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Cylinder functions

We define for z € C\ (—0,0], v € C,and 0 < a < 1, the cylinder
function 6,(z) of order v by

%,(2) = J,(z) cos(mta) 4 Y, (z) sin(7ta).




Cylinder functions

We define forz € C\ (—o0,0], v € C,and 0 < a < 1, the cylinder
function 6,(z) of order v by

%,(2) = J,(z) cos(mta) 4 Y, (z) sin(7ta).

Here, J,(z) and Y, (z) denote the Bessel functions of the first and
second kind, respectively. These functions are defined by

= (4" )

n_

and
aet Ju(z) cos(mv) — Jy(2)
Yu(z) = sin(7tv) ’

forz € C\ (—o0,0] and v € C. When v is an integer, the limiting

value has to be taken in the definition of Y, (z).
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Large zeros of cylinder functions

Assume that visrealand —3 < v < 3. Itis known that the cylinder
function %, (z) has an infinite number of positive zeros, which we
denote by j,« withx =k+a > 3(|Jv| —v), k € N.




Large zeros of cylinder functions

Assume that visrealand —3 < v < 3. Itis known that the cylinder
function %, (z) has an infinite number of positive zeros, which we
denote by j,« withx =k+a > 3(|Jv| —v), k € N.

JAMES MCMAHON! showed in 1894 that, as k — +oo, the sequence
Jv,x has an asymptotic expansion

. = cn(v
Jvx ™~ ,BU,K + 2157)1
n=1 FPv,x
42 -1 (42 —1)(280% —31)
= ,BV,K —_ — 3 + [N
8B« 384p; «

where
def
Bux = (k+3v — 1),

and the coefficients c, (v) are polynomials in v? of degree n.

1J. McMahon, On the roots of the Bessel and certain related functions, Annals
Math. 9 (1894-1895), no. 1/6, pp. 23-30.
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A conjecture of A. Elbert and A. Laforgia?

I

James McMahon Arpdd Elbert Andrea Laforgia

Conjecture (ARPAD ELBERT and ANDREA LAFORGIA, 2001)

For —% <v < %, an even (odd) number of terms of MCMAHON's
expansion always gives upper (lower) bounds for j, .

2A. Elbert, A. Laforgia, A conjecture on the zeros of Bessel functions, . Comput.
AE;/all.3Math. 133 (2001), no. 1-2, p. 683.
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James McMahon Arpdd Elbert Andrea Laforgia

Conjecture (ARPAD ELBERT and ANDREA LAFORGIA, 2001)

For —% <v < %, an even (odd) number of terms of MCMAHON's
expansion always gives upper (lower) bounds for j, .

The assumption B, > 0 is needed for the statement to be true.

2A. Elbert, A. Laforgia, A conjecture on the zeros of Bessel functions, . Comput.
AE;/all.3Math. 133 (2001), no. 1-2, p. 683.



Known special cases

In the special case « = 0,ie, x = k = 1,2,..., KLAUS-JURGEN
FORSTER and KNUT PETRAS® proved in 1993 that

,Bv,k < jv,k/
vk < Bux— 42 —1
Jvk v,k 8 ,Bv,k s
42 -1 4v2 —1)(28v% — 31 .
.BV,k - - ( )( 3 ) < Jvjks
8Bu 38467,

for any —1 < v < 1. Their derivation is lengthy and complicated
(but elementary).

3K .-J. Forster, K. Petras, Inequalities for the zeros of ultraspherical polynomials
and Bessel functions, Z. angew. Math. Mech. 73 (1993), no. 9, pp. 232-236.
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Main steps of the proof of the conjecture

o For —1 <v < } and w > 0, we re-express the cylinder function in
the form

€(z) = [ J3(2) + Y2(2) cos(Oy(2) — (a+ 3v + 7)),

where the phase function ®,(z) is normalised so that @, (j,«) =
Buvx- Then this function is continued analytically to the right half-
plane Rez > 0.
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€(z) = [ J3(2) + Y2(2) cos(Oy(2) — (a+ 3v + 7)),

where the phase function ®,(z) is normalised so that @, (j,«) =
Buvx- Then this function is continued analytically to the right half-
plane Rez > 0.

o We construct a function X,(w) that is analytic in a domain
containing the half-plane Rew > 0 and satisfies X, (Bvx) = jux
for By« > 0.

o Employing a CAUCHY-HEINE trick, we derive an explicit
formula for the remainder of MCMAHON’s expansion (the
asymptotic expansion of X, (w)).
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Main steps of the proof of the conjecture

o For —1 <v < } and w > 0, we re-express the cylinder function in
the form

€(z) = [ J3(2) + Y2(2) cos(Oy(2) — (a+ 3v + 7)),

where the phase function ®,(z) is normalised so that @, (j,«) =
Buvx- Then this function is continued analytically to the right half-
plane Rez > 0.

o We construct a function X,(w) that is analytic in a domain
containing the half-plane Rew > 0 and satisfies X, (Bvx) = jux
for By« > 0.

o Employing a CAUCHY-HEINE trick, we derive an explicit
formula for the remainder of MCMAHON’s expansion (the
asymptotic expansion of X, (w)).

e Appealing to certain properties of X, (w) finishes the proof.
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A function that returns the zeros*

Theorem (G. N., 2020)
1 1

There exists a function X,(w), with order —3 < v < 5 and
argument w, which is analytic in a domain containing the closed
half-plane ew > 0 and has the following properties.

