised (𝒏, 𝒅)-RAC game

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

SDP relaxation
• Order 𝒍 moment matrix 𝝆𝒙,𝑴𝒚

𝒃 ↦ 𝜞𝝆𝒙,𝑴𝒚
𝒃

• ∀𝚪, ‘pseudo score’ 𝑺(𝚪)

• 𝑺 𝝆𝒙,𝑴𝒚
𝒃 = 𝑺 𝜞𝝆𝒙,𝑴𝒚

𝒃

28

𝑆max
𝒬

𝜌𝑥, 𝑀𝑦
𝑏

ℱ = 𝜌𝑥, 𝑀𝑦
𝑏

𝑆(𝜌𝑥, 𝑀𝑦
𝑏)

𝜞𝝆𝒙,𝑴𝒚
𝒃

M. Navascués, S. Pironio, and A. Acín, Phys. Rev. Lett. 98, 010401 (2007)

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ



𝒙𝒚𝒃

𝜹𝒃=𝒙𝒚𝐓𝐫 𝝆𝒙 ⋅ 𝑴𝒚
𝒃



Generalised (𝒏, 𝒅)-RAC game

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

SDP relaxation
• Order 𝒍 moment matrix 𝝆𝒙,𝑴𝒚

𝒃 ↦ 𝜞𝝆𝒙,𝑴𝒚
𝒃

• 𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

29

𝑆𝑆max
𝒬

𝜌𝑥, 𝑀𝑦
𝑏

ℱ = 𝜌𝑥, 𝑀𝑦
𝑏

𝑆(𝜌𝑥, 𝑀𝑦
𝑏)

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)

𝜞𝝆𝒙,𝑴𝒚
𝒃



Generalised (𝒏, 𝒅)-RAC game

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

SDP relaxation
• Order 𝒍 moment matrix 𝝆𝒙,𝑴𝒚

𝒃 ↦ 𝜞𝝆𝒙,𝑴𝒚
𝒃

• 𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

= 𝐦𝐚𝐱
𝚪
𝑴𝒚
𝒃,𝝆𝒙

𝒔.𝒕.𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝚪𝑴𝒚
𝒃,𝝆𝒙

30

𝑆𝑆max
𝒬

𝜌𝑥, 𝑀𝑦
𝑏

ℱ = 𝜌𝑥, 𝑀𝑦
𝑏

𝑆(𝜌𝑥, 𝑀𝑦
𝑏)

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)

𝜞𝝆𝒙,𝑴𝒚
𝒃



Generalised (𝒏, 𝒅)-RAC game

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

SDP relaxation
• Order 𝒍 moment matrix 𝝆𝒙,𝑴𝒚

𝒃 ↦ 𝜞𝝆𝒙,𝑴𝒚
𝒃

• 𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

= 𝐦𝐚𝐱
𝚪
𝑴𝒚
𝒃,𝝆𝒙

𝒔.𝒕.𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝚪𝑴𝒚
𝒃,𝝆𝒙

≤ 𝐦𝐚𝐱
𝚪∈𝓗𝒍

𝑺 𝚪

were 𝓗𝒍 = 𝚪 ≽ 𝟎|𝚪 ∈ Span 𝚪𝑴𝒚
𝒃,𝝆𝒙

31

𝑆𝑆max
𝒬

𝜌𝑥, 𝑀𝑦
𝑏

ℱ = 𝜌𝑥, 𝑀𝑦
𝑏

𝑆(𝜌𝑥, 𝑀𝑦
𝑏)

ℋ𝑙 = {𝛤} SDP

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)

𝜞𝝆𝒙,𝑴𝒚
𝒃



Generalised (𝒏, 𝒅)-RAC game

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

SDP relaxation
• Order 𝒍 moment matrix 𝝆𝒙,𝑴𝒚

𝒃 ↦ 𝜞𝝆𝒙,𝑴𝒚
𝒃

• 𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

= 𝐦𝐚𝐱
𝚪
𝑴𝒚
𝒃,𝝆𝒙

𝒔.𝒕.𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝚪𝑴𝒚
𝒃,𝝆𝒙

≤ 𝐦𝐚𝐱
𝚪∈𝓗𝒍

𝑺 𝚪

were 𝓗𝒍 = 𝚪 ≽ 𝟎|𝚪 ∈ Span 𝚪𝑴𝒚
𝒃,𝝆𝒙

• How to construct 𝓗𝒍?
 Sampling

32

𝑆𝑆max
𝒬

𝜌𝑥, 𝑀𝑦
𝑏

ℱ = 𝜌𝑥, 𝑀𝑦
𝑏

𝑆(𝜌𝑥, 𝑀𝑦
𝑏)

