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Singular fast-reaction limit derivation of hysteresis RD systems

A population-stock model

We consider a (nonlinear) population dynamical PDE-ODE model

du— DAu= NN, F,S)u in [0, T] x Q,
ou=20 on [0, T] x 012,
u(0) = ujs in Q,

with total population N = [, u(x)dx = N(t) = AN(t), Nip = [, Uindx.
A given F food supply feeds a stock S with fast (¢ < 1) turnover

£S=N(f-c(N,f,S)) in [0, T],
f = F/N individual food supply,
The ¢(N, f, S) food consumption rate depends on N, f and S. w2
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Singular fast-reaction limit derivation of hysteresis RD systems

Phase space diagram of the stock dynamics
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Smax
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S<0 S=0 S$>0
f<c U f=c 1 f>c
—
f
Cmin
An unbounded consumption rate ensuring limited stock S < Sy«
frs <1 _ e*’V(1*f/U_1(S))) if f < U1(S),
c=!f if U=1(S) <f<L71(S),
fo—(Smax—S)+ + L—1(S) (1 N e—(smax_s)+) iff> L1 (S) o
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Singular fast-reaction limit derivation of hysteresis RD systems

Main theorem: singular limit to hysteresis RD system
Theorem Under "natural" assumptions holds in the limit e — 0

u. = up in WH9(0, T;L3(Q)) N L0, T;H3(Q)) Vg e[2,00)
S.— Sy in L90,T).

Limit (up, So) solves uniquely the hysteresis (general. play) RD system

Otp — DA Uy = (M — 1)u0 a.e.in(0,T) x Q,
Oylp =0 a.e.in (0, T) x 09,
Uo(0) = uin a.e.inQ,
So(1)(So(t) —

z) < forall z e [L(f(1)), U(fh(1))] a.e. in [0, T],
(0)—mm{max{L(fo(0)) Sin}, U, ((0)) }o(0) = F(0)/No(0),
)

So(t) € [L(fo(1)), U(h(1))] in [0, T]. B

Klemens Fellner (University of Graz) Hysteresis reaction-diffusion systems 24.06.2019 6/18



Singular fast-reaction limit derivation of hysteresis RD systems

Main theorem: singular limit to hysteresis RD system

Proof of Theorem One key problem is lack uniform bounds on S..
This is bypassed by introducing a projection operator p. and suitable
error/monotonicity estimates.

S > ’35
max Sa = Pe T
° |
S&‘ p— O Sg > O 3
f.=c f.>c
I(f:) S,
Cmin (N;‘ Cst fE

Figure: Sign of the gradient of S. and projection to p. in the f.-S.-phase
diagram. N
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A numerical example with periodic food supply
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Figure: Evolution of the population-hysteresis-diffusion system subject to the
time-periodic food supply F(t) = 0.2(1 — cos(t)) (blue) and the resulting
population size N (red) and stock S (yellow).
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Outline

e Nonlinear hysteresis feedback and hysteresis induced blow up
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A simplest hysteresis reaction-diffusion model

We consider
oty — DAy = Ry on £ x(0,00),
oy =0 on 092 x (0,00),
y(0) = yo on Q,

Ry = R(Ty, Ry) is a generalised scalar play operator and Ty is a
projection onto spatially heterogeneous eigenfunctions {¢x }x>1

M—-1
Ty :=\kn;<y,¢m>+lz Jo . 6i) + K (y.om),  T=m<M
>0 i=m+1 5o >0
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Nonlinear hysteresis feedback and hysteresis induced blow up

Spatial homogenisation versus grow-up

(TYeave(t), Reave(t)) for t € [0,6]; (Tcave(0). Reave(0)) = (1.77,1.50)
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Weak differentiability of a class of control-to-state maps

Model
We consider the control problem
ye—Ay=u+Wly], in Q, (1a)
Bly] =0, on I, (1b)
y(-,0) = o, on Q. (1c)

B is a standard mixed Dirichlet Neumann boundary operators.
W is a space-dependent version of a scalar operator V, i.e.
WiyI(x, t) = VIy(x,)I(t),  (x,t) € 2x 0, T].

Thus, W represents a family of operators acting on y(x, -), viewed as a

function of time, at every x € Q.
it}

Klemens Fellner (University of Graz) Hysteresis reaction-diffusion systems 24.06.2019 13/18



Weak differentiability of a class of control-to-state maps

Underlying assumptions

@ Lipschitz continuous Volterra operator, i.e. there exists an L > 0:

_ {C[O, T] - C[o, ],
VIV = VII(D)] < Lsupocse [v(s) = U(s)],
forevery v,v € C[0, T] and every t € [0, T].

@ Linear growth
VIVID)l < L sup [v(s)] + co
0<s<t

for the same arguments as above and some ¢y > 0.

Satisfied by many hysteresis operators, see [BS,Vis,MR].
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Existence of the control-to-state map

[Visintin 1994]: System (1) has a unique solution and a well-defined
control-to-state operator for any given u € L2(Q7)

y=38u, S:L%Q7)— H'(0,T;L3(Q))NL>®0,T;V),

If S were Fréchet differentiable,
we would have for an increment h € L?(Q7)

S(u+ h)=Su+ S'(u)h+ o(||hl),

and d = S'(u)h would be the linear first order approximation to the
difference S(u + h) — Su.
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Weak differentiability of a class of control-to-state maps

First order system

For given y = Su and h, determine functions d and w as solutions of

ad: — Ad = h+w, in Qr, (2a)
w=WI[y;d], in Qr, (2b)

B[d] =0, on I, (2¢c)
d(-,0) =0, on Q. (2d)

Here, w = W[y; d] stands for some type of derivative of WV at y which
involves the direction d.
The first order system is nonlinear if the mapping d — w is nonlinear.

We do not assume that the derivative depends linearly on the direction
d, which is not true for hysteresis operators.
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Weak differentiability of a class of control-to-state maps

Main result: Bouligand and Newton differentiability
[Brokate]: V is Bouligand and Newton differentiable as operator from
W'P(0, T)to L"(0, T) for 1 < p < oc.
If F: O c X — Y possesses a directional derivative FEP(u; h) for all
u € O, h € X with the property that

o IFTu+ h — Flu] — FElu; Al _

0
h—0 Itdl ’

then F is Bouligand differentiable with Bouligand derivative F5P.
Theorem The control-to-state mapping u — y = Su is Bouligand resp.
Newton differentiable when considered as an operator

S: L[2F(0, T; L>°(Q)) — H'(0, T; L3(Q)) N L>°(0, T; V)

for sufficiently small e > 0. Moreover, the derivative is given by the o
solution d of the first order problem (2).
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Weak differentiability of a class of control-to-state maps

Summary

Summary:
@ Hysteresis RD model as fast reaction limits
@ Hysteresis diffusion driven instability

@ Hysteresis RD models open for optimality conditions and
semi-smooth Newton methods

@ Proofs need to deal with the hysteresis non-locality in time

THANK YOU!
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