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Bulk energies

OpQ2

ot BINY)

Antiplane displacement u

E(u) = %/Q,u|Vu|2 dx K(v) = %/ﬂp|v|2dm R(v) = %/Qn\Vde:c

Internal (history) variable “£(t) = I%(l]ai(|[[u]]| on the interface (crack path) K
¢

)
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KKT

Karush-Kuhn-Tucker conditions
() >0 and E(B)(E() — [[w®)]]) =0 and [[u(®)]| < &(t)
3 .

[u] =w

horizontal (reversible) + diagonal (irreversible) directions inside the cone
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Cohesive energy: loading and unloading

d(w) P(w, &)
Ge | Ge
=0
¥'(w) ) ¢ & v
e
&e w E. &e w
(keywords: finite tension, softening) [Dagdale, Barenblatt, ..., Ortiz-Pandolfi]
() if Jw| > ¢
W6 = [ vl Odr v =1 v |
K 3O - 3(Y2) @ - i<
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Barenblatt

[Barenblatt]

d = &, "cohesive zone"
€. — 0T brittle fracture (Griffith)

Issue: brittle fracture is incompatible with visco-elasticity (in q.s.)
[Dal Maso-Racca, Caponi]
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Dissipated energy

For a(€) = $(0,€)
W(u,€) = /K Gall L]l €) + Ga(€) dr = W (u, ) + Vy(E)

Ya(€)
G.

. ¢

14 is monotone and bounded

Potential energy F(t,u,&) = E(u) + V(u, &) — (f(t),u)




Weak solutions

Let U ={uc H":u=0on dpQ} with H'-norm
Weak solutions in W12(0,7;U) N W22(0,T; U*)

System of PDEs

pii(t) + OuF (t, u(t),§(t)) + 0, R(i) 3 0
()20 and £@)(E(1) — |[u(®)])) =0 and |[u(t)]| < &(¢)

U(O) = U, 5(0) = 503 ’LL(O) = Vo

(pii(t), @) + OuF (t,u(t), (t); @) + DyR(u(t))[¢] > 0 for ¢ € U

D (u, € 6) = /K Dut([ul, & 6) dr




Energy identity

For every time ¢

F(t,u(t), &(t) + K(u(t)) = F(0,u0,&) + K(vo)
/ OpF (s, u(s )) ds —/ R (U
E(ult)) + Wy(u(t),&(t)) + (t)) = E(uo) + ¥s(uo,&o) + K(vo)

/Peztsu
_/Oavnus )[a(s) ds—/otag‘lld(é()f( ))d




Semi-stable and energetic solutions for adhesive problems

Adhesive energy and dissipation: 0 < z<1and 2<0

[Roubi¢ek, Rossi-Roubitek, Scala, Thomas-Zanini]

@s(u,z)z/KzH[u]Her @d(z)z/Kl—zdr

v = [ (P a V) = [ vul)dr
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pi(t) + OuF (£, u(t), () + BuR(1) 5 0
§(t) € argmin {F(¢,u(t),¢) : ¢ > &(t)}
F(t,u(t),&(t) + K(u(t)) < or = F(0,u0,&0) + K(vo)

/8t s, u(s ds—/@R
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Strong solutions

For o(t) = uVu(t) + vVa(t) the visco-elastic stress
Solutions in W°°(0,T;U) N W2>°(0,T; L?) solve

pii(t) = divo(t) + f(t) in Q
)I/ =0 in aNQ
ct(tyv=0"(t)v € u¥([u(®)], &(t)) in K

Compatibility assumptions on the initial conditions:

~

(LY g ar < o

e vg €U with [ug] =0if §& =0 and / ¢
0

£0>0

(e.g. if there exists 7o > 0 s.t. |[uo + Tovo]| < &o )

e there exists wy € L? s.t. pwg + 0,F(0,ug, &) + 0, R(vo) 30
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Existence of weak solutions

1) Replace & with £, = max{&y,e} = “adhesive” regularization of ¥
2) Time discretization ¢, j, = k7, for 7, =T /n
Un, i € argmin {J (tn i, U, Enk—1) 1 u €U}

fn,k = ma’X{gn,k—la |[[un7k]]|}

2
U — 2Up k—1 + Un,k—2
Tn

U — Uy fo—
j - %P + R <¢) + F(tn,kaua gn,k—l)

Tn

Up, i € argmin {J (t, 5, u, En ) U € UYL

En ke € argmin {J (ty g, Un g, &) 1€ > En 1}

Ya(§)

G,
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Existence of weak solutions

1) Replace & with £, = max{&y,e} = “adhesive” regularization of ¥

2) Time discretization t,, = kT, for 7, = T'/n

Un, i € argmin {J (tn i, U, Enk—1) 1 u €U}

fn,k = ma’X{gn,k—la |[[un7k]]|}

U — 2Up k—1 + Un,k—2
Tn

J=1p

2
R (M) b Fltngts o)

Tn

<p7}n,k‘7 ¢> + auR(nn,,k:)[Qﬂ + 871,-F(t77,,k:7 Un,k, én,,k:)[qﬂ =0
H[un,km < gnk én,k(l[[un,km - gn,k) =0 én,k > 0

Ya(§)

G,
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Existence of weak solutions

3) Piecewise constant/affine interpolation and e-uniform compactness ...

