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Definition (Symmetrizability) N _
Let U be an open subset of R". The quasilinear system is called

symmetrizable in U if there exists a C* mapping S : U — R such that for
allue d

- S(u) is positive definite,

-+ S(u)Aj;(u) are symmetric.



Short-time existence of smooth solutions [Benzoni-Gavage and Serre, 2006]

Theorem

Let U be an open subset of R™. We assume that A7 and ¢ are C* functions
of w € U and that the quasilinear system is symmetrizable in U. Let uyp € U
and uo € H*(R% R™) with s > 1+ £ such that uo + ug is compactly
supported in U.

Then, there exists T > 0 and a unique classical solution

u e C*(R* x [0, T); U) of the Cauchy problem associated with the
quasilinear system and initial data w(0) = uy + uo. Furthermore,
u—uo € C([0, T); H) n C*([0, T]; B°~1).



Mathematical entropy

Definition

Let & be a convex subset of R% Then, a convex function s: U — R is called a

mathematical entropy for the system of balance laws if there exist d

functions F;: U — R, 1 < j < d, called entropy fluxes, such that for all uw € U
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Mathematical entropy

Definition
Let & be a convex subset of R% Then, a convex function s: U — R is called a

mathematical entropy for the system of balance laws if there exist d
functions F;: U — R, 1 < j < d, called entropy fluxes, such that for all uw € U
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Let s: U — R be a strictly convex entropy for the system of balance laws.
Then, its quasilinear system is symmetrizable.



Mathematical entropy

Definition
Let & be a convex subset of R% Then, a convex function s: U — R is called a

mathematical entropy for the system of balance laws if there exist d
functions F;: U — R, 1 < j < d, called entropy fluxes, such that for all uw € U

Os(w) Of(w) _ OF(u)

ou Ou ou
Additional balance law
du = Ofi(uw) 0s(u) Of (u) _ OF;(uw)
E*; o W = +Z az] =bw) | = S e = ou

Theorem )
Let s: U — R be a strictly convex entropy for the system of balance laws.

Then, its quasilinear system is symmetrizable.

mathematical entropy ~ “physical” entropy/energy
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- System of balance laws
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- Complete equation of state
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- System of balance laws
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Euler equations (compressible, inviscid, non-heat-conducting fluid)

- System of balance laws

9 +div(pv) =0

ot
% +div(pv ®@ v+ pl) = pf
9(pn)

ot + div(pnv) =0

- Complete equation of state
de
e=elp,n) = p=plpn) = ﬂ%*p(p,n)
- Additional balance law

9(petot)
ot

+div((petor — p)v) = pf- v

- Mathematical entropy

s(w) = peco = p{ 310l + elorn))



Compressible heat-conducting Maxwell
fluid



Balance laws of continuum thermomechanics

@ + div
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Balance laws of continuum thermomechanics

% + div(pv) =0
0 .
% +div(pv@v—T) = pf
d(peso . .
APEet) | die((perecd — Ty +32) = pf v
0] ) .
% + div(pnv+4n) = ¢
specific total energy ... ewor = 59> + ¢
entropy production ... £
Constitutive relations and equation of state
Cauchy stress tensor T
energy flux  je.
entropy flux 4,
equation of state e=e(p,n,...)
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- evolution equation for the temperature in a rigid body
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Maxwell-Cattaneo law [Cattaneo, 2011], [Chandrasekharaiah, 1986], [Jou et al., 1999]
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Fourier's law
= —kV0o

Je

evolution equation for the temperature in a rigid body

00 .
pev g = div(kVE)

Maxwell-Cattaneo law [Cattaneo, 2011], [Chandrasekharaiah, 1986], [Jou et al., 1999]
djg kV0O jr:

e e

P T T e

-4 &f 2 +v-V denotes the material derivative
when 7o — 0%, Maxwell-Cattaneo law reduces to Fourier's law

balance form of Maxwell-Cattaneo law
Je

9(pje) B
ot +div( pje®@ v + (log NI\ = 00




Helmholtz free energy [pressler et al, 1999]
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s = s(p, 0) ... free energy of the solvent
K > 0 ...elastic spring factor
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Helmholtz free energy [pressler et al, 1999]

b(p, 0, Ge, ©) E 1s(p, 0) + ;—Z\jef n %(Ktr C — kpflog det C)

s = s(p, 0) ... free energy of the solvent
K >0 ..elastic spring factor (K affine in 6 v/, K nonlinearin 6 ?)

