Base sizes for the symmetric and alternating groups

Joy Morris

University of Lethbridge

June 21, 2021

Symmetries of Graphs, Maps, and Polytopes, 8ECM

Joy Morris (University of Lethbridge) Base sizes June 21, 2021 1/18



Overview

@ Base/base size and determining set/number
© The actions
© Our results

@ Open Problems
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Definition

Given a permutation group G acting on a set €2,
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Given a permutation group G acting on a set €, a base for this action is a
set of elements of Q for which the pointwise stabiliser is the identity.

The base size for the action of the permutation group G on 2 is the
minimum cardinality of a base for this action.

Given a graph ', a determining set is a set of vertices of [ for which the
pointwise stabiliser is the identity. (A base for Aut(T).)

.

Definition
The determining number of a graph is the minimum cardinality of a
determining set for the graph.

.
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Given a permutation group G acting on a set €, a base for this action is a
set of elements of Q for which the pointwise stabiliser is the identity.

The base size for the action of the permutation group G on 2 is the
minimum cardinality of a base for this action.

Given a graph ', a determining set is a set of vertices of [ for which the
pointwise stabiliser is the identity. (A base for Aut(T).)

.

Definition
The determining number of a graph is the minimum cardinality of a
determining set for the graph. (The base size for Aut(I).)

v
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Examples

@ Any point is a determining set for a regular action.

Joy Morris (University of Lethbridge) Base sizes June 21, 2021 5/18



Examples

@ Any point is a determining set for a regular action.

@ Cg has a determining set of size 2

Joy Morris (University of Lethbridge) Base sizes June 21, 2021 5/18



Examples

@ Any point is a determining set for a regular action.

@ Cg has a determining set of size 2

@ K, has determining number n — 1.

Joy Morris (University of Lethbridge) Base sizes June 21, 2021 5/18



Examples

@ Any point is a determining set for a regular action.

@ Cg has a determining set of size 2

@ K, has determining number n — 1. Correspondingly, Sym(n) has base
size n — 1 in its standard action on n points.
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Examples

@ Any point is a determining set for a regular action.

@ Cg has a determining set of size 2

@ K, has determining number n — 1. Correspondingly, Sym(n) has base
size n — 1 in its standard action on n points.

Note: A determining set is not the same as a distinguishing set! (See
above.)
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The actions )
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What was known

Theorem (Cameron and Kantor, 1993)

Suppose that Sym(n) is acting in some other way than its action on:
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What was known

Theorem (Cameron and Kantor, 1993)

Suppose that Sym(n) is acting in some other way than its action on:
o the set of k-subsets of {1,...,n} for somel < k <n—1; or

@ the set of partitions of {1,...,n} into b parts of cardinality a.
Then almost any pair of points is a base.

So what about the action on subsets, or the action on partitions?
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Action on partitions

If we have a collection of ¢ partitions of Q = {1,..., n} into b parts of
cardinality a
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Action on partitions

If we have a collection of ¢ partitions of Q = {1,..., n} into b parts of
cardinality a we can map any element x of € to a b-ary /-tuple, where the
ith entry tells us which part of the ith partition x lies in.
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Action on partitions

If we have a collection of ¢ partitions of Q = {1,..., n} into b parts of
cardinality a we can map any element x of € to a b-ary /-tuple, where the
ith entry tells us which part of the ith partition x lies in.

Example
If n=12, b= 4, and a = 3, and we have partitions

{1,2,3},{4,5,6},{7,8,9},{10,11,12}

{1,2,4},{3,5,6},{7,8,10},{9,11,12}
{17 37 4}’ {27 57 7}7 {67 87 11}7 {97 107 12}
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Action on partitions

If we have a collection of ¢ partitions of Q = {1,..., n} into b parts of
cardinality a we can map any element x of € to a b-ary /-tuple, where the
ith entry tells us which part of the ith partition x lies in.

Example

If n=12, b= 4, and a = 3, and we have partitions
{1,2,3},{4,5,6},{7,8,9},{10,11,12}

{1,2,4},{3,5,6},{7,8,10},{9,11,12}
{1,3,4},{2,5,7},{6,8,11},{9, 10,12}

then
- (0,0,0) 2—(0,0,1) 3—(0,1,00 4—(1,0,0)
5—>(111) 6—(1,1,2) 7—(2,2,1) 8—(2,2,2)
9—(2,3,3) 10—>(,,3) 11— (3,3,2) 12— (3,3,3)
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Action on partitions continued

Conversely, if we have a list of n b-ary £-tuples,
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Conversely, if we have a list of n b-ary ¢-tuples, with the additional
property that each entry from {0,...,b— 1} appears in each position a
times,
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Action on partitions continued

Conversely, if we have a list of n b-ary ¢-tuples, with the additional
property that each entry from {0,...,b— 1} appears in each position a
times, then identifying these with the elements of {1,...,n} gives ¢
partitions with b parts of cardinality a.
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Action on partitions continued

Conversely, if we have a list of n b-ary ¢-tuples, with the additional
property that each entry from {0,...,b— 1} appears in each position a
times, then identifying these with the elements of {1,...,n} gives ¢
partitions with b parts of cardinality a.

