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The Fractional Laplacian (—A)® in R”

» Fourier transform (:A?u(ﬁ) = [¢]**a(¢)

u() —u(z +y)

|y ‘ n+2s dy

» Singular integral (—A)%u(z) = /

» Spectral (—A)Su(z) = i h (" u(x) — u(x)) %
I'(=s) Jo t

» Dirichlet-to-Neumann map (Caffarelli-Silvestre, CPDE 2007)

(=A)su(z) = — lim ' 2°U;(x, 1),

t—0t
where

div (#172°VU(z,t)) =0, (z,t) € R™ x (0, +o0),
U(z,0) = u(x), z € R™



Some Fractional Laplacians in €2
» E.g. RFL “restricted”, SFL “spectral”, CFL “censored”; ...
> L~ (—A)p, in QER”
> Typically Lu(z) = / (w(z) —u(y))J (z,y) dy + K(z)u(z)

Q
> (K1) £7! has Green’s kernel (for z # y in Q)

1 o(x)” 6(y)”
U S 1
Go(l’,y) ‘x_y‘nfls (1/\ |x_y|7) < A ‘l‘—y")’ ’

where §(z) := dist(x, Q°)

» Interior regularity: 2s € (0,2)
» Boundary regularity: v € (0, 1]
» Distinctions to be made later:

> ~ < 2s? (easy regularity?)
> v >2s—17 (boundary blow-up?)



RFL: Restricted Fractional Laplacian

£u(w) = | (ula) = u) (2.1) dy -+ w(a)u(o)
(K1) Gol(z,y) = — (1/\ o) )(m oy) )

T N TR A FRTE

» Restriction: u|ge =0

> (—A)fpeu(T) 3:/R Mdy

o=y

— Ta) = e wla) = [ < aa)

- |x _ y|’n,+23’ . |ch _ y|n+2s =

> (-A)gpLrs =0on Ry = y=s

> 25— 1<y <2sforany s € (0,1)



SFL: Spectral Fractional Laplacian

Cu(z) = /Q (u() — u(y))T (2, ) dy + K(2)u(z)

(K1) Go(r,y)= — (M — >(1A Ij(—y);”)

Tz -yl z —yp

—Aypj =pip; inQd

» Spectrally: (—=A)&.; i := uSp; for
I v ( )SrLP; A2 {%— ~0 on 990,

» In terms of K = (heat kernel of —A in Q),

N S R SNCR 5(x)5(y)
Tl = |r(—s>|/0 Kty = s (1 oy )

1 > dt s
K(z) = m/o <1/QIC(t,m,y)dy> mxé(m) 2,

» Classical Hopf lemma + boundary regularity =— v =1
> 25*1<25§’7f0r5€(0,%],2571<7<25fors€(%,1)



CFL: Censored (Regional) Fractional Laplacian

Cu(x) = /Q (u() — u(y))T () dy + r(2)u(z)

K Golong) = |:E7y1‘n72s (1/\ d(x)7 )(M ()" )

|z — y[ |z —y|

u(z) — u(y)

» Censorship: (—A) =
ensorship: (—A)&pu(z) T =g

1
jz =y t2e

J(2,y) = k() = 0.

> Need boundary trace = s € (4,1)
> (—A)pr® t=0om Ry = y=2s—1

> 25—1:'y<25f0ranyse(%,1)



The standard eigenvalue problem

Lo—Ap=0 inQ,
=0 in R™\ Q or 99

» Bonforte-Figalli-Vazquez (CVPDE 2018)
> (K1) = 0<Go(z,y) S o —yl~"72)
> Go=L"1:L3Q) compget L2(Q2) (Riesz—Fréchet—Kolmogorov)
» Discrete standard spectrum X

O< A <A< A4
» Standard eigenfunctions ¢; = A\;Go(p;) =

1 =467, lpil < 67

» Energy space

HZ(Q) = v e L(Q) 1 Y M(v, ;)% < +00

Jj=1



Large L-harmonic functions

e.g.  (=A)kpL(l - |z[)37" =0.

Lu=0 in €,
w=6"" ondQ,

» Abatangelo-Gdémez-Castro-Vazquez (2019)

» Precise boundary blow-up rate

1—s, RFL (y=ys),
bi=v—(2s—1)=¢2—-2s, SFL (y=1),
0, CFL or —A (y=2s—1).