ℋ𝑙 = {𝛤} SDP

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)

𝜞𝝆𝒙,𝑴𝒚
𝒃



I. The Quantum Random Access code

II. The NV relaxation

III. Sampling

IV. Symmetrisation of the NV hierarchy

Quantum polynomial optimisation problems for 
dimension 𝒅 variables, with symmetries



Sampling

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

𝑺𝒎𝒂𝒙
𝓠

≤ 𝐦𝐚𝐱
𝚪∈𝓗𝒍

𝑺 𝚪 , where 𝓗𝒍 = 𝚪 ≽ 𝟎|𝚪 ∈ Span 𝚪𝑴𝒚
𝒃,𝝆𝒙

𝜌𝑥, 𝑀𝑦
𝑏

S 𝜌𝑥, 𝑀𝑦
𝑏 = S(Γ𝜌𝑥,𝑀𝑦

𝑏)

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)

𝑆

ℱ

34



Sampling

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

𝑺𝒎𝒂𝒙
𝓠

≤ 𝐦𝐚𝐱
𝚪∈𝓗𝒍

𝑺 𝚪 , where 𝓗𝒍 = 𝚪 ≽ 𝟎|𝚪 ∈ Span 𝚪𝑴𝒚
𝒃,𝝆𝒙

ℋ𝒍 construction
• Sample 𝝆𝒙,𝑴𝒚

𝒃 ∈ ℱ, compute 𝚪𝟏 = 𝚪𝝆𝒙,𝑴𝒚
𝒃

𝜌𝑥, 𝑀𝑦
𝑏

S 𝜌𝑥, 𝑀𝑦
𝑏 = S(Γ𝜌𝑥,𝑀𝑦

𝑏)

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)

𝑆

ℱ

35

Γ1



Sampling

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

𝑺𝒎𝒂𝒙
𝓠

≤ 𝐦𝐚𝐱
𝚪∈𝓗𝒍

𝑺 𝚪 , where 𝓗𝒍 = 𝚪 ≽ 𝟎|𝚪 ∈ Span 𝚪𝑴𝒚
𝒃,𝝆𝒙

ℋ𝒍 construction
• Sample 𝝆𝒙,𝑴𝒚

𝒃 ∈ ℱ, compute 𝚪𝟏 = 𝚪𝝆𝒙,𝑴𝒚
𝒃

• Let ℒ = 𝐒𝐩𝐚𝐧(𝚪𝟏)

𝜌𝑥, 𝑀𝑦
𝑏

S 𝜌𝑥, 𝑀𝑦
𝑏 = S(Γ𝜌𝑥,𝑀𝑦

𝑏)

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)

𝑆

ℱ

36

Γ1



Sampling

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

𝑺𝒎𝒂𝒙
𝓠

≤ 𝐦𝐚𝐱
𝚪∈𝓗𝒍

𝑺 𝚪 , where 𝓗𝒍 = 𝚪 ≽ 𝟎|𝚪 ∈ Span 𝚪𝑴𝒚
𝒃,𝝆𝒙

ℋ𝒍 construction
• Sample 𝝆𝒙,𝑴𝒚

𝒃 ∈ ℱ, compute 𝚪𝟏 = 𝚪𝝆𝒙,𝑴𝒚
𝒃

• Let ℒ = 𝐒𝐩𝐚𝐧(𝚪𝟏)

• Sample 𝝆𝒙′,𝑴𝒚
𝒃′ ∈ ℱ, compute 𝚪𝟐 = 𝚪𝝆𝒙′,𝑴𝒚

𝒃′

𝜌𝑥, 𝑀𝑦
𝑏

S 𝜌𝑥, 𝑀𝑦
𝑏 = S(Γ𝜌𝑥,𝑀𝑦

𝑏)

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)