(
(

0,0,0) 2:(1,0,0) 3:(0,1,0
1,0,1) 7:(0,1,1

1: s Yy
5:(1,1,0) 6:(1,

b=2, a=4, { = 3. Partitions are:

{1,3,4,7}{2,5,6,8}; {1,2,4,6}{3,5,7,8}; {1,2,3,5}{4,6,7,8}.
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When do we get a base?
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A list of n b-ary (-tuples gives a base for the action of Sym(n) on
partitions (with b parts of cardinality a) if and only if:
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When do we get a base?

A list of n b-ary (-tuples gives a base for the action of Sym(n) on
partitions (with b parts of cardinality a) if and only if:

e each entry from {0, ..., b — 1} appears in each position a times (so
we get partitions with b parts of cardinality a); and

@ the (-tuples are all distinct.

v

Note that if two ¢-tuples are equal, this means the corresponding elements
(say i and j) of Q are in exactly the same parts in each partition, so the
pointwise stabiliser of the partition includes (i j).
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Note that if two ¢-tuples are equal, this means the corresponding elements
(say i and j) of Q are in exactly the same parts in each partition, so the
pointwise stabiliser of the partition includes (i j).

If ¢ is the cardinality of a base for this action, we must have b* > n.
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When do we get a base?

A list of n b-ary (-tuples gives a base for the action of Sym(n) on
partitions (with b parts of cardinality a) if and only if:

e each entry from {0, ..., b — 1} appears in each position a times (so
we get partitions with b parts of cardinality a); and

@ the (-tuples are all distinct.

v

Note that if two ¢-tuples are equal, this means the corresponding elements
(say i and j) of Q are in exactly the same parts in each partition, so the
pointwise stabiliser of the partition includes (i j).

If ¢ is the cardinality of a base for this action, we must have b* > n.

It turns out that this bound or something very close to it can almost
always be met.
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The alternating group on partitions
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The alternating group on partitions

We use similar ideas for the alternating group.
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The alternating group on partitions

We use similar ideas for the alternating group. In this case, we can have
two equal ¢-tuples, but cannot have any additional repetition.
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The alternating group on partitions

We use similar ideas for the alternating group. In this case, we can have
two equal ¢-tuples, but cannot have any additional repetition. The base
sizes for the alternating group are generally the same as for the symmetric
group, but sometimes we can get a base that is smaller by 1.
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The symmetric group on k-subsets
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The symmetric group on k-subsets

There were some known results here (Halasi, Boutin, Caceres et al.).
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The symmetric group on k-subsets

There were some known results here (Halasi, Boutin, Caceres et al.).

Halasi studied base size per se; Boutin and Caceres et al. studied the
determining number of Kneser graphs (equivalent).
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The symmetric group on k-subsets

There were some known results here (Halasi, Boutin, Caceres et al.).
Halasi studied base size per se; Boutin and Caceres et al. studied the
determining number of Kneser graphs (equivalent). Since the action on
k-sets is equivalent to the action on (n — k)-sets, we may assume n > 2k.
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The symmetric group on k-subsets

There were some known results here (Halasi, Boutin, Caceres et al.).
Halasi studied base size per se; Boutin and Caceres et al. studied the
determining number of Kneser graphs (equivalent). Since the action on
k-sets is equivalent to the action on (n — k)-sets, we may assume n > 2k.
A determining set for the Kneser graph (5,2):
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The symmetric group on k-subsets

There were some known results here (Halasi, Boutin, Caceres et al.).
Halasi studied base size per se; Boutin and Caceres et al. studied the
determining number of Kneser graphs (equivalent). Since the action on
k-sets is equivalent to the action on (n — k)-sets, we may assume n > 2k.
A determining set for the Kneser graph (5,2):

This corresponds to the base {1,2},{2,3},{3,4}.

Joy Morris (University of Lethbridge) Base sizes June 21, 2021 12/18



Strategy

Think of the incidence matrix. Rows are sets, columns for elements of

{1,...,n}.
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Think of the incidence matrix. Rows are sets, columns for elements of

{1,...,n}. Looking for minimum number of rows (r) that can give n
distinct columns with exactly k 1s in each row.
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Think of the incidence matrix. Rows are sets, columns for elements of
{1,...,n}. Looking for minimum number of rows (r) that can give n

distinct columns with exactly k 1s in each row. Distinct columns forces
2" > n, so r > [logy(n)].
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Think of the incidence matrix. Rows are sets, columns for elements of
{1,...,n}. Looking for minimum number of rows (r) that can give n
distinct columns with exactly k 1s in each row. Distinct columns forces
2" > n, so r > [logy(n)].

