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Hilbert’s 21st problem

Show that there exists a linear di!erential equation of the Fuchsian class
with given singular points and monodromy group.

*Mathematische Probleme / Nachrichten von der Gesellschaft der Wissenschaften zu Göttingen, Mathematisch-Physikalische Klasse / Zeitschriftenband (1900) / Zeitschriftenheft / Artikel / 263 - 297



Fuchsian type

System of linear di!erential equations ofFuchsian type:
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A(z) holomorphic on!C \ { a1, . . . , aN } ,
with a pole of order 1 ataj , 1 ® j ® N.

In particular,
q n

i= 0 qi (z)y(n i ) = 0, qn(z) = 1, is Fuchsian if and only if
qi (z)(z  a) i is holomorphic atz = a for a Ï C and qi (z)zi is
holomorphic atz = Î , for 0 ® i ® n.



Monodromy

"y = A(z)y, { a1, . . . , aN } singular points
Òclosed path in!C \ { a1, . . . , aN }

y1, . . . , yn basis of solutions of the system
#y1, . . . , #yn analytic continuations ofy1, . . . , yn alongÒ
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Monodromy

"y = A(z)y, { a1, . . . , aN } singular points
Òclosed path in!C \ { a1, . . . , aN }

y1, . . . , yn basis of solutions of the system
#y1, . . . , #yn analytic continuations ofy1, . . . , yn alongÒ
(#y1, . . . , #yn) = ßÒ(y1, . . . , yn), ßÒ Ï GLn(C)

ß : Þ1( !C\{ a1, . . . , aN } ) ¾ GLn(C), [Ò] Ô¾ßÒ monodromy representation

zyÍ  Ðy = 0
Ò(t ) = e2Þit

y = zÐ

#y = e2ÞiÐzÐ

ß : Þ1( !C \ { 0, Î} ) ³= Z ¾ GL1(C) ³= Cœ, k Ô¾e2ÞikÐ
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Hilbert’s 21st problem
Formulation

• { a1, . . . , aN } µ !C

• ß : Þ1( !C \ { a1, . . . , aN } ) ¾ GLn(C) a homomorphism

Does there exist a system of linear di!erential equations of Fuchsian
type with the monodromy representation equal toß?
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Hilbert’s 21st problem
Progress

Solution.

Plemelj, 1908

Plemelj’s proof is not correct.

Il’yashenko, ~1970

Counterexample.

Bolibrukh, 1989
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Regular singularities

punctured angular sector

aj •nite: |yi (z)| = O(|z  aj | m) for somem ¯ 0 asz ¾ aj ,
aj = Î : |yi (z)| = O(|z|m) for somem ¯ 0 asz ¾ Î .

It also has an algebraic interpretation, generalises to higher dimensions.



Riemann-Hilbert correspondence I

X complex manifold,D µ X divisor

There is 1:1 correspondence:

{sys. of lin. di!. eq. on X with reg. sing.µ D} ½¾ rep(Þ1(X \ D)) .

Deligne 1970



Riemann-Hilbert correspondence I

There are equivalences of abelian categories:

{sys. of lin. di!. eq. on X with reg. sing.µ D} ³ //

î

��

rep(Þ1(X \ D))

{sys. of lin. di!. eq. on X \ D with no sing.} ³
//Loc(X \ D)

î

OO

Loc(X \ D) the category oflocal systems on X \ D, i.e. locally constant
sheaves of •nite dimensionalC-vector spaces onX \ D



Drago Tršar: Manifestanti I, 1959
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X µ Cn open set
O(X) holomorphic functions globally de•ned onX
D partial di!erential operators with coe"cients inO(X)
D = {

q
i1,..., in fi1... in (

ö
öx1

) i1 · · · ( ö
öxn

) in | fi1... in Ï O (X)}

P Ï D
{ u Ï O (X) | Pu = 0} ³= HomD (D/ DP, O(X))

