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Atkin-Lehner theory

Let k, N e N and p € Z a prime.
Let Sk (T'o(NN)) be the C-vector space of cusp forms of level N and weight k.
Let Tp, be the Hecke operator if p + N, and let U, be the Atkin-Lehner operator if p|N.
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Classical case

Atkin-Lehner theory

Let k, N e N and p € Z a prime.
Let Sk (T'o(NN)) be the C-vector space of cusp forms of level N and weight k.
Let Tp, be the Hecke operator if p + N, and let U, be the Atkin-Lehner operator if p|N.

If M|N, we observe that I'g(N) c To(M) = Sg(T'o(M)) c Sk(T'o(N)). Then, forms in
Sk(To(N)) can be divided in

The orthogonal complement of oldforms wrt the Petersson inner product.

All cusp forms coming from a lower level. l

T, is self-adjoint and a diagonalizing basis is made of eigenforms (simultaneous eigenvectors).J
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Classical case

Atkin-Lehner theory

Let k, N e N and p € Z a prime.
Let Sk (T'o(NN)) be the C-vector space of cusp forms of level N and weight k.
Let Tp, be the Hecke operator if p + N, and let U, be the Atkin-Lehner operator if p|N.

If M|N, we observe that I'g(N) c To(M) = Sg(T'o(M)) c Sk(T'o(N)). Then, forms in
Sk(To(N)) can be divided in

The orthogonal complement of oldforms wrt the Petersson inner product.

All cusp forms coming from a lower level. l

T, is self-adjoint and a diagonalizing basis is made of eigenforms (simultaneous eigenvectors).J

Consequences:

o U, eigenvalues have slope, i.e. p-adic valuation, < k—1 in case of oldforms and k/2-1 in
case of newforms;

o Gouvéa-Mazur conjectures, Coleman families and much more.
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Drinfeld modular forms Setting and notations

Let ¢ = p” for a fixed prime p € Z.

2j];q[i] z Q:=F(Cx) P (Kw) | H
=Fq(t) Q GL2(A) SLa(Z)
Koo = ]Fq E(l/t)) R F\Pl (K) cusps
Coo = Koo C

Valentino (SECM) Atkin-Lehner theory



Drinfeld modular forms Setting and notations

Let ¢ = p” for a fixed prime p € Z.

i];q[i] ; Q=P (Cx) -PI(Kw) | H
=Fq(t) Q GL2(A) SLa(Z)
Koo = ]Fq(h(]-/t)) R F\Pl (K) cusps
Coo =Ko C

For’y=(‘;g)eGL2(Koo), k,meZ and f:Q - Ce, we define

(f lm) () = f(72) (det 7)™ (ez +d)~*.
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Drinfeld modular forms Setting and notations

Let ¢ = p” for a fixed prime p € Z.

iiq[? ; Q=P (Cx) -PI(Kw) | H
=Fq(t) Q GL2(A) SLa(Z)
Koo = ]Fq(h(]-/t)) R F\Pl (K) cusps
Coo =Ko C

For’y=(‘;g)eGL2(Koo), k,meZ and f:Q - Ce, we define

(f lm) () = f(72) (det 7)™ (ez +d)~*.

Fix I'=To(m) ={y=(§ %) (modm)}, mideal of A.

alentino (SECM) Atkin-Lehner theory

29

22/

/06,/2021



Drinfeld modular forms Setting and notations

Let ¢ = p” for a fixed prime p € Z.

iiq[? ; Q=P (Cx) -PI(Kw) | H
=Fq(t) Q GL2(A) SLa(Z)
Koo = ]Fq(h(]-/t)) R F\Pl (K) cusps
Coo =Ko C

For’y=(‘;g)eGL2(Koo), k,meZ and f:Q - Ce, we define

(f lm) () = f(72) (det 7)™ (ez +d)~*.

Fix I'=To(m) ={y=(§ %) (modm)}, mideal of A.

A rigid analytic function f: ) — C is called a Drinfeld modular form of weight k and type
meZ/(q—1)Z for T if

o f is holomorphic on  and at all cusps;

o (fle,my)(2) = f(2) Vyel.

