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Linear approximation problem

Let Ae L(%,7) be a linear mapping from % to ¥, finite-dimensional
linear vector spaces, and the range Z(A) is a proper subspace of 7.
We are interested in a linear approximation problem

A(x) » b, xeU, be V NZ(A)

where the inconsistency is due to errors in both A and b.

By introducing norms in %, V', and Z(%«,?"), we replace the original
problem by some minimization, with the goal to approximate x:

I’ Least squares techniques =7




Total least squares minimization (TLS)

The simplest case of linear approximation problem
Ax~b, AeR™"  xeR", beR™,
can be replaced, e.g., by the total least squares minimization

r;m(? Il el G ]| subject to breec Z(A+QG)

If such e and G exist, then we use the (minimum norm) TLS solution

r ~ mTLS = (A+G)J[(b+€)
Any trouble? The minimal correction may not exist.

See [Golub, Van Loan, 80], [Van Huffel, Vandewalle, 91].



Orthogonal invariance of TLS formulation

Since the Frobenius norm |- |g used in TLS minimization is orthogo-
nally invariant, then for any two orthogonal matrices of suitable size,

V(P,Q)eO(m)x0O(n), e, Pl=Pl Q1=Q'

we get

Axnb <« Az = (PTAQ)(QTz)~ (PTh) =10
! \
TTLS — Zris=QeTLs

provided the TLS solution(s) exist.



Looking for a useful representative
— the Core Problem

There exist orthogonal matrices Ps and Q«, such that

~1 =1 _ 5T 1‘0 | b1 A1 O
[b‘A]_Pﬁ[bA][OQ*]_[O 0 A22]’

i.e.,

Ax=~b A A11$1“51 & A22$2NO,
and Aq1x1 ~ by, called the core problem (CP) has minimal dimensions
over all (P,Q) € O(m) xO(n).

The CP has a lot of interesting properties. In particular, for any (A,b)
the CP within always has the unique TLS solution T1TLS
see [Paige, Strakos, 06], [Hnétynkova, Strakos, 07].



Insight to the TLS via the core problem

Ax=~b All L1 ~ bl
core problem revealing
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For the non-generic approach see [Van Huffel, Vandewalle, 91].
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Matrix right-hand side (RHS) case

Similarly to the vector (or single) right-hand side problem,
Ax ~b, AeR™M  xeR™ beR™,
one can consider the matrix (or multiple) right-hand side problem,
AX ~ B, AeR™" X R BeRM™¥A
with the corresponding TLS minimization

%qig Il E|G || subject to A(B+E)cZ(A+QG)

see [Van Huffel, Vandewalle, 91].

Again, the TLS solution not exist, but the overall behavior is even
more tangled; see [Hn&tynkova, P, Sima, Strakos, Van Huffel, 11].
8



Similarly, for any three orthogonal matrices of suitable size, we get

V(P,Q,R) cO(m)x0O(n) xO(d)

AX~B <« A% = (PTAQ)(QTXR)~ (PTBR)=b
¥ ¥
XTLS — X115 =Q" X115R

provided the TLS solution(s) exist.

Moreover, there exists triplet (Pg,Q«, Ry) SO that
~1 =7 5T Ry ‘ O _ B1 O All 0
[BA]_R&[BA][OQ%]_[O O‘O A22]’

and A11X11~ By, called the core problem has minimal dimensions over
all (P,Q,R)cO(m)x0(n)x0(d); see [Hnetynkova, P, Strakos, 13, 15].
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Properties of and troubles with CPs

Minimality of A11X11 ~ B in the matrix RHS case (and of Ay1z1~bq
in the vector RHS case) guarantees a lot of interesting properties:

e Aqq is of full column rank.
e By is of full column rank (bq is nonzero).

° [Bl7A11] ([blaAllD is of full row rank.
e Singular values of A1 and [B1,A11] ([b1,A11]) are of mutiplicities

at most rank(Bq) (are simple).
e Matrices* U.TBl are of full row rank (b1 has nonzero components

in all left singular vectors sub-spaces of Aq1).

*Columns of U; form an orthomormal basis of left singular vector sub-space of Aj;
corresponding to the jth largest singular value of Ai;.

10



The core problems can be:

e Obtained by emploiyng the SVD of A or
e computed by the (band -or- block generalized) Golub—Kahan
iterative bidiagonalization of A with column(s) of B (b)

as starting vector(s).

Unfortunatelly, although the CP sligtly simplifies the behavior of the
matrix RHS TLS minimization, the core problem itself

A11 X111~ By

still may not have a TLS solution contrary to the vector RHS case;
see [Hnétynkova, P, Sima, 16].

'z CP does not proivde the insight to the matrix RHS TLS =1

11



Two possible directions of further analysis

The matrix right-hand side
core problem A11 X111~ By
may not have a TLS solution

4 N
a N a N
Get closer: Look inside Get more far: Look at
the core problem and explore the core problem in wider
its internal structure, context and explore its

if there is any. surroundings.
) v
N / 5
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Generalizations: I. Tensor right-hand side

The very first and very natural way is a further generalization to tensor
right-hand side linear approximation problems:

Vector RHS: Az ~ b, AeRmM*N g cRM beR™
!