Theorem (Halasi)

When n = 2k, the base size is [log,(n)].
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Think of the incidence matrix. Rows are sets, columns for elements of
{1,...,n}. Looking for minimum number of rows (r) that can give n

distinct columns with exactly k 1s in each row. Distinct columns forces
2" > n, so r > [logy(n)].

Theorem (Halasi)

When n = 2k, the base size is [log,(n)]. For any fixed k, the base size
increases with n.
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Think of the incidence matrix. Rows are sets, columns for elements of
{1,...,n}. Looking for minimum number of rows (r) that can give n
distinct columns with exactly k 1s in each row. Distinct columns forces
2" > n, so r > [logy(n)].

Theorem (Halasi)

When n = 2k, the base size is [log,(n)]. For any fixed k, the base size
increases with n.

Theorem (Halasi)

The base size is always at most [log, /1 (n)]([n/k] —1).
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Think of the incidence matrix. Rows are sets, columns for elements of
{1,...,n}. Looking for minimum number of rows (r) that can give n
distinct columns with exactly k 1s in each row. Distinct columns forces
2" > n, so r > [logy(n)].

Theorem (Halasi)

When n = 2k, the base size is [log,(n)]. For any fixed k, the base size
increases with n.

Theorem (Halasi)

The base size is always at most [log, /1 (n)]([n/k] —1).
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Think of the incidence matrix. Rows are sets, columns for elements of
{1,...,n}. Looking for minimum number of rows (r) that can give n
distinct columns with exactly k 1s in each row. Distinct columns forces
2" > n, so r > [logy(n)].

Theorem (Halasi)

When n = 2k, the base size is [log,(n)]. For any fixed k, the base size
increases with n.

Theorem (Halasi)

The base size is always at most [log, /1 (n)]([n/k] —1).

|dea: n/k-ary search.

Theorem (Caceres et al.)

We have exact values for the base size when n > k(k +1)/2 + 1.
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Think of the incidence matrix. Rows are sets, columns for elements of
{1,...,n}. Looking for minimum number of rows (r) that can give n
distinct columns with exactly k 1s in each row. Distinct columns forces
2" > n, so r > [logy(n)].

Theorem (Halasi)

When n = 2k, the base size is [log,(n)]. For any fixed k, the base size
increases with n.

Theorem (Halasi)

The base size is always at most [log, /1 (n)]([n/k] —1).

|dea: n/k-ary search.

Theorem (Caceres et al.)

We have exact values for the base size when n > k(k +1)/2 + 1. When
n = k(k+1)/2+ 1, this base size is k.
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Main results

Theorem (M., Spiga, 2021+)

We have exact values for the base size of the action of Sym(n) on k-sets
whenever the base size is at least (approximately) 3vk.
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Main results

Theorem (M., Spiga, 2021+)

We have exact values for the base size of the action of Sym(n) on k-sets
whenever the base size is at least (approximately) 3vk.

Theorem (M., Spiga, 2021+)

We know the base size of the symmetric group of degree n = ab in its
action on partitions into b parts of cardinality a for every a and b.
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Main results

Theorem (M., Spiga, 2021+)

We have exact values for the base size of the action of Sym(n) on k-sets
whenever the base size is at least (approximately) 3vk.

Theorem (M., Spiga, 2021+)

We know the base size of the symmetric group of degree n = ab in its
action on partitions into b parts of cardinality a for every a and b. In
particular, if a and b are each at least 8 and b # a + 2 we have base size
[logp(a+2)] + 1.
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Main results

Theorem (M., Spiga, 2021+)

We have exact values for the base size of the action of Sym(n) on k-sets
whenever the base size is at least (approximately) 3v/k.

Theorem (M., Spiga, 2021+)

We know the base size of the symmetric group of degree n = ab in its
action on partitions into b parts of cardinality a for every a and b. In
particular, if a and b are each at least 8 and b # a + 2 we have base size
[logp(a+2)] + 1.

¢

Theorem (M., Spiga, 2021+)

The base size of the alternating group of degree n = ab in its action on
partitions into b parts of cardinality a is either the same as for the
symmetric group except in some specified cases, when it is smaller by one.
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Open problems

What is the base size for the action on k-subsets when n is small relative
to k?
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Open problems

What is the base size for the action on k-subsets when n is small relative
to k?

What are the base sizes for other group actions? (Some are known, some
aren't.)
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Open problems

What is the base size for the action on k-subsets when n is small relative
to k7

What are the base sizes for other group actions? (Some are known, some
aren't.)

Find more determining numbers.
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Thank you!

NSERC
CRSNG
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