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(geometric) k-configuration, (nk) configuration

n points

n straight lines

K lines/point
k points/line 0 001 12 2 3 4

1 3 5 3 5 4 6 6 5

2 4 6 7 8 8 7 8 7

(93) conbguration
3-conpPguration



A Fundamental Question: For
which n does there exist a
geometric (nk) configuration?

Does there exist some Nk so that
for all n = Nk, there exists a
geometric (n«) configuration?



N=3:N3=9

Cyclic conbguration [0,1,3] forall n!9



n=4: N4 = 20 or 24

n %17 18 19 20 21 22 23 24 25 26 27E

# 2 NONE &1 &1 &1 &1l &1 &1 &1

(GrYnbaum 2000, 2002, 2006; 2009),
, Bokowski & Pilaud 2015, 2019

(Cuntz 2018)

Na! 210: combine two constructions
241 Na! 209: ad hoc constructions

What can we say about Ns? Ngfor larger k?



Systematic constructions:
“Grunbaum Incidence Calculus”




(General idea

(184) X (204) (214) (224) ?7? (244) (254) (264) E (ms) E
(1085) (120s) (1265) (1325) (144s) (150s) (1565) E (6ms) E

(4335) (4345) E (4505) AFFINE SWlTCH
(577s) (578) E  (600s)

(601s) (6025) E  (625s)
(6255) (6265) E  (650s)

Eventually, the bands begin to overlap! (24m+1s) (24m+2s) E  (24m+ms)



Affine Replication

(Mmk-1) = ( (k+1)mk) with m parallel lines

Construct k-1 copies of a conbguration C so that corresponding image
points are collinear, and corresponding image lines are concurrent!




Affine Replication

(Mk-1) = ( (k+1)my) with m parallel lines

O

(42) — (163)

4 parallel lines

Main Tool: Use k-1 axial a'nities with the same axis and parallel vectors



Affine Replication

(Mk-1) = ( (k+1)my) with m parallel lines

Pappus conbguration (93) — (454) with 9 parallel lines



Affine Switch

Construct a ObandO ((k-1)m+1) E, ((k-1)m+p) kx of consecutive k-
conbPgurations from an initial (mg) conbguration with parallel lines




(21 -3+2),)

(21 -3-=3+4),) =21 -3+ 1))



Affine Switch

$ Using k-1 a'ne transformations of the form! '

o 0
M, .= h |
h,j 0 h+j |
h

corresponding image points are collineatrr,
and when (deleted) conbPguration lines are
parallel to the x-axis, the corresponding

lines intersect at a single point on the y-
axis!#

$ Given (m«) with p configuration-disjoint lines
parallel to x-axis, can simultaneously
construct !

(k-1)m+1), E, ((k-1)m+p)«




Constructing consecutive configurations

Consecutive conbgurations (ax), (6+1)), E, (bx): abbreviate [a:bl

((c+1)Xk)
(%) with X o
parallel lines [ (k-1)(k+1)X : (k-1)k+1)X+X)k

\_/v

(C+1)k) (e Lo [(k-1)(+1)0¢H1) 1 (L) + D)L

parallel lines

Consecutive when X > k2 - 2



Easy induction...

Theorem (B., GZvay, Pisanski 2021): !
For any k = 2, the number Nk exists. #

Proof !

Base case: N>= 3.1

Induction Hypothesis: Nk-1 exists.!

Inductive step: Nk< (k2 - 1) max(Nk-1, k2 - 2).



Bounds

k | N, with N =3 | N, with NE =9 | N, with Nf'=24 N,f
2 3 - - 3
3 56 9 - 9
4 840 210 24 24
D 20160 5 040 D76 D76
6 705600 176400 20160 20160
7 33 868 800 8467 200 967 680 967 680
8 2133734 400 533433 600 60 963 840 60963 840
9 170698 752 000 42674 688 000 4877107 200 4 877107 200
10 | 16899176448 000 | 4224794112000 | 482833 612 800 | 482833612 800

N,f s the current record; N, = (k% = 1) maX(le_l, k? —2)



Can we do better?

t-conbgurations a, d + d, a + Zd, e X, ‘e

Alne Replication

(t+1) conbgurations (t -+ 2)61, (t -+ 2)(61 + d), (t + 2)(61 —+ Zd), R

Alne Replication

(t#2)-conbgurations (14 3)(t + 2)a, (t + 3)(t + 2)(a + d), (t + 3)(t + 2)(a + 2d), ...

E Alne Replication

(k + 1)!a (k + 1)!(a+d), (k+1)!

k- conbgurations

t+ D!  (@+ 1! (t+ 1)!




Can we do better?

t-conbgurations a,a+d,a+ 2d, .
E
k- conbgurations ((];__II__ 11))' a, ((I:__ 11))' (a+d), ((k T 1))' (a+2d), ...
+ 1 +1)! k!
o DEED o Dy X, .
[ (t+1)! t+ 1)! t+ 1! ]
k+1)! k+1)! k!
G D D v w— DD xhay+ (X + d)
[ (t+1)! (t+1)! (t+ 1)! -
(t+1)!

Overlap when X > (k% — 1)d —

k!



