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G,=50(2n+1,F)={ge GL2n+1,F): "g=g '},

where 7g is transposited matrix of g with respect to the second
diagonal.

Fix B < G,, Borel subgroup of upper triangular matrices.
Standard parabolic subgroups of G, are in bijection with ordered
partitions sof 1 < m<n

Ps = MgNs <— s=(n1,....,ng), m~+--—-+n=n, n>1,
Ms = GL(n1, F) x -+ x GL(ny, F) X Gp_p,.
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F local nonarchimedean field of characteristic different from 2.
G,=50(2n+1,F)={ge GL2n+1,F): "g=g '},

where 7g is transposited matrix of g with respect to the second
diagonal.

Fix B < G,, Borel subgroup of upper triangular matrices.
Standard parabolic subgroups of G, are in bijection with ordered
partitions sof 1 < m<n

Ps = MgNs <— s=(n1,....,ng), m~+--—-+n=n, n>1,
Ms = GL(n1, F) x -+ x GL(ny, F) X Gp_p,.

d; smooth representation of GL(n;, F), forall i =1,....k
7 smooth representation of G,_,
T=01® - ® I ® 7T is smooth representation of M;

J1x X G xT=Ind§ (51 ® @5 ®T)

normalized parabolic induction.
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o smooth representation of G,
rs(o) =ry, (o) = Jacq,f,,”s(a) normalized Jacquet module of o.
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Frobenius reciprocity.
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o smooth representation of G,
rs(o) =ry, (o) = Jacq,f,,”s(a) normalized Jacquet module of o.
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5([*p,v7pl) = v/px - x V7

unique irreducible representation.
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o smooth representation of G,
rs(o) =ry, (o) = Jacq,f,,”s(a) normalized Jacquet module of o.

Homg, (o, |ndlc\;4';(ﬂ')) = HomMs(Jacq,(\;/,"s(a), ).
Frobenius reciprocity.

p irreducible cuspidal unitarizable representation of GL(m,, F)
v = \det ‘F

[ p, v pl = {v*p,....,v¥p} segment, x,y € R, y —x + 1 € Z>o.

X

5([*p,v7pl) = v/px - x V7

unique irreducible representation.

e([v*p, v pl) = e(5([v*p, v"p]) = 5.
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Fory —x+1 € Zo we have [1*p,¥p] =0
5(0) irreducible representation of the trivial group
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5(0) irreducible representation of the trivial group
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Fory —x+1 € Zo we have [1*p,¥p] =0
5(0) irreducible representation of the trivial group

([ p, v p]) = o([v=Yp,v>p]), ~ contragredient representation

d(A) x §(A") = 6(A") x §(A) irreducible, A’ C A segments
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Geometric lemma

pi(o) =100+ Y ss.(ru(o))

k=1

y—x+1 |

U EL D DD O S

0'®c’'<u*(c) =0 j=0
SV v pl) x ([T p, 1Y pl) x 8 @ 6([ T p, v T p]) 30
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Geometric lemma

pi(o) =100+ Y ss.(ru(o))

k=1

y—x+1 |

U EL D DD O S

0'®c’'<u*(c) =0 j=0
SV v pl) x ([T p, 1Y pl) x 8 @ 6([ T p, v T p]) 30

We have §([v*p,Yp]) o =6([v Y p,vp]) x o
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Langlands classification
o — (A1) X XA XT >0
o irreducible representation of G,

e(A]) > e(A7) >0, i<}
T tempered representation of G,
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Langlands classification
o — (A1) X XA XT >0
o irreducible representation of G,

e(A]) > e(A7) >0, i<}
T tempered representation of G,

o = Lang(0(A1) x -+ x 6(Ak) x 7) is of multiplicity 1 in the
induced representation.
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Meeglin-Tadi¢ classification of discrete series

o <«— (Jord,ocusp€)

Jord = {(a,p) | ae N, 6([p= V%) ,a=V/2)]) s &

is irreducible and reduces for some larger a of the same parity}
O = T X Ocusp, for some 7 € Irr GL and oysp is irreducible cuspidal,
e: CJordU (Jord x Jord) — {£1}
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1
Assume that v2p X o¢ysp reduces.

