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THE RESULT

Forj € {1,...,2d}, leta; € C®'(R) with < Z:a@j € L, and assume
that there exist 0 < A\ < A such that A < aj( ) < Aforallx € R.
Define @; : x — a;(x;) and, for £ € R,
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where L := — ) aj40ja;0j and Ly := — ) a;j0jaj440j.
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Theorem: Letp € (1,00) and s, = (d — 1)\117 — 1|- Foreacht € R,

the operator (I + /L) ™% exp(itv/L) is bounded on 17 (R%; C?).
Moreover exp(itﬁ) leaves a scale of Hardy-Sobolev spaces H.,

FIO,a
1nvariant.
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WAVE PACKET TRANSFORM

Definition: For o > 0, W, € B(L?(R?), L*(R? x §%~1)) is defined by
1 1
Wo(f)(x,w) := V(ow.V)Y(o2w;.V)...1p(02wy—1.V)f (x),
where (w,wi, ...,wg—1) is an orthonormal basis, ¥, 1) € C2° and
suppV¥ C [%, 2].
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Definition: For o > 0, W, € B(L*(R?), L*(R
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Weo (f)(x,w) := ¥(ow.V)Y(c2w;.V)...p(02wa—1.V)f (x),
where (w,wy, ..., wg—1) is an orthonormal basis, ¥, 1) € C° and
supp¥ C [1,2].
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Energy packets/dyadic-parabollc decomposition
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TRANSPORT GROUP

Transport: For ¢ € RY, exp(i€ - D,) defines a d-parameter bounded
Co-group of operators on L7, for all p € (1, 00). It has finite speed of
propagation.
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TRANSPORT GROUP

Transport: For ¢ € RY, exp(i€ - D,) defines a d-parameter bounded

Co-group of operators on L7, for all p € (1, 00). It has finite speed of
propagation.

Idea: exp(taj%)(f o ¢j) =exp(tL)(f)od; VteR.
Transference (Coifman-Weiss):
For X = I”(RY), g € (1,00), and all ¢) € S(R?), we have that

H / (E) exp(i€ - DLfdE|x S 1Ty Iyl acgony I .
Rd

u]
]
I

w
i




ADAPTED HARDY-SOBOLEV SPACES

Square function spaces over phase space:
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ADAPTED HARDY-SOBOLEV SPACES

Square function spaces over phase space:

o do e
||F||U(T,,,2) = / (/ ][ IF(y,w,a)\zdy> dxdw
0 B(x,0) o
dXSd_l

Classical Hardy space H':

[l ey ~ |, w, 0) = (o V)F ()L 71.2(Ray) -
Hardy-Sobolev FIO spaces associated with D,:
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+ 1[0,1](U)J_sww,a(Da)f<x>]HLP(S‘*’*I;TPvZ(Rd)y

=] F

T =



DECAY ESTIMATES

For every M € N, there exists Cy; > 0 such that for all E, F C R4

Borel sets, o € (0,1) and w € §9~!, we have
_d d,(E,F), _

et (D) ey < Couo 1+ L EL gy

for all f € L'(R?), where

dys(x,y) =
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