Matrix RHS:  AX«~B, AcRmxn X ¢Rnxd B« pmxd
l

Tensor RHS: |Axi X~B| AecRmn XY ¢ Rnxdox-xdg B e RmMxdoxxdy

(X3

Here “x,” denotes the /-mode matrix-tensor (pre-)mutlipliciation

Ty
(Z ol T)j17'°'7j£—177:7j€+17°'°7jk - Z]_ Z’i7a . tj17'°'7j£—17a7j€+17°'°7jk
o=
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I. Tensor right-hand side: TLS point of view

Suitable applications:

e Collections of snapshots of time-dependent matrix RHS case:
AX(t)~ B(t), te{t1,tp,...} (k=3).

e Problem depending on several parameters:

Az(p1,---,pk) #b(p1,---,pPK), Pe€{Pe1 P02}, £=1,... k.

The corresponding TLS minimization:

1
. 2\3 .
min (HSH%+ |G| )2 subject to %((B+5){1}) cH(A+GQG)

Y

71 is the ¢-mode unfolding of 7, a matrix of /~-mode fibres as col’s.
The TLS minimization is essentially the same as in the matrix case.
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I. Tensor right-hand side: CP point of view

On the other hand, the CP theory can be extended to the tensor RHS
case. Moreover, it can be shown, there exist

(Pi‘in‘mRQ,sﬁm . '7Rk,7,’§r) € ©(m) X @(’I’L) X ©(d2) Xoeee X ©(dk)7
so that

~ T | A1 O
A4 2]

~ B1 0O
B = Pyx1(Ryy %2 (xp_1 (B < B))) = Tl g |

and Aqq xq1 X11...1 # B1, called the core problem has minimal dimensions;
see [Hn&tynkova, P, Zakova, 18].
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I. Tensor right-hand side: CP point of view

e Note that the CPs obtained from the tensor problem and its matri-
cized counter-part are not the same

Ax{ X ~B —  AX=AxlixBiliz=B
N J
Aqq x1 X11..1 % By > A11 X111~ By

i.e., Bil} + B1, unless the transformation matrix Ry € O(d) (d = H§=2 d;)
has a Kronecker product structure w.r.t. the tensor dimensions, i.e.,

R % ®--® Rp » = Ry

e The CP transformation in the tensor case is based on the Tucker
decomposition of B.
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Generalizations: II. Bi-linear problem

Another possibility, originated in the observation that the matrix A e
R™*d cannot represent a general linear mapping in .2 (Rn»d Rmxd):

Vector RHS: Ax ~ b, A e Rmxn, x € R", beR™
J

Matrix RHS: AX ~ B, A e Rmxn X e Rnxd B e Rmxd
J

Bi-linear MRHS: |A¢XAL~B| AgeR™N" AypeR¥d X e RXd B e RM*c

The corresponding TLS formulation exists and it has some appli-
cations; see [Kukush, Makrovsky, Van Huffel, 02, 03].

Existence and uniqueness of TLS solution?
18



II. Bi-linear problem: CP point of view

Again, it can be shown, there exist four orthogonal matrices

(Pﬁiﬁ Qﬁﬁra Rﬁﬁra Kﬁ?) S ©(m) X @(’I’L) X @(d) X ©(C)7
so that
ApXAL = (PLAcQu)(QLXRy) (KL ARR:)T

.
:[As,n 0 ”Xll X12”Am,11 0 ] N[Bl 0]

O  Agoo || Xo1 Xo2 0O  Axoo 0 O
- (P/BKy) = B,
and Ag 11 X711 A%)ll ~ B1, called the core problem has minimal dimen-

sions; see [Hn&tynkova, P, Zakova, 19].
19



Properties of and troubles with CPs

In both generalizations, CPs in some way inherit all the important
properties. In particular:

e A11, Ag 11, Az 11 are of full column rank.

e 81" are of full row rank for £=2,...,k.

e Matrices! UjTBil} are of full row rank, j=1,2,...

e Matrices' UgJBl are of full row rank, j=1,2,...

o Matrices! B1Ugy ; are of full column rank, j=1,2,...

fColumns of Uj, Ue;, and Uy ; form an orthomormal bases of left singular vector
sub-spaces of Ay1, Agj, and Ax; corresponding to the jth largest singular values
of A11, Agj, and Ay, respectively.

20
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Further development

e Can be the overall picture further extended to general tensor prob-
lems, or higher Kronecker rank (e.g., Sylvester-like) problems, etc.

Ax~b
!
AX ~B
v N
Axy Xw~B Ae X AL~ B
v N v N
? Ax. Xw~B YiAgi X Ag; v B

where A, X, and B are tensors of suitable orders and dimensions?
e The underlying TLS theory (existence, uniqueness of the solution)?
e [ he computational aspects?
22



Krylov subspace procedures

The generalized GK of A starting with B gives a subproblem, e.qg.,

71 P12 P13 | a1
Y2 P23 | B2sa ap
73 | B34 B35 a3
Y4 Bas Bae | s

| B1|A11 | = 75 | Bs7 Qs ,
Y6 Bes
V7 | %%
78 | A7
! 79

where a; >0, v, >0, proposed by Ake Bjorck for computation CP in
the matrix right-hand side case.

23
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