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THE RESULT

For j ∈ {1, . . . , 2d}, let aj ∈ C0,1(R) with d
dx aj ∈ L∞, and assume

that there exist 0 < λ ≤ Λ such that λ ≤ aj(x) ≤ Λ for all x ∈ R.
Define ãj : x 7→ aj(xj) and, for ξ ∈ Rd,

iξ.Da :=

d∑
j=1

ξj

(
0 −i∂jaj+d

iaj∂j 0

)
,

L := Da.Da =

(
L1 0
0 L2

)
,

where L1 := −
d∑

j=1
aj+d∂jaj∂j and L2 := −

d∑
j=1

aj∂jaj+d∂j.

Theorem: Let p ∈ (1,∞) and sp = (d − 1)|1p −
1
2 |. For each t ∈ R,

the operator (I +
√

L)−sp exp(it
√

L) is bounded on Lp(Rd;C2).
Moreover exp(it

√
L) leaves a scale of Hardy-Sobolev spaces Hp,s

FIO,a
invariant.



WAVE PACKET TRANSFORM
Definition: For σ > 0, Wσ ∈ B(L2(Rd),L2(Rd × Sd−1)) is defined by

Wσ(f )(x, ω) := Ψ(σω.∇)ψ(σ
1
2ω1.∇)...ψ(σ

1
2ωd−1.∇)f (x),

where (ω, ω1, ..., ωd−1) is an orthonormal basis, Ψ, ψ ∈ C∞c and
suppΨ ⊂ [1

4 , 2].

Figure: |η| ∼ 2j and |ω − η
|η| | . 2−

j
2 .

Energy packets/dyadic-parabolic decomposition:

‖f‖2
L2(Rd) ∼

1ˆ

0

‖Wσf‖2
L2(Rd×Sd−1)

dσ
σ

+

∞̂

1

‖Ψ(σ2∆)f‖2
L2(Rd)

dσ
σ
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TRANSPORT GROUP

Transport: For ξ ∈ Rd, exp(iξ · Da) defines a d-parameter bounded
C0-group of operators on Lp, for all p ∈ (1,∞). It has finite speed of
propagation.

Idea: exp(taj
d
dx)(f ◦ φj) = exp(t d

dx)(f ) ◦ φj ∀t ∈ R.

Transference (Coifman-Weiss):
For X = Lp(Rd), q ∈ (1,∞), and all ψ ∈ S(Rd), we have that

‖
ˆ

Rd

ψ̂(ξ) exp(iξ · Da)fdξ‖X . ‖Tψ ⊗ IX‖B(Lq(Rd;X))‖f‖X.
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ADAPTED HARDY-SOBOLEV SPACES

Square function spaces over phase space:

‖F‖Lp(Tp,2) :=

 ˆ

Rd×Sd−1

(ˆ ∞
0

 
B(x,σ)

|F(y, ω, σ)|2 dy
dσ
σ

)p/2

dxdω


1
p

.

Classical Hardy space H1:

‖f‖H1(Rd) ∼ ‖(x, ω, σ) 7→ Ψ(σ∇)f (x)‖L1(T1,2(Rd)).

Hardy-Sobolev FIO spaces associated with Da:

‖f‖Hp,s
FIO,a(Rd) := ‖ω 7→ [(σ, x) 7→ 1(1,∞)(σ)Ψ(σDa)f (x)

+ 1[0,1](σ)σ−sψω,σ(Da)f (x)]‖Lp(Sd−1;Tp,2(Rd)).
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DECAY ESTIMATES

For every M ∈ N, there exists CM > 0 such that for all E,F ⊂ Rd

Borel sets, σ ∈ (0, 1) and ω ∈ Sd−1, we have

‖1Eψω,σ(Da)(1Ff )‖L2(Rd) ≤ CMσ
− d

2 (1 +
dω(E,F)

σ
)−M‖1Ff‖L1(Rd)

for all f ∈ L1(Rd), where

dω(x, y) := |〈ω, x− y〉|+
d−1∑
j=1

〈ωj, x− y〉2 ∀x, y ∈ Rd.


