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Hyperbolic systems of balance laws



System of balance laws

∂u
∂t +

d∑
j=1

∂fj(u)
∂xj

= c(u)

u : R × Rd → Rn, fj : Rn → Rn, c : Rn → Rn

Quasilinear system

∂u
∂t +

d∑
j=1

Aj(u)
∂u
∂xj

= c(u), Aj(u) def
=
∂fj(u)
∂u

Definition (Symmetrizability)
Let U be an open subset of Rn. The quasilinear system is called
symmetrizable in U if there exists a C∞ mapping S : U → Rn×n

sym such that for
all u ∈ U

• S(u) is positive definite,
• S(u)Aj(u) are symmetric.
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Short-time existence of smooth solutions [Benzoni-Gavage and Serre, 2006]

Theorem
Let U be an open subset of Rn. We assume that Aj and c are C∞ functions
of u ∈ U and that the quasilinear system is symmetrizable in U . Let u0 ∈ U
and ũ0 ∈ Hs(Rd;Rn) with s > 1 + d

2 such that u0 + ũ0 is compactly
supported in U .

Then, there exists T > 0 and a unique classical solution
u ∈ C1(Rd × [0,T]; U) of the Cauchy problem associated with the
quasilinear system and initial data u(0) = u0 + ũ0. Furthermore,
u − u0 ∈ C([0,T];Hs) ∩ C1([0,T];Hs−1).
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Mathematical entropy

Definition
Let U be a convex subset of Rd. Then, a convex function s : U → R is called a
mathematical entropy for the system of balance laws if there exist d
functions Fj : U → R, 1 ≤ j ≤ d, called entropy fluxes, such that for all u ∈ U

∂s(u)
∂u

∂fj(u)
∂u =

∂Fj(u)
∂u .

Additional balance law

∂u
∂t +

d∑
j=1

∂fj(u)
∂xj

= c(u) =⇒ ∂s(u)
∂t +

d∑
j=1

∂Fj(u)
∂xj

= b(u) =⇒ ∂s(u)
∂u

∂fj(u)
∂u =

∂Fj(u)
∂u

Theorem
Let s : U → R be a strictly convex entropy for the system of balance laws.
Then, its quasilinear system is symmetrizable.

mathematical entropy ∼ “physical” entropy/energy
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Euler equations (compressible, inviscid, non-heat-conducting fluid)

• System of balance laws

∂ρ

∂t + div(ρv) = 0

∂(ρv)
∂t + div(ρv ⊗ v + pI) = ρf

∂(ρη)

∂t + div(ρηv) = 0

• Complete equation of state

e = e(ρ, η) =⇒ p = p(ρ, η) = ρ2 ∂e
∂ρ

(ρ, η)

• Additional balance law

∂(ρetot)

∂t + div((ρetot − p)v) = ρf · v

• Mathematical entropy

s(u) = ρetot = ρ

(
1
2 |v|

2 + e(ρ, η)
)
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Compressible heat-conducting Maxwell
fluid



Balance laws of continuum thermomechanics

∂ρ

∂t + div(ρv) = 0

∂(ρv)
∂t + div(ρv ⊗ v − T) = ρf

∂(ρetot)

∂t + div((ρetotI − T)v + je) = ρf · v

∂(ρη)

∂t + div(ρηv + jη) = ξ

specific total energy … etot =
1
2 |v|

2 + e
entropy production … ξ

Constitutive relations and equation of state

Cauchy stress tensor T
energy flux je

entropy flux jη
equation of state e = e(ρ, η, . . . )
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Fourier’s law

je = −κ∇θ

• evolution equation for the temperature in a rigid body

ρcV
∂θ

∂t = div(κ∇θ)

Maxwell–Cattaneo law [Cattaneo, 2011], [Chandrasekharaiah, 1986], [Jou et al., 1999]

τ0ρ
dje

dt = −κ∇θ
θ

− je

θ

• d
dt

def
= ∂

∂t + v · ∇ denotes the material derivative
• when τ0 → 0+, Maxwell–Cattaneo law reduces to Fourier’s law
• balance form of Maxwell–Cattaneo law

∂(ρje)

∂t + div

(
ρje ⊗ v +

κ

τ0
(log θ)I

)
= − je

τ0θ
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Helmholtz free energy [Dressler et al., 1999]

ψ(ρ, θ, je,C)
def
= ψs(ρ, θ) +

τ0

2κ |je|2 +
α

2 (K trC − kBθ log detC)

ψs = ψs(ρ, θ) … free energy of the solvent

K > 0 …elastic spring factor

(K affine in θ ✓, K nonlinear in θ ?)

