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Question : Given M" and ✗ c- Ham ,

is × represented by a locally flat ,
embedded sphere ?



S2÷
✗nlk) : =

☐↳☐
,

ñ2(✗n(K)) -57L

with framing
NEML

Theorem :[FMNOPR] : Fix NEML ,
KES
}
arnot .

A generator of ñacxnlk)) is represented byaloc
. flat eiubs

with ñi(Xn( KIIS) abelian

if and only if

d) Arflk)=o , Iii ) Hi / SICK) ; Mb ) -0 , liiilsrkl})=o-V } with 511 .



Cates :
• For n= 1=1

, gem of ña(✗± , ( K)) is hep by a loc . flat curb

iff

Arf (K) = 0

• For n = 0
, gem of ña(✗ • ( K)) is hep by a loc . flat eurb S

with it , ( Xo (K) Is) EML

iff

Ok ( t) : I

• For n -1-0 , gem of ñalxn ( K)) is hep by a loc . flat eurb S

with it , ( ✗n (K) IS)
I 74N

iff

d) Arf ( K) --0 , ( ii ) IT ok (3) = 1 , liiil oh (5) = 0 V3 with 511 .

5=1



PIofSketc fix n ,
K .

Suppose IS euub
, hep gem of its ( Xn (K))

with IT , (Xnlk) IS) abelian .
Qxn (a)

= < n>

v5 =-D n : = D2 bundle over S2 with

euler number n
-

s
2Dn =L (nm)

lens space .

V := Xn (K) I v5 is a lion . cob .

between S2 (K) and L ( nm)

ZXNCK) = SICK
)

IT
,
VE ML /n

v v Dn E Xn (K) .



(⇐)

step 1 : Build aÑPom cob .

V between Ssn (K) and 4mi)

with it ,V
-176 / n Idea : use CTOP) surgery .

Input to surgery is
Ñ → Lcn , 1) ✗ {on]

"

degree one
normal map

"

NEED : n odd
✓ n even : Ahf (K)

--0

The 4-* condition ⇒ surgery olsstr
. lies in LÉ(%[Kiln])

T

computed in terms of
zv = SICK) W """ umulh'signature

"

f ✗homlo → Levine -Tristram

step 2 : show X : = V v Dn ± ✗ nlk)
. signature

← embedded 52 hep gem ofñz

Boyer 1986 : classified simply connected 4-urfldsw
. 2.

IT
,
✗ =/

, ñ2= % , Qx in>
Goal :
KSCX)=0

Is ✗ I ✗ n (K) ?
n even ✓

n odd Iff Arflk)=o . ⇐>✗IXn?⃝



¥ : n odd
,
✗ : = V u Dn

,

Ks ( X ) = Arf /K) .

-1-001 : An invariant of immersed spheres
.

Let M
"
be simply connected

.

Stem immersed .

Assume pics)= 0

7- {Wi } ( framed) immersed

Whitney discs pairing up
the

intersections .

TCS;{ Wi}) := I ISXÑII mod 2
i

s



Tls ; { Wi}) :=I Isnt Ñilmod 2
i

[Schneiderman -Teichher] Tls ; { Wi})
is independent of {Wi}

iff

S is s - characteristic

i.e. SXS = RN Rt V- immersed

spheres REM

S-characteristic

T is an invariant of homotopy classes .
^



Using T to distinguish between
Cpd and * CPZ

CPZ = X
, (a) u 134

Chern manifold * CPZ : = X
,
(3) u - C

g 9

Arf(1) =L
contractible 4-mfld

[rueedman]① 5- RHT

*cpr = at¥0.
✗ 11]) * cp2 * Cpe

Tcgeuofita ( * CP41=1

I Cgeuofitz (CPH) = 0



Recall our Goal : n odd ,
✗ i. = V u Dn

,

Ks ( X ) -- Arf /K) .

-

/ Llm
1-
☒



>
vi.=

×,
⇒ fun , dis '

since n odd ."
Use T to show

Arf (K ) --0 ⇐ U I CPZ#GI ⇐ KSCU) --0 ⇐ Rs(✗1--0

Anf (K ) =L ⇐ U E * 45# AT ⇒ Rs (a) =L ⇒ Rs(✗1=1



Questions ?