A Drinfeld modular form f is called a cusp form if it vanishes at all cusps.
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Drinfeld modular forms

o We denote by My, ,,, (T'o(m)) and Si, ,, (I'o(m)) the finite dimensional Coo-vector spaces
of Drinfeld modular forms and Drinfeld cusp forms of weight k, type m and level m.

o From now on m = (7), p = (P) with 7, P € A monic and P irreducible of degree d with
(m,P)=1.

o We have Hecke operators T} (p + m) and Uy (p|m) acting on My, ., (Fo(m)).
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Drinfeld modular forms Setting and notations

We denote by My, ., (T'o(m)) and Si, ,, (I'o(m)) the finite dimensional Coo-vector spaces
of Drinfeld modular forms and Drinfeld cusp forms of weight k, type m and level m.

From now on m = (), p = (P) with 7, P € A monic and P irreducible of degree d with
(m,P)=1.

We have Hecke operators Ty (p + m) and Uy (p|m) acting on My, ., (To(m)).

Consider the degeneracy maps:

D1,Dy : Sk (To(m)) = Sk,m (Lo(mp))
fef

e tlen( 6 Y)
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Drinfeld modular forms Setting and notations

o We denote by My, ,,, (T'o(m)) and Si, ,, (I'o(m)) the finite dimensional Coo-vector spaces
of Drinfeld modular forms and Drinfeld cusp forms of weight k, type m and level m.

o From now on m = (7), p = (P) with 7, P € A monic and P irreducible of degree d with
(m,P)=1.

o We have Hecke operators T} (p + m) and Uy (p|m) acting on My, ., (Fo(m)).

o Consider the degeneracy maps:

D1,Dy : Sk (To(m)) = Sk,m (Lo(mp))
fef

e tlen( 6 Y)

p—old
k,m

The space of p-oldforms of level mp, denoted by S
Sk,m(To(mp)) generated by the set

(To(mp)), is the subspace of

{(D1,Dp)(f1, f2) = D1 f1 +Dp f2 : (f1, f2) € Sk.m (To(m))?}.
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Let R’ be a set of representatives for T'o(mp)\T'g(m).




infeld modu forms

Let R’ be a set of representatives for T'o(mp)\T'g(m).
The trace map is

Try” : Skm(To(mp)) = Skm(To(m))
fe Z f|k,m'Y~

veRgp”




Drinfeld modular forms 1d newforms

Let R’ be a set of representatives for T'o(mp)\T'g(m).
The trace map is

Try” : Skm(To(mp)) = Skm(To(m))
fe Z f|k,m'Y~

'yeR:p
and the twisted trace map is

Tro™ 2 Sp, o (To(mp)) = Sk (To(m))
f Z (f|k,m (ﬂ-op _01)) |k,m'Y

veRrgpF

where (ﬁop ’01) is a matrix representing the Fricke involution of level mp

Frim) . g, (To(mp)) = Sk.m(To(mp))
F o flim (2 0)
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Drinfeld modular forms 1d newforms

Let R’ be a set of representatives for T'o(mp)\T'g(m).
The trace map is

Try” : Skm(To(mp)) = Skm(To(m))
fe E: f|kﬂn7~

yeR:p
and the twisted trace map is

Tro™ 2 Sp, o (To(mp)) = Sk (To(m))
f E: (f|knn (#}>}}))|knn7

veRrgpF

where (ﬁop ’01) is a matrix representing the Fricke involution of level mp

Frim) . g, (To(mp)) = Sk.m(To(mp))
F o flim (2 0)

p-new
k,m

The space of p-newforms of level mp, denoted by S (To(mp)), is given by

Ker(Trp')n Ker(Tr::,"p).
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forms

Proposition (Bandini, V. - 2020)

If dimc,, Sk,m (GL2(A)) <1, then Sg ,,, (To(t)) is direct sum of oldforms and newforms.




Drinfeld modular forms Direct sum decomposition

Proposition (Bandini, V. - 2020)

If dimc,, Sk,m (GL2(A)) <1, then Sg ,,, (To(t)) is direct sum of oldforms and newforms.

Sk,m(FO(P)) Theorem (Bandini, V. - 2020)

We have that Sk, m(To(p)) =S¥ (To(p)) ® S~/ (To(p)) if and
only if the map D :=Id - Pk_2m(T7"(';))2 is bijective on Sk, (To(p))-

Sk,m(GL2(A))
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Drinfeld modular forms Direct sum decomposition

Proposition (Bandini, V. - 2020)
If dimc,, Sk,m (GL2(A)) <1, then Sg ,,, (To(t)) is direct sum of oldforms and newforms.