Internal energy

e(ρ, η, je,C) = es

(
ρ, η − α

2 kB log detC
)
+
τ0

2κ |je|2 +
α

2 K trC

es = es(ρ, η) … internal energy of the solvent

• polytropic gas

es(ρ, η) = cV,sθref

(
ρ

ρref

)γ−1
e

η
cV,s

• Noble–Abel stiffened-gas fluid [Le Métayer and Saurel, 2016]

es(ρ, η) = cV,sθref

(
ρ

ρref

1
1 − bρ

)γ−1
e

η
cV,s +

(
1
ρ
− b
)

p∞ + q
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Governing equations for (ρ, ρη, ρje, ρv, ρC)

∂ρ

∂t + div(ρv) = 0

∂(ρη)

∂t + div(ρηv + jη) = ξ

∂(ρje)

∂t + div

(
ρje ⊗ v +

κ

τ0
(log θ)I

)
= − je

τ0θ

∂(ρv)
∂t + div(ρv ⊗ v − T) = ρf

dC
dt − (∇v)C − C(∇v)⊤ = −4K

ζ
C +

4kBθ

ζ
I

temperature θ(ρ, η, je,C) =
∂e
∂η

(ρ, η, je,C)

pressure p(ρ, η, je,C) = ρ2 ∂e
∂ρ

(ρ, η, je,C)

Cauchy stress tensor T(ρ, η, je,C) = −pI + αρ(KC − kBθI)

entropy production ξ(ρ, η, je,C) =
|je|2

κθ2 +
2αρ
ζθ

∣∣∣KC
1
2 − kBθC− 1

2
∣∣∣2 ≥ 0
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New tensorial quantity [Kaye, 1962], [Bernstein et al., 1963], [Bernstein et al., 1964], [Boyaval, 2020]

A def
= F−1C F−⊤

Evolution equation for A

∂(ρA)

∂t + div(ρA ⊗ v) = −4ρK
ζ

A +
4ρkBθ

ζ
F−1F−⊤

Consequence of

• e.e. for conformation tensor: dC
dt − (∇v)C − C(∇v)⊤ = − 4K

ζ
C + 4kBθ

ζ
I

• e.e. for deformation gradient: dF
dt = (∇v)F

Evolution equation for F

∂(ρF)

∂t + div
(
ρ
(

F ⊗ v − v ⊗ F⊤
))

= 0

Consequence of

• Eulerian version of Piola’s identity: div
(

F⊤

det F

)
= 0

• homogeneous material: ρR
def
= ρ detF = const
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Governing equations for (ρ, ρη, ρje, ρv, ρF, ρA)

∂ρ

∂t + div(ρv) = 0

∂(ρη)

∂t + div

(
ρηv +

je

θ

)
= ξ

∂(ρje)

∂t + div

(
ρje ⊗ v +

κ

τ0
(log θ)I

)
= − je

τ0θ

∂(ρv)
∂t + div(ρv ⊗ v − T) = ρf

∂(ρF)

∂t + div
(
ρ
(

F ⊗ v − v ⊗ F⊤
))

= 0

∂(ρA)

∂t + div(ρA ⊗ v) = −4ρK
ζ

A +
4ρkBθ

ζ
F−1F−⊤

Balance of total energy
∂(ρetot)

∂t + div((ρetotI − T)v + je) = ρf · v

Mathematical entropy

ρetot = ρ

[
1
2 |v|

2 ++
τ0

2κ |je|2+
]
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Yet another tensorial quantity

Y def
= A−2, Y def

= det(Y−1)

Governing equations for (ρ, ρη, ρje, ρv, ρF, ρY, ρY)

∂ρ

∂t
+ div(ρv) = 0

∂(ρη)

∂t
+ div

(
ρηv +

je
θ

)
= ξ

∂(ρje)

∂t
+ div

(
ρje ⊗ v +

κ

τ0
(log θ)I

)
= −

je
τ0θ

∂(ρv)
∂t

+ div(ρv ⊗ v − T) = ρf

∂(ρF)

∂t
+ div

(
ρ
(

F ⊗ v − v ⊗ F⊤
))

= 0

∂(ρY)

∂t
+ div(ρY ⊗ v) = ρf

∂(ρY)

∂t
+ div(ρYv) = ρh

11
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Mathematical entropy

ρẽtot
def
= ρetot +

1
2ρeref|Y|2

Additional balance law

∂(ρẽtot)

∂t + div((ρẽtotI − T)v + je) = ρf · v + ρerefY : f

Strict convexity of ρẽtot

ρẽtot is strictly convex with respect to (ρ, ρη, ρje, ρv, ρF, ρY, ρY)

⇐⇒ [Bouchut, 2004], [Wagner, 2009]