[unllwrzo,ro) + lwnllwizoroy) <C | = [llwizoreey <C

by the discrete E-L equation 0u,J (tn ks Un k, &n k) [@] With ¢ = wp g — Uy k-1

4) Improved convergence | &, — £° in L*(0,T; L?) | by KKT [N.-Vitali]

5) Euler-Lagrange eq. 0,J (tn i, Un .k, En.k)[@] = O converge to
p(i=(t), @) + OuF (8, us(t),£°(1))[8] + OuR(u)[¢] =0

6) KKT from discrete to continuum ...

7) Convergence for e — 0 ...

p(ii(t), @) + OuF (t, u(t), £(1))[¢] + OvR(w)[¢] 5 0
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Energy identity

1) t— K(u(t)) + E(u(t)) + T(u(t),&(t)) is AC ¢

w = [u]

D (u(t), £(8)) — W(up, &)| < C / I[i(s)]ds by KKT

2) K+ &+ 0 = (pii(t), a(t)) + 0uE(ut))[a(t)] + 0u W (u(t), £(t); u(t))

W (u(t), £(1)) — (uo, &) = / 0,9 (u(s),£(s);i(s) ds by KKT

3) E-L equation for ¢ = @

(pii(t), a(t)) + OuF (¢, u(t), £(1); 0(t)) + R (a(t))[a(t)] = O.
equality relies on [u(t)] = 0if £(t) =0 by KKT




Existence of strong solutions

1) Let £, = max{&y,c}. Replace the i.c. ug and & with

u. € argmin {F(0,u,&.}) + (nVvo, Vu) + (pwo,u) : u € U}
€ = max{&, |[u]l}

Then u. — ug and & — &y (by I'-convergence)

the compatibility assumptions hold
2) Time discretization and incremental scheme ...

3) Interpolation and (tricky) e-uniform compactness for the speed v,

lvnll o< 0,750y + 1On |l Lo 0,7:22) < C.

by studying the difference of the E-L equations

(6uu7(tn,k:7 Unp, L gn,k) - auj(tn,kfly Un,k—1, gn,krfl)) [vn,k - 'Un,kfl] =0
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Existence of strong solutions

Linear (bulk) terms are easy but
811,\1,(“71,/4:’ §n7k)[vn,k - Un,k:—l] - 8u\I/(un,k—la gn,k—l)[vmk - Un,k—l] =

=/ Tn O Je [VUn, ke [ [Vnk — Vnk—1] ds
K

where T,V = Up k — Up,k—1 and

~

i !
Qg = Cn,kllun,k]] Cn,k—lllun,k—l]] for o = 'l,[} (gn,k)

[[U'n,k: - un,k—l]] fn,k}

Use the visco-elastic term

2 2
||vvn,k - vvn,k—1”L2 Z C/ [[vn,k - vn,k—l]] ds
K
After tricky estimates on oy, ; — vy k—1 ... Gronwall Lemma gives compactness
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Generalizations

Conditions on the energy density ¢ : [0, 4-00) — [0, +00) for weak solutions

° 12(0) =0, z/AJ(w) > 0 for w > 0, 12)(11;) = 1[)(&) forw>¢&.>0
° zﬁ is concave

e ¢ is of class C* in [0, +00) and of class C? in [0, &.].

Similarly for £, = 400 ...
A non-linear dissipation pseudo-potential 4(€) = ) (£) — %12)’(5)5

Further conditions for strong solutions

° zﬁ’ is concave in [0,&]
e there exists ¢ > 0 such that u||Vu|? 4+ 8||[u]||* > ¢ ||Vul?
where 8 = min{¢" (w) : w € [0,£.]} <0
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Some open problems

Uniqueness ...

Vectorial setting: u € H'(Q;RY) and N = 2,3

+00 otherwise

V(w6 = [ (. Oar @(wz{-.- fuwev>0

Some results for the existence of weak solutions ... [Scala, Scala-Schimperna]

Quasi-static limit by time rescaling: vy = 0 and £, (t) = f(t/n) for t € [0,nT]
consider @, : [0,nT] = U and u,(t) = un(nt) : [0,T] = U solving

Prin(t) + 100y R(in (1)) + OuF (L, un(t), €n(t)) 3 0

where p,, = pn=2 and 1, = nn !

Issue: characterize as n — oo the limit g.s. evolution  [Scala, Roubitek, Scilla-Solombrino]
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Open problem: which g.s. evolution?

Qualitatively: discontinuous evolutions v € BV (0,T; H') and £ € BV (0,T; L?)

o 0. F(t,u(t),£(t)) 30 and “KKT"
e characterization of the transition in discontinuities
[0,5] 2 s+ wu(s) st. w0)=u"(t) and u(S)=u"(t)
e energy identity
F(t,u(t),§(t) = F(0,u0,0) + /Ot T (s,u(s),£(s)) ds
+ Y [F (i ulty) £(t5)]

tj cJ
+ u([0,¢]) [Scala, Roubicek]
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A g.s. evolution with no inertia

Balanced (or vanishing) viscosity evolution for p =0 and 7, — 0

Discontinuous evolutions v € BV (0,T; H') and ¢ € BV (0,T; L?)
Parametrization s — (t(s), u(s),&(s)) [Mielke-Efendiev, N., N.-Vitali]
e if t(s) is a continuity time
OuF(t(s),u(s),&(s)) 20
§(s) >0, &(s)(&(s) = [[u(s)]) =0, |[uls)]l < &(s)
e if [s1,82] is a parametrization of a jump then ¢t = ¢(s) and
1m0y R(u'(5)) + DuF(t,u(s),£(s)) 20

nul,(s) ~ i, (tn(s)) N, where 1, =nn=*
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