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@ Let (X, d, ) be a space nonhomogeneous type, i. e. a topological
space endowed with a locally finite complete measure i and
quasi-metric d : X x X — R, satisfying the conditions:

(i) d(x,x) =0 for all x € X;

(ii) d(x,y) > 0forall x # y, x,y € X;

(iii) there exists a positive constant ay such that
d(x,y) < apd(y, x) for every x,y € X;

(iv) there exists a positive constant a; such that

dx,y)<a;(d(x,z)+d(z,y)) forevery x,y,ze X,

(v) for every neighbourhood N of the point x € X there exists

r > 0 such that the ball B(x,r) ={y € X: d(x,y) <r}is
contained in N;

(vi) the ball B(x, r) is measurable for every x € X and for arbitrary
r>0.
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@ Let
I'f(x) = /(d(x, Y (X, y)dp, 0<y < 1.
X

In V. Kokilashvili and A. Meskhi, Fractional integrals on measure
spaces. Fract. Calc. Appl. Anal., 4(2001), No 1, 1-24 (see also D.
E. Edmunds, V. Kokilashvili and A. Meskhi, Bounded and compact
integral operators. Vol. 513 of Mathematics and its Applications.
Kluwer Academic Publishers, Dordrucht, 2002, Chapter 6) the
following statement is proved:

Theorem A. Let1 < p< qg< oo andlet0 <~ < 1. The operator
I acts boundedly from L§(X) to L] (X) if and only if there exists a
constant ¢ > 0 such that

pg(1 —7)

B(x,r) < cr®, =
nBlx.1) < ’=pa+p—q

for arbitrary ball B(x, r).

Vakhtang Kokilashvili' and Tsira Tsanava?® (LOn the multiple fractional integrals defined on 8Th European Congress of Mathematics, 2



@ Letnow (X, dj,u; (j=1,2,...,n) be the measure quasi-metric

spaces. Assume that F p1,...,p,,), 1<p<oo
(j=1,2,....,n)and I = (u1, 2, ft- .., pun). For measurable
n
f: 1_[1 Xj — R1 we set the mixed norm Lebesgue spaces
/:
3 n n .
Lﬁ j]:[1 Xj,jl:[1 ;| with the norm

Ifll, s =
Lz

Ppn—2
Pn—1

Pn
/ (/ f(x1,...,xn)p"du,,) duns | d
n_1 n

The mixed-norm Lebesgue spaces were introduced and studied in
A. Benedek and R. Panzone, The spaces LP, with mixed norm.
Duke Math. J. 28(1961), No 3, 301-324.

Pn—1
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@ Consider the multiple fractional integral defined on the product
space X = X; x -+ x Xp:

/“Yf(x):/f(y1;7...,yn)d,u1;"‘?’Mn7 =) ()
x - 11905 ) K
j=

The following statement is true.

Let1 <pj<qgi<oo(j=1,2,...,n). The operator I is bounded from
Lg to Lg if and only if there exists a positive constant ¢ such that

p;qi(1—;)

M}B/(Xh rl) < C’}'quj+pj_qj ’ j =1 ’ 2’ SREEL (2)

for arbitrary balls B; from X;.

Vakhtang Kokilashvili' and Tsira Tsanava?® (LOn the multiple fractional integrals defined on 8Th European Congress of Mathematics, 2



@ Theorem says that if the condition (2) fails then /7 is unbounded
from Lg to Lg. Nevertheless there exists a weight V:X— R

such that /" is bounded from LZ to L4(7).
Let us introduce the functions:

B )(.7 r:
Q(x) = sup LS00 (B( ),
;>0 rj/
where R )
Pigi(1 —;
Bj= (3)
P;q; + Pj — q
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@ The following statement holds.

Let1 <pj<q <o (j=1,2,...,n). Then there exists a positive
constant ¢ > 0 such that for arbltraryf € L?(X ) we have

PE(x1, ..., Xn HQ ”' (x)

| =ellz.
ﬁ 7
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@ Letnow I ={te C: t=1(s),0 < s <[} be arbitrary rectifiable
simple curves with arc-length measures v; (i =1,2,...,n).

Suppose
Dyt ) = Tj( ) Bilt. )
where
Bi(ti,ri)={zieC: |z7—t| <}, 4Tl
Let
Q(f) = sup V/D(gv )
>0 rj/

where j; are defined by (3).
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@ Then for the operator
/ f(r1,72,...,mn)dvq ... dvp

Rf(t, b, ... th) = n
r H“}"Tjﬂ_w
j=1

, T=Tyx---xIp

we have the following assertion

Let1 < p; < q; < co. Then there exists a positive constant ¢ such that
for arbitrary f € Lg(r) we have

71

177Gt s ta) - 7 ()] 5y < Il 3
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