Internal energy

e(p,n, je, C) = es (p,n - %kB log det C) + %\jef + %Ktr c

es = es(p,m) ...internal energy of the solvent

p \'!
eV.s
Pref

- Noble-Abel stiffened-gas fluid [Le métayer and Saurel, 2016]

—1 )
p 1 vy n 1
s\ P = sar - Vs - =0 oo

eslom) = ev. ef(preflfbp> ‘ +(p )p e

- polytropic gas

es(P7 77) - CV,seref(




Governing equations for (p, pn, pje, pv, pC)

% + div(pv) =0

9pn) +div(pnv + ;) =€

ot
9(pje) _Je
e +d1v(p],,®v+ (log@)I) 00
K0 div(po@ v 1) = pf
dc T 4K, 4kso
T —(Vv)C— C(Vv) = c C+ c I




Governing equations for (p, pn, pje, pv, pC)

% + div(pv) =0

A(p
(at) +div(pnv+jy) = £
9(pje) _Je
e + div p],,®v+ (logG)I 00
A(p
%Mw(pv@v— n=af
dc T 4K, 4ks0
T —(Vv)C— C(Vv) = C C+ R I
. de )
temperature 0(p,n, e, C) = 5 (p,1, Je, €)
n
. 2 0e .
preSSUre p(p7n7‘7€7 C) =p %(p,07]€7 C)

Cauchy stress tensor  T(p,n, je, C) = —pI + ap(KC — ks01I)

2
|’e| + 2 ket —pmoc 3| > 0

entropy production &(pym, je, C) = 0




Governing equations for (p, pn, pje, pv, pC)

% + div(pv) =0

a(p .
(E)t) +div(pnv+jy) = ¢
A(pje) _Je
e +div( pje @ v + (log NHI) = 00
a(p
% +div(pv@v— T) = pf
dc _ 4K 4kg0
G- (Twe- vy = SEe T
. de .
temperature 0(p,1n,je, C) = {97(;)’ 1, Je, C)
y
. 2 0e .
pressure p(psn,je, C) = p a—p(p,n,ye, C)

Cauchy stress tensor  T(p,n, je, C) = —pI + ap(KC — ks01I)

2
entropy production  &(p, 1, je, C) = |Je| + % KC? —kgfC 2| >0
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New tensorial quantity [Kaye, 1962], [Bernstein et al, 1963], [Bernstein et al,, 1964], [Boyaval, 2020]

Evolution equation for A

AY FricF T

9(pA)
ot

A)

+div(pA®@v) =

_4pK | 4pks0
A+
¢ ¢

FlpT

Consequence of

- e.e. for conformation tensor: dC

—(Vo)C— C(Vv) "

- e.e. for deformation gradient: & dF = (Vu)F

Evolution equation for F

I(pF)
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—|—d1v( (F®'u— ) FT>> =0
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New tensorial quantity [Kaye, 1962], [Bernstein et al, 1963], [Bernstein et al,, 1964], [Boyaval, 2020]

AY FricF T

Evolution equation for A

8( A) 4PK 4pkl 1T
A A F°F
Er +div(pA® v) = c + c
Consequence of
- ee. for conformation tensor: 4¢ — (Vv)C— C(Vo) " = —2EC+ 20T