Sk,m(FO(p)) Theorem (Bandini, V. - 2020)

We have that Sk, m(To(p)) =S¥ (To(p)) ® S~/ (To(p)) if and
only if the map D := Id — P~ 27"(T7"(';))2 is leeCthe on Sk m(Co(p)).

Sk,m(GL2(A))

Theorem (Bandini, V. - 2020)

If the map D := Id — (xP)*~2™(Tr™)2 is bijective on Sk (o(mp))
I m ,m )
Skm (Lo (mp)) then we have the direct sum decomposition
Skm (Co(mp)) = S (To(mp)) @ Sf_2' (T (mp))

Sk,m(FO (m))
Problem: to get the full equivalence Ker(D) should contain a form
f#0 and also Fr(™ (f) for a suitable f € Sg m(To(m)).
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o Let n=(v),0=(d) c A be ideals such that d|[n. Denote by W3' a matrix of the form

da b

ve  od with a,b,c,de A, §%ad—vcb=(5 and { € F} .

o It is easy to verify that such matrices are in the normalizer of T'g(n).




Drinfeld modular forms Atkin-Lehner involutio

o Let n=(v),0=(d) c A be ideals such that d|[n. Denote by W3' a matrix of the form

(i’i él’d) with a,b,¢,d e A, §%ad—vch=(8 and ( €F}.

o It is easy to verify that such matrices are in the normalizer of T'g(n).

Definition

Let n=(v),2 = () c A be ideals such that d||n. The (partial) Atkin-Lehner involution W¥§
acting on S, (To(n)) is:
W3 i Sk,m(Co(n)) = Sk,m (To(n))
F(&) = (£ lemWa' ) (2)

for any W3 as above.
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Drinfeld modular forms Atkin-Lehner involutio

o Let n=(v),0=(d) c A be ideals such that d|[n. Denote by W3' a matrix of the form

(i’i él’d) with a,b,¢,d e A, §%ad—vch=(8 and ( €F}.

o It is easy to verify that such matrices are in the normalizer of T'g(n).

Definition

Let n=(v),0 = (8) c A be ideals such that d||n. The (partial) Atkin-Lehner involution W}
acting on S, (To(n)) is:
W3 i Sk,m(Co(n)) = Sk,m (To(n))
F(&) = (£ lemWa' ) (2)

for any W3 as above.

o If » =n we have that W}, is the (full) Atkin—Lehner involution (Fricke involution) and it
can be represented by the matrix
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Drinfeld modular forms Atkin-Lehner involutions

Let n=(v),0 = (8) c A be ideals such that d|[n. If f e Sk ,,(To(d)) then

Plem( 53 )=Dst) = FlmW & St @o).
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Drinfeld modular forms Atkin-Lehner involutio

Let n=(v),0 = (8) c A be ideals such that d|[n. If f e Sk ,,(To(d)) then

f|k:,m(

0 )::D%(f)=f|k,m 2 € Sm(To(n)).

[@XSAN

o Ifm=(x),p=(P)cAwith (7w, P) =1 and P irreducible
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Drinfeld modular forms Atkin-Lehner involutions

Let n=(v),0 = (8) c A be ideals such that d|[n. If f e Sk ,,(To(d)) then

f|k:,m(

0 )::D%(f)=f|k,m 2 € Sm(To(n)).

[@XSAN

o Ifm=(x),p=(P)cAwith (7w, P) =1 and P irreducible
Sk,m (Lo (mp))

Dy (f) = WP (/)
D1 (f) = WP (f)

Sk,m(FO(m))
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Drinfeld modular forms Atkin-Lehner involutions

Let n=(v),0 = (d) c A be ideals such that d|n. If f e Sk ,,(To(d)) then

Pl ( § 3 )=D30) = 7l & St o).

o If m=(m),p=(P)cAwith (m, P) =1 and P irreducible

Sk,m(FO(mp)) Dp(f)Dl(f)
Dy (f) = WP (f)
Di(f) = Wi (f)

Sk,m(To(m)) > f
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Drinfeld modula orms Atkin-Lehner involutions