Pij Ï D, 1 ® i ® k, 1 ® j ® l , Dk (Pij )¾ D l ¾ M ¾ 0
{ (uj ) Ï O (X)k | (Pij )(uj ) = 0} ³= HomD (M, O(X))

local solutions sheafHomD (M , O)
HomD ( , O) not exact  higher solutionsExt i

D (M , O)

If M “holonomic” , then F i := Ext i
D (M , O) is constructible , i Ï N,

i.e. Östrati•cation X = óÐXÐ s.t. F i |XÐ local system.
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Derived category

A abelian category (e.g.Mod(DX ), Mod(CX ))

C(A) category of complexes
f : X • ¾ Y • is a quasi-isomorphism ifH i (f ) : H i (X • ) ³¾ H i (Y • ) Õi .

D(A) = C(A)[qis 1] derived category

If F : A ¾ B left exact thenÖRF : D+ (A ) ¾ D+ (B).

F = HomD X ( , OX ) : Mod(DX )o ¾ Mod(CX )
RF = R HomD X ( , OX ) : D (DX )o ¾ D+ (CX )
H i (RF) = Ext i

D X
( , OX )
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Riemann-Hilbert correspondence

Drh(DX ) µ D(DX ) complexes withregular, holonomiccohomology
Dc(CX ) µ D(CX ) complexes withconstructiblecohomology

There is an anti-equivalence oftriangulatedcategories

R HomD X ( , OX ) : Db
rh(DX )o ³¾ Db

c (CX ).

Kashiwara1980; Mebkhout 1984; Beilinson, Bernstein1981

Perv(X) := R HomD X ( , OX )(modDo
X )[dimX] perverse sheaves
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Mirror symmetry

Spaces in string theory havecomplex and symplectic structure.

The spaces come in “mirror” pairsX, X o, the complex and symplectic
structure are interlaced.The complex geometry ofX mirrors the
symplectic geometry of its mirrorX o, and vice versa.
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Homological mirror symmetry

KX = space of complex structures onX o

Conjecture

Þ1(KX ) y Db(X).

Kontsevich 1994

Corollary

Þ1(KX ) y K0(X)C.
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Conifold

Y = Spec(C[x, y, z, u]/ (xz  yu)) conifold (= cone overP1 × P1)

X = Bl (x,y)Y a small resolution ofY

Cœy C 4, t .(x1, x2, x3, x4) = ( t  1x1, t  1x2, tx3, tx4)

Y ³= C4// Cœ (= Spec(C[x1, x2, x3, x4]C
œ
))

X ³= (C4 \ V (x1, x2)) // Cœ
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Conifold

KX = P1 \ { 0, 1, Î}

Db(X) ñ¾ Db([C4/ Cœ]), image generated byOC4 , OC4 ¢ V (1) (V (n) is
Cœ-representation with charactern, i.e. t .x = t nx).

Ò0, Ò1, ÒÎ Ï Þ1(KX ) y Db(X):

Ò1 =

A
1 0
0 1

B

, Ò0 =

A
2 1

 1 0

B

, ÒÎ =

A
0  1
1 2

B

.



Joni Zakonjšek: Do you still remember love? 2007-2010
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The space of complex structures onXo

Toric varieties

(Cœ)n y C d unimodular representation
X = ( Cd \ (Cd )ns)// (Cœ)n a"ne Gorenstein toric variety



The space of complex structures onXo

Toric varieties

(Cœ)n y C d unimodular representation
X = ( Cd \ (Cd )ns)// (Cœ)n a"ne Gorenstein toric variety

Heuristics:
KX = ( Cœ)n \ V (EA) whereEA is the “principal GKZ determinant”.



The space of complex structures onXo

Toric varieties

(Cœ)n y C d unimodular representation
X = ( Cd \ (Cd )ns)// (Cœ)n a"ne Gorenstein toric variety

Heuristics:
KX = ( Cœ)n \ V (EA) whereEA is the “principal GKZ determinant”.