- e.e. for deformation gradient: & dF = (Vu)F

Evolution equation for F

8(5F) +d1v( (F®v— v® FT)> -0

Consequence of
- Eulerian version of Piola’s |dent|ty dlv(d tF) =0

- homogeneous material: pr = pdetF: const



Governing equations for (p, pn, pje, pv, pF, pA)

dp
g +d1v(pv) 0
9(pn)
ot +d1v(pnv+ ) 13
A(pje) . L3 B
ot + div( pje @ v+ p (log)I) = 00
5 s s o)~
9(pF) ; T\ —
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Governing equations for (p, pn, pje, pv, pF, pA)

dp
g +d1v(pv) 0
9(pn)
ot +d1v(pnv+ ) 13
A(pje) . K __de
ot + div( pje @ v+ T—(log&)I =~7.0
5 s s o)~
9(pF) ; T\ —
=5 +d1v(p(F®v—v®F )) =0
d(pA) )= _4pK
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Balance of total energy
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Governing equations for (p, pn, pje, pv, pF, pA)

% + div(pv) =0
8(816) +d1v<pnv+ ) 13
8(518) + div (pjc ®v+ Ti(log 0)I) = 77'](;69
% +div(pve@v—T) = pf
% +div(p(Fov-vo F')) =0
8(g24) ) = 4ZKA + 4/)/;B9F_1F—T

Balance of total energy

d(petot)
ot
Mathematical entropy

+div((pecor T~ TYv+ o) = pf - v

petor = p[ [v)? + e (p, kB log det(FAFT)) ZUE\? + %Ktr(FAFT)



Governing equations for (p, pn, pje, pv, pF, pA)

% + div(pv) =0
8(81&) +d1v(pnv+ ) 13
3(515) + div (pje ®v+ ;(log 0)I) = 7:(;69
% +div(pv®@ v— T) = pf
% +div(p(Fov-vo F')) =0
a(gf) v (pA B v) = 4;21(147L zlpigBeF_lF_T

Balance of total energy

d(petot)
ot
Mathematical entropy

+div((pecor T~ TYv+ o) = pf - v

Petot = p[%\uf + es (p, n— ng logdet(FAFT)> + ;—O|je\2 + %Ktr(FAFT)
K



Yet another tensorial quantity

Y& 42

y & det(

Y



Yet another tensorial quantity

YdefA_ Ydefd t( )

Governing equations for

(p; p11; pje; pv, pF, pY, pY)

dp
— +div(pv) =0

ot

7]

(aL:)—i-le(pm)-i- ) 13
A(pge je
(g'z ) + div <,OJe ® v+ (log 0) ) 77_'709
O(pF

(gt ) +div(p(Fov—ve F)) =0
(pY)

+div(pY ® v) = pf
a(pY)

+ div(pYv) = ph




Mathematical entropy

—— def 1
Plror = petot + iperef| Y?




Mathematical entropy

—— def 1
Plror = petot + Eperef| Y?

Additional balance law

ot

d(petot)

+div(pasi I — T)o+340) = pf- v+ perer ¥ f




Mathematical entropy

—— def 1
Plror = petot + Eperef| Y?

Additional balance law
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Mathematical entropy

—— def 1
Plror = petot + Eperef| Y?

Additional balance law

d(petot)

Seot) L div(pem T — T)o+ i) = pf -0+ pes Y4 ]

Strict convexity of pegot,

peror 1S Strictly convex with respect to (p, pn, pje, pv, pF, pY, pY)
<= [Bouchut, 2004], [Wagner, 2009]

eror 1S strictly convex with respect to (p~ ', 7, je, v, F, Y, Y)

2
o = 2ol + e[ i — Lhslog[ (22 v
2 2 p

T0 .2, & 15T 1 2
—|Je *K FY_QF A Cre
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Strict convexity of e With respect to (p™*, 7, 4c, v, F, Y, Y)

1 ?
Ctot = §‘v|2 + es <p,’r]— g@log((pﬁl}) ﬁ))