Let n=(v),0 = (d) c A be ideals such that d|n. If f e Sk ,,(To(d)) then

Pl ( § 3 )=D30) = 7l & St o).

o If m=(m),p=(P)cAwith (m, P) =1 and P irreducible

Sk,m(FO(mp)) Dp(f)Dl(f)
Dy (f) = WP (f)
Di(f) = Wi (f)

Sk,m(To(m)) > f

SP=214(Tg (mp)) = Span{W ™ (Sgm (To(m))), WEP (S, m (To(m)))}. |
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Drinfeld modula orms  Atkin-Lehner involutions

Let n=(v),0 = (d) c A be ideals such that d|n. If f e Sk ,,(To(d)) then

Pl ( § 3 )=D30) = 7l & St o).

o If m=(m),p=(P)cAwith (m, P) =1 and P irreducible

Sk:,m(FO(mp)) Dp(f)Dl(f)
Dy (f) = WP (/)

Di(f) =WTP(f)
Sk,m(To(m)) > f

SP=214(Tg (mp)) = Span{W ™ (Sgm (To(m))), WEP (S, m (To(m)))}. |

Theorem (V. - 2021)

With assumptions on m and p as above, let 9 = (6) be such that §||w. Then

W (T (f)) = Tp(W5' () if f€Skm(To(m))
WP (Up(£)) = Up(WRP(f)) if f €S m(To(mp))
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infeld modu forms

o Recall that for f € Sk, (Do(mp)), the trace is Try’ (f) = Zerme f ke, mY -
m




Drinfeld modular forms Twisted t

o Recall that for f € Sk, (Do(mp)), the trace is Try’ (f) = Zerme f ke, mY -
m

For a f € Sy m(To(mp)) and any divisor 0 of mp such that d||mp, we define the d-twisted trace
map as

TrpP® = TrlP o WP Sy (To(mp)) — Sk pm (To(m))

o 2 (FleymWo) lkem-
yeRRP
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Drinfeld modular forms Twisted t

o Recall that for f € Sk, (Do(mp)), the trace is Try’ (f) = Zerme f ke, mY -
m

For a f € Sy m(To(mp)) and any divisor 0 of mp such that d||mp, we define the d-twisted trace
map as

TrpP® = TrlP o WP Sy (To(mp)) — Sk pm (To(m))
o 2 (FleymWo) lkem-

Proposition (V. - 2021)

With notations as above, we have:
g2m-k P (%) ifpto
WP o () -

mp?
()2mrre )it gl
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Drinfeld modular forms Twisted t

o Recall that for f € Sk, (Do(mp)), the trace is Try’ (f) = Zerme f ke, mY -
m

For a f € Sy m(To(mp)) and any divisor 0 of mp such that d||mp, we define the d-twisted trace
map as

TrpP® = TrlP o WP Sy (To(mp)) — Sk pm (To(m))
o 2 (FleymWo) lkem-

Proposition (V. -

With notations as above, we have:
g2m-k P (%) ifpto
WP o () -

mp?
()2mrre )it gl

The above proposition implies

Ker(T'r",:p(mp)) = Ker(Trxp(p)) .
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p—new
k,m

The space of p-newforms of level mp, denoted by S’
Ker(Tr™) n Ker(Tr™®).

(To(mp)), is given by




Drinfeld modular forms Newfor

Corollary
The space of p-newforms of level mp, denoted by S,ﬂ;ze“’(ro(mp)), is given by
Ker(Tr™) n Ker(Tr™®).

Theorem (V. - 2021)

The map D :=Id - P’“‘Q’”(TTQP(’J))2 is bijective on Sy, (To(mp)) if and only if we have the
direct sum decomposition Sk ., (Fo(mp)) = SE ¥ (Ig(mp)) @ Sz_ﬁd(I‘o(mp)).

k,m
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Drinfeld modular forms Newfor

Corollary
The space of p-newforms of level mp, denoted by Si;ﬁew(r‘o(mp)), is given by
Ker(Tr™) n Ker(Tr™®).