e((a.p). (', p)) = e(a, p)e(a’, p) T = €(a. p) - (', p)
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1
Assume that v2p X o¢ysp reduces.

e((a.p). (', p)) = e(a, p)e(a’, p) T = €(a. p) - (', p)
Jord, = {a| (a, p) € Jord}

(a,p) € Jord
a_ =max({d' < a| (d,p) € Jord)}
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Assume that v2p X o¢ysp reduces.

e((a.p). (', p)) = e(a, p)e(a’, p) T = €(a. p) - (', p)

Jord, = {a| (a, p) € Jord}
(a,p) € Jord
a_ =max({d' < a| (d,p) € Jord)}

1

e(a, p)e(a—, p)”" = 1 « there exists 7' € Irr(G, ,)

such that o < o([(e-11/2p (@172 ]) 5 7/
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1
Assume that v2p X o¢ysp reduces.

e((a.p). (', p)) = e(a, p)e(a’, p) T = €(a. p) - (', p)

Jord, = {a| (a, p) € Jord}
(a,p) € Jord
a_ =max({d' < a| (d,p) € Jord)}

-1

e(a, p)e(a—, p)”" = 1 « there exists 7' € Irr(G, ,)

such that o < o([p(@-11/2p (=172 1) 5
For a = min(Jord,) we have

e(a,p) = 1 & there exists 7 € Irr(G,_,)
such that o < 0([v/?p, v@1/2p]) %
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Goal: determine composition series of

5([v=bp,v%p]) x 8([v2p, v7p]) &

where

J<a<b<cei+Z

p is irreducible cuspidal unitarizable representation of GL(m,, F)
o is irreducible cuspidal representation of G,

u%p X o reduces.
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Basic reducibilities

5([v2p,1v°p]) x 0 = o1 + Lang(8([v2 p, %p]) x 7).

Jord,(01) = {(2a+1,p)}, €65 (2a+1,p) = 1.
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Basic reducibilities

5([v2p,1v°p]) x 0 = o1 + Lang(8([v2 p, %p]) x 7).

Jord,(01) = {(2a+1,p)}, €65 (2a+1,p) = 1.

5([v="p,vpl) % 0 = 02 + 03 + Lang(d([v~p, v p]) % 7).

Jord,(02) = Jord,(03) = {(2b+ 1, p),(2c + 1, p)},
€r,(2b+1,p) = €5,(2c +1,p) =1,
€ors(2b+1,p) = €5,(2c + 1,p) = —1.
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Basic reducibilities

5([v2p,1v°p]) x 0 = o1 + Lang(8([v2 p, %p]) x 7).

Jord,(01) = {(2a+1,p)}, €65 (2a+1,p) = 1.

5([v="p,vpl) % 0 = 02 + 03 + Lang(d([v~p, v p]) % 7).

Jord,(02) = Jord,(03) = {(2b+ 1, p),(2c + 1, p)},
€r,(2b+1,p) = €5,(2c +1,p) =1,
€ors(2b+1,p) = €5,(2c + 1,p) = —1.

S([v=2p,v°p]) % 01 = 04 + 05 + Lang(8([v~p, vp]) x 01).

Jord,(04) = Jord,(05) = {(2a+1,p),(2b+ 1,p),(2c + 1,p)},
€r,(2a+1,p) =€5,(2b+1,p) = €,,(2c+1,p) =1,
€rs(2a+1,p) =1,65(2b+1,p) = €55(2c+ 1,p) = —1.
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We have:

representation &([v~2p, v<p]) x 5([1/%/), v?p]) X o has two
irreducible representations, o4 i o5, they appear with multiplicity
one in the induced representation.