1 1
+ geldel” + SKu(FY 2 F) + e Y




Strict convexity of e With respect to (p™*, 7, 4c, v, F, Y, Y)
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convex with respect to (F, Y) ILieb, 1973]

strictly convex with respect to F



Strict convexity of e With respect to (p™*, 7, 4c, v, F, Y, Y)
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Strict convexity of e With respect to (p™*, 7, 4c, v, F, Y, Y)

SIS ?
etot_2v|2+es<p,’r]—gk,‘310g<<p;:> Y%>>

70
2K

+

‘ 1 1 :
1. + %Ktr(FréFT) + 5 eret] Y1
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Strict convexity of e With respect to (p™*, 7, 4c, v, F, Y, Y)

_ 1 -
etot_2v|2+es<p,77 kjglog<<p;> Y%>>

70

2K

JlP+ SKu(FYEET) %erefmz

convex with respect to (F, Y) ILieb, 1973]
1 2Kte(FY 2FT){ s (F, ¥) e
strictly convex with respect to F

2. e <p,n — Sk log((pR) Y%>> strictly convex with respect to (p~ !, 7, Y)?

21 Polytropic gas equation of state
akp

y=1 _n — = akp qy

_n_ R Vs et

CV,seref( L ) eVis (p ) ° Y tovis ~ -
Pref P Pz’




Strict convexity of e With respect to (p™*, 7, 4c, v, F, Y, Y)

_ 1 -
etot_2v|2+es<p,77 kjglog<<p;> Y%>>

T0 | . 1 2
Kt F F' — ere
i+ SK(EY I FT) 4+ S el V

convex with respect to (F, Y) ILieb, 1973]
1 2Kte(FY 2FT){ s (F, ¥) e
strictly convex with respect to F
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21 Polytropic gas equation of state
akp oty

ak:
~1 n _a'B
p )” eV (LR) Ve y T A
Pref P P 2"

CV,seref (

2.2 Noble-Abel stiffened-gas equation of state
akp oty

1 y—=1 _n oty
CV,seref(L ) eVs (pﬁ) Vs Y devs ~ Ry
Pref 1 — bp P (z—b)Parz




Strict convexity of e With respect to (p™*, 7, 4c, v, F, Y, Y)

2
. 1
Ctot = = \v| -I-Q(p n—kBlog<<p;> Y2>>

70

2K

jel> + = KtI(Fr F')+

1 ,
5 6I'ef‘ mz

1 2Kte(FY 2FT){ .
strictly convex with respect to F

convex with respect to (F, Y) ILieb, 1973]

2. e (p,n — Sk log((pR) ﬁ)) strictly convex with respect to (p~ !, 7, Y)?

21 Polytropic gas equation of state

akg
y=1 _n —2B kg
P PR Vs o
CV,seref( eV [ — : Y devs
Pref P

2.2 Noble-Abel stiffened-gas equation of state

akp k

1\t T o ien

CV,sgref(L ) e Vs (pﬁ) v Y devs
pref 1 — bp p

~

~

et

Pz’

Y

(z— b)Parz"



Local well-posedness of the model

- Governing equations

fOI’ (p7 p’r]?pj& pY, PF7 vapY)

ot
% +div(p77'v+ %) =¢
a(gf) i (pJe o+ (1og9)1) TJ;@
%erlv(pv@vf T) = of
8(2::?) ' (p(F® v—v® FT>> =0
(”Y) +div(pY ® v) = pf
(gy) +div(pYv) = ph

9p + div(pv) =0

- Additional balance law for strictly convex petot

ot

9(petot)

+div((peroiI— T)o+jo) = pf- v+ perer ¥ f




Local well-posedness of the model

Theorem (Polytropic gas equation of state)
Let U be an open subset of the convex set

v¥ (0,400) x R x R® x R® x R? X Riym.> X (0, 400).
Consider the system of balance laws governing the motion of compressible
heat-conducting Maxwell viscoelastic fluid with the specific internal energy
of the solvent contribution given by the polytropic gas equation of state.
Assume that uo € U and uo € H*(R*;R**) with s > £ such that uo + ug is
compactly supported in U.