ẽtot is strictly convex with respect to (ρ−1, η, je, v,F,Y,Y)

ẽtot =
1
2 |v|

2 + es

(
ρ, η − α

2 kB log

((
ρR

ρ

)2
Y

1
2

))

+
τ0

2κ |je|2 +
α

2 K tr(FY− 1
2 F⊤) +

1
2eref|Y|2
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ρẽtot is strictly convex with respect to (ρ, ρη, ρje, ρv, ρF, ρY, ρY)

⇐⇒ [Bouchut, 2004], [Wagner, 2009]
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Strict convexity of ẽtot with respect to (ρ−1, η, je, v,F,Y,Y)

ẽtot =
1
2 |v|

2 + es

(
ρ, η − α

2 kB log

((
ρR

ρ

)2
Y

1
2

))

+
τ0

2κ |je|2 +
α

2 K tr(FY− 1
2 F⊤) +

1
2eref|Y|2

1. α
2 K tr(FY− 1

2 F⊤)

convex with respect to (F,Y) [Lieb, 1973]

strictly convex with respect to F

2. es

(
ρ, η − α

2 kB log

((
ρR
ρ

)2
Y

1
2

))
strictly convex with respect to (ρ−1, η,Y)?

2.1 Polytropic gas equation of state

cV,sθref

(
ρ

ρref

)γ−1
e

η
cV,s

(
ρR
ρ

)− αkB
cV,s Y

− αkB
4cV,s ∼

eqy

xpzr

2.2 Noble–Abel stiffened-gas equation of state

cV,sθref

(
ρ

ρref

1
1 − bρ

)γ−1
e

η
cV,s

(
ρR
ρ

)− αkB
cV,s Y

− αkB
4cV,s ∼

eqy

(x − b)pxrzr
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2.1 Polytropic gas equation of state

cV,sθref

(
ρ

ρref

)γ−1
e

η
cV,s

(
ρR
ρ

)− αkB
cV,s Y

− αkB
4cV,s ∼

eqy

xpzr

2.2 Noble–Abel stiffened-gas equation of state

cV,sθref

(
ρ

ρref

1
1 − bρ

)γ−1
e

η
cV,s

(
ρR
ρ

)− αkB
cV,s Y

− αkB
4cV,s ∼

eqy

(x − b)pxrzr
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Local well-posedness of the model

• Governing equations for (ρ, ρη, ρje, ρv, ρF, ρY, ρY):

∂ρ

∂t
+ div(ρv) = 0

∂(ρη)

∂t
+ div

(
ρηv +

je
θ

)
= ξ

∂(ρje)

∂t
+ div

(
ρje ⊗ v +

κ

τ0
(log θ)I

)
= −

je
τ0θ

∂(ρv)
∂t

+ div(ρv ⊗ v − T) = ρf

∂(ρF)

∂t
+ div

(
ρ
(

F ⊗ v − v ⊗ F⊤
))

= 0

∂(ρY)

∂t
+ div(ρY ⊗ v) = ρf

∂(ρY)

∂t
+ div(ρYv) = ρh

• Additional balance law for strictly convex ρẽtot

∂(ρẽtot)

∂t
+ div((ρẽtotI − T)v + je) = ρf · v + ρerefY : f
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Local well-posedness of the model

Theorem (Polytropic gas equation of state)
Let U be an open subset of the convex set

V def
= (0,+∞)× R × R3 × R3 × R9 × R6

sym,> × (0,+∞).

Consider the system of balance laws governing the motion of compressible
heat-conducting Maxwell viscoelastic fluid with the specific internal energy
of the solvent contribution given by the polytropic gas equation of state.
Assume that u0 ∈ U and ũ0 ∈ Hs(R3;R24) with s > 5

2 such that u0 + ũ0 is
compactly supported in U .

Then, there exists T > 0 and a unique classical solution
u ∈ C1(R3 × [0,T]; U) of the Cauchy problem associated with our system of
balance laws and initial data u(0) = u0 + ũ0. Furthermore,
u − u0 ∈ C([0,T];Hs) ∩ C1([0,T];Hs−1).
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Local well-posedness of the model

Theorem (Noble–Abel stiffened-gas equation of state)
Let U be an open subset of the convex set

V def
= (0, b)× R × R3 × R3 × R9 × R6

sym,> × (0,+∞).

Consider the system of balance laws governing the motion of compressible
heat-conducting Maxwell viscoelastic fluid with the specific internal energy
of the solvent contribution given by the Noble–Abel stiffened-gas equation
of state. Assume that u0 ∈ U and ũ0 ∈ Hs(R3;R24) with s > 5

2 such that
u0 + ũ0 is compactly supported in U .