𝑆

ℱ

37

𝜌𝑥, 𝑀𝑦
𝑏 ′

Γ2

Γ1



Sampling

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

𝑺𝒎𝒂𝒙
𝓠

≤ 𝐦𝐚𝐱
𝚪∈𝓗𝒍

𝑺 𝚪 , where 𝓗𝒍 = 𝚪 ≽ 𝟎|𝚪 ∈ Span 𝚪𝑴𝒚
𝒃,𝝆𝒙

ℋ𝒍 construction
• Sample 𝝆𝒙,𝑴𝒚

𝒃 ∈ ℱ, compute 𝚪𝟏 = 𝚪𝝆𝒙,𝑴𝒚
𝒃

• Let ℒ = 𝐒𝐩𝐚𝐧(𝚪𝟏)

• Sample 𝝆𝒙′,𝑴𝒚
𝒃′ ∈ ℱ, compute 𝚪𝟐 = 𝚪𝝆𝒙′,𝑴𝒚

𝒃′

• If 𝚪𝟐 ∈ ℒ: STOP

𝜌𝑥, 𝑀𝑦
𝑏

S 𝜌𝑥, 𝑀𝑦
𝑏 = S(Γ𝜌𝑥,𝑀𝑦

𝑏)

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)

𝑆

ℱ

38

𝜌𝑥, 𝑀𝑦
𝑏 ′

Γ2

Γ1



Sampling

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

𝑺𝒎𝒂𝒙
𝓠

≤ 𝐦𝐚𝐱
𝚪∈𝓗𝒍

𝑺 𝚪 , where 𝓗𝒍 = 𝚪 ≽ 𝟎|𝚪 ∈ Span 𝚪𝑴𝒚
𝒃,𝝆𝒙

ℋ𝒍 construction
• Sample 𝝆𝒙,𝑴𝒚

𝒃 ∈ ℱ, compute 𝚪𝟏 = 𝚪𝝆𝒙,𝑴𝒚
𝒃

• Let ℒ = 𝐒𝐩𝐚𝐧(𝚪𝟏)

• Sample 𝝆𝒙′,𝑴𝒚
𝒃′ ∈ ℱ, compute 𝚪𝟐 = 𝚪𝝆𝒙′,𝑴𝒚

𝒃′

• If 𝚪𝟐 ∈ ℒ: STOP

• If 𝚪𝟐 ∉ ℒ, let ℒ = 𝐒𝐩𝐚𝐧 𝚪𝟏, 𝚪𝟐

𝜌𝑥, 𝑀𝑦
𝑏

S 𝜌𝑥, 𝑀𝑦
𝑏 = S(Γ𝜌𝑥,𝑀𝑦

𝑏)

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)

𝑆

ℱ

39

𝜌𝑥, 𝑀𝑦
𝑏 ′

Γ2

Γ1



Sampling

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

𝑺𝒎𝒂𝒙
𝓠

≤ 𝐦𝐚𝐱
𝚪∈𝓗𝒍

𝑺 𝚪 , where 𝓗𝒍 = 𝚪 ≽ 𝟎|𝚪 ∈ Span 𝚪𝑴𝒚
𝒃,𝝆𝒙

ℋ𝒍 construction
• Sample 𝝆𝒙,𝑴𝒚

𝒃 ∈ ℱ, compute 𝚪𝟏 = 𝚪𝝆𝒙,𝑴𝒚
𝒃

• Let ℒ = 𝐒𝐩𝐚𝐧(𝚪𝟏)

• Sample 𝝆𝒙′,𝑴𝒚
𝒃′ ∈ ℱ, compute 𝚪𝟐 = 𝚪𝝆𝒙′,𝑴𝒚

𝒃′

• If 𝚪𝟐 ∈ ℒ: STOP

• If 𝚪𝟐 ∉ ℒ, let ℒ = 𝐒𝐩𝐚𝐧 𝚪𝟏, 𝚪𝟐
• Sample 𝝆𝒙′′,𝑴𝒚

𝒃′′ ∈ ℱ, compute 𝚪𝟑 = 𝚪𝝆𝒙′′,𝑴𝒚
𝒃′′

• If 𝚪𝟑 ∈ ℒ: STOP

𝜌𝑥, 𝑀𝑦
𝑏

S 𝜌𝑥, 𝑀𝑦
𝑏 = S(Γ𝜌𝑥,𝑀𝑦

𝑏)

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)
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𝜌𝑥, 𝑀𝑦
𝑏 ′