New Bounds

Old bounds: N5 % 576, N % 20160

n , k!
Recursively debPne N, = (k> = 1) min

3<i<k—11 (t+ 1)!

with N; =9, N, = 24

t=3 =4
St

52 -1 ! V.52 — 1 24 > 9,24 24,24
= — 1) min max { NV,,5° — } = 24 min , — max — max =
( )3§t§4{ (t+1)! { } { 4! { } { }} 576
t=3 t=4 t=5

No=(6—1) min . —> max{N 6> — 1} —35min, O max{9.35), O max(24.35), 2 max{576.35), = 35(35 - 6) = 350

o 3<i<s{ (t+1)! » o { a1 T 5 T 6! Y B

E
t=3 t=4 t=5
10! 10! 10! 10! 10! 10!

N10—99m1n{ Tmax{9 991, —max{24 991, —maX{576 991, —max{7350 9901, ...,I—O'maX{N9 99}} =— - 576 - 99 = 287400960



New bounds

k o, = NF | formula initial sequence
4 24 | - i
5 576 | (5% # 1)? t=4
6 7350| 6(6° # 1)? t=4
7 06 768| 746 &(7° # 1)? t=4
8 1333584 £(8%# 1)? t=4
9 19353 600 ;(92# 1)? t=4
10 287 400960 > 4576 &(10° # 1) t=5
11 | 3832012800 i 11' 2 45764(11% # 1) t=5
24 | $ 2.85%10° | = 85764(24° # 1) t=5
25 | $ 8.39%10* 25' a(25%2 # 1)2 t=5
26 | $ 8.02%10% 26' 2 4(26° # 1)° t=5
32 | $ 382%10°° | 2= 4(32° # 1) t=5
$ 1.38% 10% 33' 2 47350 4(33° # 1) t =6

. W
w
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How can we do better?

/ / k = 4: does there exist a (234) conbguration?
RS

e Q
» R .‘ .‘A‘(l/

/
Uped -
I §'

. 4') k=5:Ad h__oc constructions and additional
",'A“!NVQ\. \ GrYnbaum Calculus constructions!
‘ )

(485): smallest known 5-conbguration

X
s V



More Grunbaum Calculus
operations




Parallel Switch

Flexible! There exists a
line whose points can be
positioned as we like!

(Mk) = (kM)




Deleted Unions

L

NAL AT

XS

(1Gs) + (%) = ((10+9 - 1))

Especially nice with R3exible conbgurations!



Deleted Unions

- -y
- .~

(48s5) = (48+ 240 - 15) = (2875)

Especially nice with Rexible conbgurations N combine with parallel switch!

IR<A




Deleted Unions

/
$ Construct (nk) conbguration C and a :
conic#

$ Choose point P to delete#

$ Intersect a line £ through the lines L, (3 .

E, Lxthrough Ptoform &, ..., #

L
3

$ Construct polar C*with images vi, E, f..

viof L1, E, Lt WA

: "" f

$ Find a collineation to map the image 5

noints vi,vavato £, 5, 5 and apply
the collineation to C*; projective
geometry says v; > £ #

$ Delete the polar and the point P, line £

(93) = (173); in general (n) = (2n-1k)



Deleted Unions

DU(3)

(93) = (333); in general (k) = (((t+1)n - t))



Deleted Unions
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DU((48), 1) = (9%)




Distributed Deleted Unions

(a1)

a
— < ®
Lots of projective geometryE o (a2)

" (a3)

o
¥ Q
\ @

(ms) + (ne) = (2mM +2n - 25)




Systematic constructions




Systematic 5-configurations
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A(m; a, b; di, d2, d

(8m5): A-series A(m; 3,3; 1,2,4)



Systematic 5-configurations

Celestial

29#(2,1;,4,3; 1,2;3,4) | | / !
LUK
_____ DAY, i
=V
//\/ ‘, '
<y

Q

PN N NN

| (10gs5) form & 5

Diameters + « to 4-celestial 4-configurations




Systematic 5-configurations

Celestial (29+1)#(5,1;2,3;4,5;1,2;3,4) O.

O

(129+65), g&5

Diameters + «« to 5-celestial 4-configurations



Systematic 5-configurations
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“Nesting” celestial 4-configurations



Systematic 5-configurations

| XX
$ Two Useful Families:# 'KV% .
. \>< =)
$(180|5), g& 5;smallest is (81s)# ><@ N
$(270s5), g& 3, smallest is (905)#>(
AV

W
,"
$ Two ad-hoc constructions ‘
produce (48s), (54s) V‘

“Nesting” celestial 4-configurations -




New bounds!

$ Systematic and ad hoc 5-conbgurations#
$ A'ne Replication of 4-conbgurations#

$ Then apply: Parallel Switch, DU(t), DDU, A'ne Switch, Parallel Switch,
DU(t)E#

$ Then look for pairs to apply DU(C, D) where D is Rexible (from Parallel
Switch)



100

200
300

400

500

New bounds!
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Theorem: N5 % 307



What about Ns?

~ 6! 6! 6!
Ng = 35 min{ mmax{9,35}, 5 max{24,35},a max{308,35}} = 35(35-6) = 7350

210 308

No immediate reduction in boundsE

$ Smallest is (966)# $ DU(t), DU(C,D)#
$ Multicelestial (10ms), m&11# $ Parallel Switch (Rexible!)#

$ Am; 3,3; 1,2,4,5): (16me), m&7 $ A'ne Replication, SwitchE



What about Ns?
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Multicelestial (110e) A-series (144)! Ad hoc (966)
[(1125), (1285) not intelligible]




What about Ns?

1]

Theorem: Ng % 120§

(Previous bound was 7350)




Further directions...?



Thank you!

JAAN