Theorem (V. - 2021)

The map D :=Id - P’“‘Q"‘(TTQP(’J))2 is bijective on Sy, (To(mp)) if and only if we have the
direct sum decomposition Sk ., (Fo(mp)) = SE ¥ (Ig(mp)) @ Sg_ﬁd(I‘o(mp)).

k,m

Action on cusps

Level mp
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Drinfeld modular forms Newforms

|

Corollary

p new

The space of p-newforms of level mp, denoted by S (To(mp)), is given by

Ker(Tr™) n Ker(Tr™®).

Theorem (V. - 2021)

The map D :=Id - P’“‘Q"‘(Tr‘M(p))2 is bijective on Sy, (To(mp)) if and only if we have the
direct sum decomposition Sy ., (Fo(mp)) = Sp e (To(mp)) @ Sg_ﬁd(I‘o(mp)).

Action on cusps

Level mp Level m
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Drinfeld modular forms

Newforms

|

Corollary

The space of p-newforms of level mp, denoted by S
Ker(Tr™) n Ker(Tr™®).

p new

(To(mp)), is given by

Theorem (V. - 2021)

The map D :=Id - P’“‘Q"‘(Tr‘M(p))2 is bijective on Sy, (To(mp)) if and only if we have the
direct sum decomposition Sy ., (Fo(mp)) = Sp e (To(mp)) @ Sg_ﬁd(I‘o(mp)).

Action on cusps

Level mp

Level m

Level mp

)

(
wptP ( )wp‘“”
(

)
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Drinfeld modular forms Newforms

|

Corollary

p new

The space of p-newforms of level mp, denoted by S (To(mp)), is given by

Ker(Tr™) n Ker(Tr™®).

Theorem (V. - 2021)

The map D :=Id - P’“‘Q"‘(Tr‘M(p))2 is bijective on Sy, (To(mp)) if and only if we have the
direct sum decomposition Sy ., (Fo(mp)) = Sp e (To(mp)) @ Sg_ﬁd(I‘o(mp)).

Action on cusps

Level mp Level m Level mp Level m

(1)
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Drinfeld modular forms Newforms

The space of p-newforms of level mp, denoted by Sp "ew(l"o(mp)), is given by

Ker(Tr™) n Ker(Tr™®).

Theorem (V. - 2021)

The map D :=Id - P’“‘Qm(Trmp(p))2 is bijective on Sy, (To(mp)) if and only if we have the
direct sum decomposition Sy ., (Fo(mp)) = Sp e (To(mp)) @ Sg_ﬁd(I‘o(mp)).

Action on cusps

Level mp Level m Level mp Level m

() (1) (1)
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Let f € Sk m(To(p)) be a p-newform of level p. Then, D1(f), Dm(f) € Sk,m(To(mp)) are
p-newforms of level mp.




Drinfeld modular forms Ap

Lemma (V. - 2021)

Let f € Sk m(To(p)) be a p-newform of level p. Then, D1(f), Dm(f) € Sk,m(To(mp)) are
p-newforms of level mp.

Proposition (V. 2021)

Let f e My, (To(mp)) with rational u-series coefficients, where (m,p) = (1) and p is prime.
Then, f is a p-adic Drinfeld modular form for T'g(m).
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Drinfeld modular forms Applications

Lemma (V. - 2021)

Let f € Sk m(To(p)) be a p-newform of level p. Then, D1(f), Dm(f) € Sk,m(To(mp)) are
p-newforms of level mp.

Proposition (V. 2021)

Let f e My, (To(mp)) with rational u-series coefficients, where (m,p) = (1) and p is prime.
Then, f is a p-adic Drinfeld modular form for T'g(m).

v
o f=Yau(z)’, a; € A.
320
o vp(f) = inf vp(as).
v
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Drinfeld modular forms Applications

Lemma (V. - 2021)

Let f € Sk m(To(p)) be a p-newform of level p. Then, D1(f), Dm(f) € Sk,m(To(mp)) are
p-newforms of level mp.

Proposition (V. 2021)

Let f e My, (To(mp)) with rational u-series coefficients, where (m,p) = (1) and p is prime.
Then, f is a p-adic Drinfeld modular form for T'g(m).

o f=Yau(z)’, a; € A.

i50
o vp(f) = inf vp(ai).

o We say that f is a p-adic Drinfeld modular form for T'o(m) if it exists a sequence {f;} of
Drinfeld modular forms for I'g(m) verifying vy (f; — f) = o0 as ¢ - oco.

v
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Thanks for your attention!
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