Γ2

Γ3

Γ1



Sampling

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

𝑺𝒎𝒂𝒙
𝓠

≤ 𝐦𝐚𝐱
𝚪∈𝓗𝒍

𝑺 𝚪 , where 𝓗𝒍 = 𝚪 ≽ 𝟎|𝚪 ∈ Span 𝚪𝑴𝒚
𝒃,𝝆𝒙

ℋ𝒍 construction
• Sample 𝝆𝒙,𝑴𝒚

𝒃 ∈ ℱ, compute 𝚪𝟏 = 𝚪𝝆𝒙,𝑴𝒚
𝒃

• Let ℒ = 𝐒𝐩𝐚𝐧(𝚪𝟏)

• Sample 𝝆𝒙′,𝑴𝒚
𝒃′ ∈ ℱ, compute 𝚪𝟐 = 𝚪𝝆𝒙′,𝑴𝒚

𝒃′

• If 𝚪𝟐 ∈ ℒ: STOP

• If 𝚪𝟐 ∉ ℒ, let ℒ = 𝐒𝐩𝐚𝐧 𝚪𝟏, 𝚪𝟐
• Sample 𝝆𝒙′′,𝑴𝒚

𝒃′′ ∈ ℱ, compute 𝚪𝟑 = 𝚪𝝆𝒙′′,𝑴𝒚
𝒃′′

• If 𝚪𝟑 ∈ ℒ: STOP

• If 𝚪𝟑 ∉ ℒ, let ℒ = 𝐒𝐩𝐚𝐧(𝚪𝟏, 𝚪𝟐, 𝚪𝟑)

• …

𝜌𝑥, 𝑀𝑦
𝑏

S 𝜌𝑥, 𝑀𝑦
𝑏 = S(Γ𝜌𝑥,𝑀𝑦

𝑏)

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)
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𝜌𝑥, 𝑀𝑦
𝑏 ′

Γ1

Γ2

Γ3



Sampling

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

𝑺𝒎𝒂𝒙
𝓠

≤ 𝐦𝐚𝐱
𝚪∈𝓗𝒍

𝑺 𝚪 , where 𝓗𝒍 = 𝚪 ≽ 𝟎|𝚪 ∈ Span 𝚪𝑴𝒚
𝒃,𝝆𝒙

ℋ𝒍 construction
• After sampling 𝚪𝟏… , 𝚪𝐬+𝟏:

𝚪𝐬+𝟏 ∈ 𝐒𝐩𝐚𝐧(𝚪𝟏, … , 𝚪𝐬)

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)
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𝜌𝑥, 𝑀𝑦
𝑏

ℱ

ℋ𝑙
Γ2

Γ3

Γ1
Γ𝑠

Γ𝑠+1



Sampling

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

𝑺𝒎𝒂𝒙
𝓠

≤ 𝐦𝐚𝐱
𝚪∈𝓗𝒍

𝑺 𝚪 , where 𝓗𝒍 = 𝚪 ≽ 𝟎|𝚪 ∈ Span 𝚪𝑴𝒚
𝒃,𝝆𝒙

ℋ𝒍 construction
• After sampling 𝚪𝟏… , 𝚪𝐬+𝟏:

𝚪𝐬+𝟏 ∈ 𝐒𝐩𝐚𝐧(𝚪𝟏, … , 𝚪𝐬)

• Must happen as dim 𝚪 < ∞

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)
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𝜌𝑥, 𝑀𝑦
𝑏

ℱ

ℋ𝑙
Γ2

Γ3

Γ1
Γ𝑠

Γ𝑠+1



Sampling

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

𝑺𝒎𝒂𝒙
𝓠

≤ 𝐦𝐚𝐱
𝚪∈𝓗𝒍

𝑺 𝚪 , where 𝓗𝒍 = 𝚪 ≽ 𝟎|𝚪 ∈ Span 𝚪𝑴𝒚
𝒃,𝝆𝒙

ℋ𝒍 construction
• After sampling 𝚪𝟏… , 𝚪𝐬+𝟏:

𝚪𝐬+𝟏 ∈ 𝐒𝐩𝐚𝐧(𝚪𝟏, … , 𝚪𝐬)

• Must happen as dim 𝚪 < ∞

𝓗𝒍 = 𝐒𝐩𝐚𝐧(𝚪𝟏, … , 𝚪𝐬) ∩ {𝚪 ≽ 𝟎}

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)
44

𝜌𝑥, 𝑀𝑦
𝑏

ℱ

ℋ𝑙
Γ2

Γ3

Γ1
Γ𝑠

Γ𝑠+1



Sampling

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

𝑺𝒎𝒂𝒙
𝓠

≤ 𝐦𝐚𝐱
𝚪∈𝓗𝒍

𝑺 𝚪 , where 𝓗𝒍 = 𝚪 ≽ 𝟎|𝚪 ∈ Span 𝚪𝑴𝒚
𝒃,𝝆𝒙

ℋ𝒍 construction
• After sampling 𝚪𝟏… , 𝚪𝐬+𝟏:

𝚪𝐬+𝟏 ∈ 𝐒𝐩𝐚𝐧(𝚪𝟏, … , 𝚪𝐬)

• Must happen as dim 𝚪 < ∞

𝓗𝒍 = 𝐒𝐩𝐚𝐧(𝚪𝟏, … , 𝚪𝐬) ∩ {𝚪 ≽ 𝟎}

• In practice not so obvious:
 numerical errors

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)
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𝜌𝑥, 𝑀𝑦
𝑏

ℱ

ℋ𝑙
Γ2

Γ3

Γ1
Γ𝑠

Γ𝑠+1



Sampling

𝑺𝒎𝒂𝒙
𝓠

= 𝐦𝐚𝐱
𝑴𝒚
𝒃,𝝆𝒙∈ℱ

𝑺 𝝆𝒙,𝑴𝒚
𝒃

ℱ ∶ 𝝆𝒙, 𝑴𝒚
𝒃 ≽ 𝟎, 𝐝𝐢𝐦𝐞𝐧𝐬𝐢𝐨𝐧 𝒅, 𝐓𝐫 𝝆𝒙 = 𝟏, ∀𝒚, σ𝒃𝑴𝒚

𝒃 = 𝑰𝒅

𝑺𝒎𝒂𝒙
𝓠

≤ 𝐦𝐚𝐱
𝚪∈𝓗𝒍

𝑺 𝚪 , where 𝓗𝒍 = 𝚪 ≽ 𝟎|𝚪 ∈ Span 𝚪𝑴𝒚
𝒃,𝝆𝒙

ℋ𝒍 construction
• After sampling 𝚪𝟏… , 𝚪𝐬+𝟏:

𝚪𝐬+𝟏 ∈ 𝐒𝐩𝐚𝐧(𝚪𝟏, … , 𝚪𝐬)

• Must happen as dim 𝚪 < ∞

𝓗𝒍 = 𝐒𝐩𝐚𝐧(𝚪𝟏, … , 𝚪𝐬) ∩ {𝚪 ≽ 𝟎}

• In practice not so obvious:
 numerical errors

 ‘unlucky’ sampling

M. Navascués, and T. Vértesi, Phys. Rev. Lett. 115:020501 (2015)
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𝜌𝑥, 𝑀𝑦
𝑏

ℱ

ℋ𝑙
Γ2

Γ3

Γ1
Γ𝑠

Γ𝑠+1



I. The Quantum Random Access code

II. The NV relaxation

III. Sampling

IV. Symmetrisation of the NV hierarchy

Quantum polynomial optimisation problems for 
dimension 𝒅 variables, with symmetries



Group of relabelling of the game
• Game invariant by some transformations

 𝝈: 𝒙𝟏 ↔ 𝒙𝟐 and 𝒚: 𝟏 ↔ 𝟐

 𝝉: 𝒙𝟏: 𝟏 ↔ 𝟐 and 𝒚 = 𝟏: (𝒃: 𝟏 ↔ 𝟐)

 …

Form a group of symmetry 𝑮

𝑮 = 𝑺𝟐 ≀ 𝑺𝟐

M.O. Renou, D. Rosset, A. Martin, and N. Gisin, JPA, 50(25):255301 (2017) 

𝐴

𝑥 = 𝑥1, 𝑥2 ∈ {1, 2}

𝐵

𝑏 ∈ {1, 2}

𝑦 ∈ {1, 2}

𝜆𝑥
Or
𝜌𝑥

𝒃 = 𝒙𝒚?