If (Cœ)n y C d is “quasi-symmetric” thenKX is a complement of a
hyperplane arrangement(in logarithmic coordinates).

Kite 2017
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Toric varieties

(Cœ)n y C d unimodular representation
X = ( Cd \ (Cd )ns)// (Cœ)n a"ne Gorenstein toric variety

Heuristics:
KX = ( Cœ)n \ V (EA) whereEA is the “principal GKZ determinant”.

If (Cœ)n y C d is “quasi-symmetric” thenKX is a complement of a
hyperplane arrangement(in logarithmic coordinates).

Kite 2017

X a small resolution of the conifold
(1/ 2Þi) log KX = ( 1/ 2Þi) log(C \ { 0, 1} ) = C \ Z
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Categorical symmetries

(Cœ)n y C d quasi-symmetric representation

Þ1(KX ) y Db(X).
Halpern-Leistner, Sam2016

The statement can be generalised to reductive groups(with X(G)W Ó= 0
and up to some “genericity” assumptions).
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Conifold

Gauss hypergeometric equation

z(1  z)y ÍÍ + ( c  (a + b + 1)z)y Í  aby = 0.

Monodromy:

Ò1 =

A
1  e2Þi(c b)  e2Þi(c a) + e2Þic + 1
0 e2Þi(c a b)

B

,

Ò0 =

A
1 + e 2Þic 1
 e 2Þic 0

B

,

ÒÎ =

A
0  e2Þi(a+ b)

1 e2Þia + e2Þib

B

.

a = b = c = 0 give the same matrices as seen before.

Þ1(KX ) y K0(X)C corresponds to the di!. eq.z(1  z)y ÍÍ  zyÍ = 0.
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Conifold

(C4)œy C 4 coordinate-wise
Cœñ¾ (Cœ)4, t Ô¾(t  1, t  1, t , t )
The inclusion splits(Cœ)4 ³= Cœ× (Cœ)3.

To get an action for othera, b, c we need to replaceDb(X) by a bigger
category #D such thatX((Cœ)3) acts on it.

( #D is a “pullback” of Db(X) by Þ : Db([C4/ (Cœ)4]) ¾ Db([C4/ Cœ]).)

Still Þ1(KX ) y #D.

K0( #D)C is then a module overC[X((Cœ)3)] ³= C[(Cœ)3], specialising at
h Ï (Cœ)3 gives Gauss hypergeometric equation with parameters ~logh.
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GKZ hypergeometric systems

The hypergeometric function2F1(a, b, c; z) =
q Î

n= 0
(a)n(b)n

(c)n

zn

n! satis•es
the Gauss hypergeometric equation.

The multidimensional hypergeometric series

$ Ò(z1, . . . , zd ) =
Ø

l Ï L

dÙ

i = 1

zli + Òi
i

%(li + Òi + 1)
,

whereL is a sublattice of rankn in Zd , satis•es aGKZ hypergeometric
system of di!erential equations (depending onL, Ò).

Gelfand, Kapranov, Zelevinsky1990
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Categorical symmetries
System of di"erential equations

Þ1(KX ) y K0(X)C gives the monodromy of a GKZ
hypergeometric system(for generic parameters).

Š., Van den Bergh2020

More precisely, there existsÞ1(KX ) y #D such thatÞ1(KX ) y K0( #D)C

after specialisation gives the monodromy of a GKZ hypergeometric
system(L is determined by(Cœ)n y C d , parametersÒi by specialisation).



Vlado Stjepiæ, 1980-1983
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Liftings

Þ1(KX ) y Db(X), i.e. a “local system of categories” onKX , extends to
a “perverse sheaf of categories” on(Cœ)n, a “perverse schober”.

Š., Van den Bergh2019

HMS predicts a GKZ hypergeometric perverse sheaf on(Cœ)n, heuristics
about perverse schober is still mysterious.

Þ1(KX ) y Db(X) beyond quasi-symmetric case is in progress...



Hvala

Ivo Mršnik, pencil, frottage on computer printout paper, 2009
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