» (K2) Martin (boundary Poisson) kernel Ml = D, Gy exists

D, Go(¢,z):= lim Go(y, ) o §(z)”

o TS < e T €S €00,

(K1) Golz,y) < — (1 A 5(1)75(3’)7)

o — y|n—2s |z — |2



Large L£-harmonic functions

Lu=0 in Q,
bi=~v—(2s—1).

Sux M(1) 'u=h on 09,
» Martin operator M : L=(9€) — 6 "L*°(Q)
h— M(h) = [ M(C,)h(¢) dH;

o0
is continuous since

i 6(.,1/,)1 2542y B
2 \b - n—1

_ dg¢’
= _— |en _ C/|n—25+2"/
» LIM(h)|(z) = 0 since M((, z) = D,Go(¢, )
> M(1)"*M(h) — h towards 99, for h € C(99)

§(z)7
‘I _ C|71,72,5+2'y ’

=<1 asz— 0N

(K2) 3IM(C,z) = z€Q, (e



The large eigenvalue problem

{ﬁv—)\vzo in Q,
v(z) = 400  as x — 0.
More precisely and generally: {[ﬁv B iv -9 in &,
M) fu=h on 9Q.

We will answer:

» Existence and regularity for A€ R\ X ?

» Interior and boundary blow-up as A — 3 7
Strategy:
Lu—Au=g+IM(h) inQ,
M) tu=0 on 0.
> Projected (X (0,A)) linear theory for Gy = (£ — \)~1
» v =Gy(g+ AIM(h)) + M(h) = explicit projections + errors

» u=v— M(h) solves {



Regularity of Gy = £7!

> Go: f—Go(f / Go(-, y) dy is continuous from
Ll(Qvgo(éa)) Ll(Q76a)a for v > —1-9,
LY(Q) — LP(Q), for p € [1, %),
L*(Q) — HZ(9),
LPo(Q) — LP*(Q) for po € (1, 5%) and p% = p% -
LI(Q) — L>™(Q), for g € (5%, +00),
IYL>() — Go(dY)L>=(2), foraa>—1—1,
where (Abatangelo-Gémez-Castro—Vazquez, 2019)
§otas for v + 25 < v,
Go(0%) < ¢ 87(1 +|logd]) for a+2s =1,
07 for a + 2s > 7.

(K1) Gole,y) = —— -(M — )(M = )

|z — y[n—2s |z —y|7 |z —y|Y

2s
n



Eigenfunction estimates

K1) ooy = |:L17y1‘n725 (1/\ §(z)” ) (1/\ d(y)" )

|z —y[ |z —y|”
2 0(x) 0 (y)"

Behavior of eigenfunctions ¢; = X;Go(¢;)?

» Upper bound for ¢;, Vj > 1
o= NiGE(p)) € TL(Q)  (finite large k)

» Lower bound for ¢; (Hopf)
210 20 [ 808 e, (0) dy 2 8l
Q

= By duality, our largest space is L(£2;47)
Related upper bound: v < 2s (RFL, CFL) = Gy(1) € 67L>(Q)



Weak-dual solutions

Lu—A = f in§,
M) 'u=h  ondQ.

» All equivalent (if 3G))! (C.—Gémez-Castro—Vazquez, JFA 2021)
> Go(L2°(92))-weak sol. (Abatangelo-Gémez-Castro—Vazquez, 2019) for

Fou € LY(Q;87), h € C(99): b € L (),
/ w(yp — AGo(¥)) dz = / FGo () dz + / D+ Go(v) hdH" 1.
Q Q Joq
> G\ (87L>°(Q))-weak sol. for f,u € L'(;47), h = 0:

/m/) dx = / FG\(¢) dx, Vip € 7L (Q).
Q Q

> G- or Gy-Creen sol. for f,u € L'(Q;87), h = 0:
u—=AGo(u) =Go(f) or u=Gxr(f)
> Spectral sol. u € H%(Q) for f € L2(Q), h = 0:

(>\j — M) (u, ‘P]') = (f’@]')a Vi > 1



Existence of Gy = (L — A\)"! for A ¢ 2

M) 'u=0 on N = /Qm/}dx:/ﬂng("/’)d:r

{ﬁu—)\uzf in Q,
(f,e5)

> L?(Q = .

j>1

> fel’(Q),p > 75 = |lullpo (o) S llull 2y + [1f1l2e ()
> fe LY(Q) (Brezis, 1971)
- L'(Q)
> up = G\(fr) (Ifx]l < k), ¥ =sign(up —u) = up — u
> = (|u /\k)p_lsign(“) = ||uHLP(Q) N Hf”Ll(Q)) p< #
> fe L6
> op = sign(up —ug)d® = Ju, [[ud|| 1) < I1/Go(6%)ll 1 (q)

Thus Gy is defined on L'(Q);§7), same regularity as Go.