48

NV Hierarchy Symetrisation



Transformed strategies

• 𝒈 ∈ 𝑮 maps strategy 𝝆𝒙,𝑴𝒚
𝒃 to 𝝆𝒙,𝑴𝒚

𝒃 𝑔

• 𝒈 ∈ 𝑮 maps 𝚪 to 𝚪𝒈

• 𝑺 𝚪 = 𝑺 𝚪𝒈

• 𝑺 is linear

 Hence 𝑺 𝚪 = 𝑺(𝚪), 𝚪 =
𝟏

|𝑮|
σ𝒈 𝚪

𝒈

• Set 𝓗𝒍 = 𝚪 much smaller than 𝓗𝒍

• The maximum is unchanged:

 𝑺𝐦𝐚𝐱
𝒍 = 𝐦𝐚𝐱

𝚪∈ ℋ𝒍

𝑺 𝚪

K. Gatermann, and P.A. Parrilo, Journal of Pure and Applied Algebra 192, 95–128 (2004) 

ℋ𝑙

Γ

Γ𝑔

Γ

S Γ

𝜌𝑥, 𝑀𝑦
𝑏

𝜌𝑥, 𝑀𝑦
𝑏 𝑔

𝑆

ℱ

𝑔

𝑔

ℋ𝑙

𝑆max
𝑛 = መ𝑆max

𝑛
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S 𝜌𝑥, 𝑀𝑦
𝑏

NV Hierarchy Symetrisation



𝜌𝑥, 𝑀𝑦
𝑏 ′

S

Γ
𝜌𝑥,𝑀𝑦

𝑏
′

𝜌𝑥, 𝑀𝑦
𝑏

Γ𝜌𝑥,𝑀𝑦
𝑏

Symmetrized sampling
• The sampled space ℋ𝑙 is much smaller

ℋ𝑙

ℋ𝑙

Γ𝜌𝑥,𝑀𝑦
𝑏

50

NV Hierarchy Symetrisation



Symmetrized SDP
• 𝚪 is invariant under 𝑮

𝚪 =⊞𝒌 id𝒅𝒌 ⊗𝚪𝐤

• The SDP 𝑺𝒎𝒂𝒙
𝒏 = 𝐦𝐚𝐱

𝚪∈ ℋ𝒏

𝑺 𝚪 breaks into block SDPs

𝐦𝐚𝐱
𝚪𝒌∈ ℋ𝒏

𝒌
𝑺 𝚪𝐤

𝒌

𝑽 = (𝑽𝟏⊗ℂ𝒎𝟏)⊕⋯⊕ (𝑽𝒌⊗ℂ𝒎𝒌)⊕⋯⊕ (𝑽𝑲 ⊗ℂ𝒎𝑲)

51
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NV Hierarchy Symetrisation

𝐴

𝑥 = 𝑥1, 𝑥2, 𝑥3 ∈ {1,… , 𝑑}3

𝐵

𝑏 ∈ {1,… , 𝑑}

𝑦 ∈ {1,2,3}

𝒃 = 𝒙𝒚?

Level of relaxation 𝒍: 𝟏 + 𝐀𝐁. ‘-’: unable to perform a computation.

A. Tavakoli, D. Rosset, and M.O. Renou, Phys. Rev. Lett. 121, 250507 (2018) 
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NV Hierarchy Symetrisation

https://denisrosset.github.io/qdimsum/

https://replab.github.io/replab/
53

https://denisrosset.github.io/qdimsum/
https://replab.github.io/replab/


Open Questions

RAC game
• Why #basis elements saturates with 𝒅?

 A finite level relaxation fails to capture the complexity of increasing 𝒅? 

 Hint that for fixed 𝒏, increasing 𝒅 does not add complexity?
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Open Questions

RAC game
• Why #basis elements saturates with 𝒅?

 A finite level relaxation fails to capture the complexity of increasing 𝒅? 

 Hint that for fixed 𝒏, increasing 𝒅 does not add complexity?

Sampling
• Useful for other constraints than dimension?

• Make it rigorous?
 by quantifying the probability of numerical errors or ‘unlucky’ sampling?

 Question for mathematicians?
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Open Questions

RAC game
• Why #basis elements saturates with 𝒅?

 A finite level relaxation fails to capture the complexity of increasing 𝒅? 

 Hint that for fixed 𝒏, increasing 𝒅 does not add complexity?

Sampling
• Useful for other constraints than dimension?

• Make it rigorous?
 by quantifying the probability of numerical errors or ‘unlucky’ sampling?

 Question for mathematicians?

Open problem
• This could be useful for the ‘MUB’ open problem: 

number of Mutually Unbiased Basis in dimension 6
 Long standing mathematical open problem 

56

P. Horodecki, L. Rudnicki, K. Życzkowski, Five open problems in theory of quantum information, arXiv:2002.03233 (2020) 