Also

5([v2p,v7p]) % 02 = o4 + Lang(8([v2 p, vp]) % 02),
5([v2 p, v7p]) % 03 = 05 + Lang(8([v2 p, 17p]) X 03).
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Teorem

8([v"bp,vop]) x 8([v2p,v2p]) ¥ 0 =
04 + 05 + Lang(8([v2 p, v*p]) x 02) + Lang(8([v2 p, v%p]) % 03)
+Lang(8([v 2, v°p]) x 1) + Lang(5([v2p, v%p]) x 8([v2p, 7)) % 0)

We have a filtration

Lang(3([2 p, v%p]) % 02) @ Lang(8([vZ p, 17p]) x 03)®
Lang(3([v2p, vp]) » 01)
< (8([vp, vp]) x 8([v2 p,v2p]) % ) /(04 @ 05).
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Proof. Assume —b+ ¢ > % + a. Observe intertwinings
3([v="p,v°p]) x 8([v2pvp]) o

= §([v2p,v7p]) x 8([v 20, v%p]) x

= 8([v2p,vp]) X 8([v ™ p, vPp]) ¥ &

= 5([v=p, v°p]) x 8([v2p,v7p]) x 0

= 0([v=<p.vPp]) x 8([v"2p,v "2 p]) % 0.
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Proof. Assume —b+ ¢ > % + a. Observe intertwinings
3([v="p,v°p]) x 8([v2pvp]) o
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The kernel of the second map is
1
(5([1/%;), vp]) X o2 + 6([v2p,v7p]) x o3, that is

o4+ 5 + Lang(8([v2 p, v7p]) x 02) + Lang(8([v2 p, v7p]) % 73).
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Proof. Assume —b+ ¢ > % + a. Observe intertwinings
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=~ §([v=p,vPp]) x 8([v2p, vp]) % 0
= 0([v=<p.vPp]) x 8([v"2p,v "2 p]) % 0.
The kernel of the second map is
(5([1/%;), vp]) X o2 + 5([1/%;), v?p]) x o3, that is
04 + 05 + Lang(8([v2 p, vp]) % 02) + Lang(8([v2 p, v?p]) x 073).

The kernel of the last map is
S([v=<p,vPp]) x a1 = §([v~Pp,vp]) x o1, that is

o4 + o5 + Lang(8([v~2p, v<p]) x 01).
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Proof. Assume —b+ ¢ > % + a. Observe intertwinings

3([v="p,v°p]) x 8([v2pvp]) o
= 5([v2p,vp)) x O([v"2p, v5p]) 1 0
= 8([v2p,vp]) X 8([v ™ p, vPp]) ¥ &
= 6(lv“p.vPpl) x ([v2p.vp)) 0
= 0([v=<p.vPp]) x 8([v"2p,v "2 p]) % 0.

The kernel of the second map is

(5([1/%;), vp]) X o2 + 5([1/%;), v?p]) x o3, that is

o4+ 5 + Lang(8([v2 p, v7p]) x 02) + Lang(8([v2 p, v7p]) % 73).
The kernel of the last map is
S([v=<p,vPp]) x a1 = §([v~Pp,vp]) x o1, that is
o4 + o5 + Lang(8([v~2p, v<p]) x 01).
The image of the composition is
Lang(8([v~bp, v%p]) x 8([v2p, v%p])  0).



Representations o4 and o5 are in two kernels, but their multiplicity
is one in the induced representation. The first formula is proved.
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Representations o4 and o5 are in two kernels, but their multiplicity
is one in the induced representation. The first formula is proved.

Now we have X
a4 ® o5 = 8([vPp,vep]) @ o1 = 8([vPp,vep]) x 8([v2p, v2p]) X 0

Lang(8([v~"p, vpl)xa1) = (8(Iv~2p, v°p]) x6([v2 p, v7p]) x0) /(G40s)
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Representations o4 and o5 are in two kernels, but their multiplicity
is one in the induced representation. The first formula is proved.

Now we have X
a4 ® o5 = 8([vPp,vep]) @ o1 = 8([vPp,vep]) x 8([v2p, v2p]) X 0

Lang(6([v =20, v<p]) 1) = (8([v ™2 p, v<p]) x8([v2 p, v7p]) 20 (a5
Also
04 O 05 — (5([V%p, vp]) X o2 B (5([1/%;), vp]) X o3

< 8([v"bp,v%p]) x 8([v2p, 7)) ¥

Lang(3([2 p, v%p]) % 02) @ Lang(8([vZ p, 17p]) » 03) <
(6([vp, v%p]) x 8([v2p,1p]) % 0) /(04 © 5)

The second formula follows.
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