Then, there exists T > 0 and a unique classical solution

u € C*(R® x [0, T]; U) of the Cauchy problem associated with our system of
balance laws and initial data w(0) = wuo + uo. Furthermore,

u—uo € C([0, T); H) n C*([0, T]; B°~1).



Local well-posedness of the model

Theorem (Noble-Abel stiffened-gas equation of state)
Let U be an open subset of the convex set

VE(0,0) x R x R? x R® x R® x RS 1. x (0, +00).
Consider the system of balance laws governing the motion of compressible
heat-conducting Maxwell viscoelastic fluid with the specific internal energy
of the solvent contribution given by the Noble-Abel stiffened-gas equation
of state. Assume that uo € U and ug € H*(R*; R**) with s > 2 such that
up + o IS compactly supported in U.

Then, there exists T > 0 and a unique classical solution

u € CY(R® x [0, T]; U) of the Cauchy problem associated with our system of
balance laws and initial data w(0) = wuo + uo. Furthermore,

u—uo € C([0, T); H) n C*([0, T]; B°~1).
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Initial conditions
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- Yo(z) = det(Ygl(m)),
* pr = po(w) det Fo(w),

+ Fo(z) = 29 (xg " (2)) for some invertible xo : R* — R®.
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© Yo(x) = det( Yy ' (x)),
* pr = po(w) det Fo(x),
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We need to show that the solution
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Consistency with the physical interpretation

Initial conditions

(po, pono, Podeq, Pov0, poFo, po Yo, po Yo)

need to satisfy for z € R®

- Yo(x) :det(Yal(m)),
* pr = po(x) det Fo(m),

- Fo(z) = 9% (x, () for some invertible xo : R* — R®.

We need to show that the solution

(p, 11, pies pv, pF, pY, pY)
satisfies for t € (0, 7] and z € R?

© Y(z,t) = det(Y '(z,1)) <= uniqueness of the solution,
- pr = p(z, t) det F(:c7 1),

« F(z,t) = 2 (x; ' (2)) for some invertible x; : R® — R?,

(z 1) = % (x; (@)
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Helmholtz free energy:

¥(p,0, Cr, Ca, i) = ws(p,0) + 3 1jel® + 5 (Ki tr C1 — hflog det C1)

+ %(K2 tr Co — kpflogdet C2)
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Alternative model formulation (motivated by twagner, 20091)

Helmholtz free energy:

¥(p,0, Cy, Ca, 3o) = ¥s(p, 0) + ;—Zueﬁ + %(K1 tr C1 — ks logdet C))

+ %(K2 tr Co — kpflogdet C2)

Objective time rates for the conformation tensors:

v

7, def d(% —(Vo)Ci - Ci (V)T

A

o ddCtYQ + C2(Vv) + (Vo) €1 — 2(divv) Cs

system of balance laws for (p, pn, pje, pF, p Cof F, pY1,pY2,pY1,pY2)

- strictly convex entropy pews: = peot + Lpeci(| Y1 + | Y2|?)

- short-time 3! of the classical solution of the associated Cauchy problem
- consistency with the physical interpretation (wagner, 1994], [wagner, 2009]
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Conclusions

- We have formulated a system of equations governing the
thermomechanical evolution of compressible heat-conducting Maxwell
viscoelastic model as a system of balance laws.

- We have found an additional balance law for a scalar quantity pegot
which is strictly convex with respect to the unknowns considering

- Polytropic gas equation of state.

- Noble-Abel stiffened-gas equation of state.

- We have proved that the system of balance laws is symmetrizable (and
also hyperbolic) and in turn locally well-posed.

- To ensure consistency with the physical interpretation we have
proposed an alternative model formulation of the standard Maxwell
model.
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