Then, there exists T > 0 and a unique classical solution
u ∈ C1(R3 × [0,T]; U) of the Cauchy problem associated with our system of
balance laws and initial data u(0) = u0 + ũ0. Furthermore,
u − u0 ∈ C([0,T];Hs) ∩ C1([0,T];Hs−1).
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Consistency with the physical interpretation

Initial conditions

(ρ0, ρ0η0, ρ0je0, ρ0v0, ρ0F0, ρ0Y0, ρ0Y0)

need to satisfy for x ∈ R3

• Y0(x) = det(Y−1
0 (x)),

• ρR = ρ0(x) detF0(x),
• F0(x) = ∂χ0

∂X (χ−1
0 (x)) for some invertible χ0 : R3 → R3.

We need to show that the solution

(ρ, ρη, ρje, ρv, ρF, ρY, ρY)

satisfies for t ∈ (0,T] and x ∈ R3

•
•
•
•
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• F(x, t) = ∂χt

∂X (χ−1
t (x)) for some invertible χt : R3 → R3,

• v(x, t) = ∂χt
∂t (χ−1

t (x)).

15



Consistency with the physical interpretation

Initial conditions

(ρ0, ρ0η0, ρ0je0, ρ0v0, ρ0F0, ρ0Y0, ρ0Y0)

need to satisfy for x ∈ R3

• Y0(x) = det(Y−1
0 (x)),

• ρR = ρ0(x) detF0(x),
• F0(x) = ∂χ0

∂X (χ−1
0 (x)) for some invertible χ0 : R3 → R3.

We need to show that the solution

(ρ, ρη, ρje, ρv, ρF, ρY, ρY)

satisfies for t ∈ (0,T] and x ∈ R3

• Y(x, t) = det(Y−1(x, t)) ⇐= uniqueness of the solution,
• ρR = ρ(x, t) detF(x, t),
• F(x, t) = ∂χt

∂X (χ−1
t (x)) for some invertible χt : R3 → R3,

• v(x, t) = ∂χt
∂t (χ−1

t (x)).

15



Alternative model formulation (motivated by [Wagner, 2009])

Helmholtz free energy:

ψ(ρ, θ,C1,C2, je) = ψs(ρ, θ) +
τ0

2κ |je|2 +
α

2 (K1 trC1 − kBθ log detC1)

+
α

2 (K2 trC2 − kBθ log detC2)

Objective time rates for the conformation tensors:

∇
C def

=
dC1

dt − (∇v)C1 − C1(∇v)⊤

∆

C def
=

dC2

dt + C2(∇v) + (∇v)⊤C1 − 2(div v)C2

=⇒
• system of balance laws for (ρ, ρη, ρje, ρF, ρCof F, ρY1, ρY2, ρY1, ρY2)

• strictly convex entropy ρẽtot
def
= ρetot +

1
2ρeref(|Y1|2 + |Y2|2)

• short-time ∃! of the classical solution of the associated Cauchy problem
• consistency with the physical interpretation [Wagner, 1994], [Wagner, 2009]
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def
= ρetot +

1
2ρeref(|Y1|2 + |Y2|2)

• short-time ∃! of the classical solution of the associated Cauchy problem

• consistency with the physical interpretation [Wagner, 1994], [Wagner, 2009]

16



Alternative model formulation (motivated by [Wagner, 2009])

Helmholtz free energy:

ψ(ρ, θ,C1,C2, je) = ψs(ρ, θ) +
τ0

2κ |je|2 +
α

2 (K1 trC1 − kBθ log detC1)

+
α

2 (K2 trC2 − kBθ log detC2)

Objective time rates for the conformation tensors:

∇
C def

=
dC1

dt − (∇v)C1 − C1(∇v)⊤

∆

C def
=

dC2

dt + C2(∇v) + (∇v)⊤C1 − 2(div v)C2

=⇒
• system of balance laws for (ρ, ρη, ρje, ρF, ρCof F, ρY1, ρY2, ρY1, ρY2)

• strictly convex entropy ρẽtot
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Conclusions

• We have formulated a system of equations governing the
thermomechanical evolution of compressible heat-conducting Maxwell
viscoelastic model as a system of balance laws.

• We have found an additional balance law for a scalar quantity ρẽtot
which is strictly convex with respect to the unknowns considering

• Polytropic gas equation of state.
• Noble–Abel stiffened-gas equation of state.

• We have proved that the system of balance laws is symmetrizable (and
also hyperbolic) and in turn locally well-posed.

• To ensure consistency with the physical interpretation we have
proposed an alternative model formulation of the standard Maxwell
model.
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