(i) For ﬁv,x >0, Xy (,Bv,x) = jv,x-
(ii) Foranys > 0, ReX,(is) > 0.

(iii) Xy(w) = w+O(w™!) asw — oo in Rew > 0.

(iv) ReX,(is) = o(s™") as s — +oo, with any fixed r > 0.

4G. Nemes, Proofs of two conjectures on the real zeros of the cylinder and Airy
functions, SIAM J. Math. Anal., accepted
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Contour of integration

~
_/

The contour I used to prove the explicit remainder term.




Truncated expansion with explicit remainder
Let I" be a D-shaped contour depicted in the previous slide.




Truncated expansion with explicit remainder
Let I" be a D-shaped contour depicted in the previous slide. By the
Cauchy integral formula

1 Xt 1 [ Xe(t)—t
X(w)—w=— ¢ 2" gy = p 2T F
v(w) —w Zﬂiﬁ: Fw 2mf§ frw O
0

for any w > 0 inside I'.




Truncated expansion with explicit remainder
Let I" be a D-shaped contour depicted in the previous slide. By the
Cauchy integral formula

X,,(w)—w— 1 f}Mdt Lﬁwdt

T 2mi t—w C2mi t+w

0
for any w > 0 inside I". By blowing up the contour, we obtain

Xv(w)—w— 1 /O Mdt—l— 1 /O_ioont

"o e oo Ytag —
0 _ —ioco —
L/ Xu(t) — ¢ tdt—i./ Xt =ty
27 J1ieo t+w 27t Jo t4w
12 R
S wmro 1+ (s/w)?

for any w > 0, where use has been made of the fact that
Xy (is) + Xy (—is) = 2ReX, (is).
9/13



Truncated expansion with explicit remainder
We know that
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We know that

ReX,y (is) = o(s™")

for any r > 0 as s — +oo. Therefore, for any positive integer N, w > 0
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Truncated expansion with explicit remainder
We know that

ReX,y (is) = o(s™")

for any r > 0 as s — +oo. Therefore, for any positive integer N, w > 0
and s > 0, we can use the expansion

. N-1 1 2N-2
_ 2 (_ )n7152n72+ (_1)N*13—
14 (s/w)> = w2 w2 1+ (s/w)?
to deduce
N—1 2N-2 1
cn(v) 1 N-12 /+°° s ReX, (is)
Xy (w) = T ) A= 1 (57w ©
v(w) w+nZ1 w1 sz—l( ) 7 Jo 1+ (s/w)? ’
where 5 e
en(v) = (_1)"—1—/ s 298¢ X, (is)ds.
7T Jo
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Truncated expansion with explicit remainder
We know that

ReXy(is) = o(s™")

for any r > 0 as s — +oo. Therefore, for any positive integer N, w > 0
and s > 0, we can use the expansion

. N-1 1 2N-2
_ 2 (_ )n7152n72+ (_1)N*13—
14 (s/w)> = w2 w2 1+ (s/w)?

to deduce
N—1 2N-2 1

cn(v) 1 N-12 /+°° s ReX,y (is)
Xy(w) = 1 TNt (T T3 s/w? O
v(w) =w+ r;l w1 sz—l( ) 7 Jo 1+ (s/w)? ’

where

n-12 [T aud ~
(V) = (~1)"1 2 / s2129Re X, (is ) ds.
7T JOo
The identification of the coefficients follows from the uniqueness theorem
on asymptotic expansions.
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Estimating the remainder term

We know that ReX, (is) > 0 whenever s is positive.




Estimating the remainder term

We know that ReX, (is) > 0 whenever s is positive. In particular,
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Estimating the remainder term

We know that ReX, (is) > 0 whenever s is positive. In particular,
(—=1)" "¢, (v) > 0. Also, since

1

— <1
0<1+(S/w)2<

for any w > 0 and s > 0, by the first mean value theorem for
improper integrals, thereis a 0 < 4,4,y < 1 such that

1 (_1)N_1z/+°° s?N=20Re X, (is)
w2N-1 7 Jo

1+ (s/w)?
1 N-12 [T onoo - en(v)
= 5w/VrNW(_1) ; -/0 S meXy (IS)dS = 5V’w’N—w2N*1 .
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The final result

Theorem (G. N., 2020)

Forany —1 < v < 1, w > 0, and any positive integer N, the

function X, (w) admits the expansion

|

c
Xy ( —W+Z 211 1+‘SVWN ZIIS )1'

where 0 < 6,y < lisa sultable number depending on v, w and
N. Thus, the remainder term does not exceed the first neglected
term in absolute value and has the same sign. The coefficients ¢, (v)
are polynomials in 12 of degree n and satisfy (—1)" "¢, (v) > 0.




The final result

Theorem (G. N., 2020)

Forany —1 < v < 1, w > 0, and any positive integer N, the

function X, (w) admits the expansion

|

c
Xy ( —W+Z 211 1+‘5VWN I;IS )1'

where 0 < 6,y < lisa sultable number depending on v, w and
N. Thus, the remainder term does not exceed the first neglected
term in absolute value and has the same sign. The coefficients ¢, (v)
are polynomials in v of degree n and satisfy (—1)"'c,(v) > 0.

Corollary (G. N., 2020)

The conjecture of ARPAD ELBERT and ANDREA LAFORGIA is true
provided B, > 0.
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Thank you for your attention!