Regularity of of Gy = (L — )~ for A ¢ &

> G, is well-defined and continuous from

LY(Q;Go(0%)) — LY(,6%), for a > —1 -,
LY Q) — LP(Q), for p € [1, —52),
L?*(Q) — HZ(9),
LPo(Q) — LP(Q)) forpoe(l,;—s) and}%:pio—%f,
LY(Q) — L>=(Q), for ¢ € (35, +00),
FYL>®(Q) — Go(6*)L>(Q2), fora>-—-1-—17,
LYQ;67) — LY (), forpe[l,22),
DO N L) — IL(Q),  forpoe (1), 2= L2
LY(67) N LS. (Q) — Lis.(), forgo € (%7"_00)7

§ot2s for a + 2s < 7,
where Go(6%) =< ¢ 67(1+|logd|) fora+2s=r,
67 for a+ 2s > 7.



Projected linear theory

Lu—Au=f in . Lut =t =ft inQ,
M) lu=0 on o0 M) tut =0 on 0.

» Degeneration as A — A\; € . How? Look at projections.

> Test function space? Need L*-projections (u, p;)p;.
> ue L'(Q;07) “tested” against ¢; € §7L>(9)
> G\ (67L>(Q2)) C 67L>(Q) better than Gy (L2 (€))
> (<25 = G,\(L™(Q)) C 5TL¥(Q))

> Decomposition u = 3772 (u, ;)p; ?
> NOT for u € L'(Q;07) unless u € L*(Q)

» “Correct” decomposition:

I
1
U = u, + U
~— Z 90] ~—
€L(Q;67) Jj=1 €LY (Q67)NEL

EECGSTL>(Q)CL2(Q)



L2-projected (weighted) L'-theory

{EUJ‘ —dut =ft inQ,

1 _ 1 )
M s g = fva= [ Fow e

» C.-Goémez-Castro—Vézquez (JFA 2021): the projection

I+1
wh=u = (u,e)e; € LN N {pn, . or)

j=1
is controlled by f+ uniformly as A — A;.

> Key: /Qullﬁdx:/Qflg/\w)Ldi’?:/Qng/\(wL)dx

» Uniform estimates in L? (and higher)

s FJ ||'¢)H 2
g)\(q/)l) = Z g\w f]; Pis ||g)\(wL)HL2(Q) < Lt
J

ST T A1 — Ar

> ¢ = sign (ul)d™ € 6*L>°(Q) or (|ut| A k)P~ Lsign (ul) € LP' (Q)



“Large eigenfunctions”
Theorem (C.-Gémez-Castro-Vazquez, JFA 2021)

Lv— v = in
, 7 . ’ b=v—(2s—1).
0 "u=M(1)"'u=nh, ondQ,
1 ( 5(93)“’5(1/)7)
(K1)Go(z,y) < 1A , (K2)3M = D~Gg on 92 X Q
|z —y|n=2s |z —y|?7

Assume g € L*(Q;67) N L2 (Q), h e L>(0Q), (K1), (K2). Then

> YA R\ X, vy € LY 67) N LS

loc

(Q) represented by

Aj—A

I
+ AM(
o= M)+ 3 IEMBG) L (g amn),
Jj=1 -

where M(h) € 6 "L>(Q), 77{%}4<’(g+)\/\/l(h)) e [t~ N [
J=

loc(Q)
» Fredholm alternative on whether (g + X\;, M(h),¢) =0, V(A\;, ¢)
» Total blow-up as X\ /A1 if g >0, h > 0.

» Convergence as s /' 1 for RFL, SFL etc.; limb = 0.



Evolution equation

Theorem (C.-G6émez-Castro—Vazquez, preprint 2020)

If L satisfies (K1), (K2), generates a submarkovian semigroup, and
L7 67L°(Q) — §7C(Q), then there exists a unique weak-dual
solution of

ug + Lu = f(t,x) forzeQ, te(0,T),
M) ru=h(t, () for (e, te(0,T),
u(t,z) =0 forx € Q¢ t € (0,T),
u(0,2) = up(x) forz € Q,

for ug € L'(Q,87), f € LY0,T; LY(9,87)), h € L'((0.7) x 9%).

» Turn boundary singularity ON/OFF as you prescribe / !



The end

Thank you very much



