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Fluid/structure problem
System
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FIGURE — Film of fluid delimited by an elastic membrane



Fluid/structure problem

Model
» Fluid dynamics :
Ols + Us - V) = plAus — V
(NS) Pf( hUs + Ur - VUr) = pus — Vpy on 7(1
divur =0
» Structure dynamics : n = h—1
psOin — BOxn + OxoxM + YO0uxM — 0w = P on (0, L)
» Interface conditions :
Uf(X, 77(X7 t)7 t) = 817](X, t)e2
(Inter) on (0, L)
¢ = /1 + [0xn? [(2uD(ur) — prla)Nly=nt,x) - €2

» Boundary conditions :

(BC) L-periodicity in x us(x,0,t) =00n (0, L)




First remarks

» Dissipative system :

d

with
& =5 prluf?
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&= [ pel0ml + alducnl® + Blosnl® + 610w
0
2 L 2
D—2u [ D@+ [ jown
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» Invariant :

L
/ Om(x,t)ydx =0
0




Cauchy theory before contact

» Weak solutions before collapse
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» Strong solutions (local-in-time) :
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Analysis of fluid+solid problems

(before contact)
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B. Desjardins & M. Esteban 99°,00.

(non exhaustive review)

Influence of solid roughness on contact occurence :
V. Starovoitov ‘03, D. Gérard-Varet & M.H. 11, S. Filippas & A. Tersenov 21

Global existence of weak solutions regardless contacts (2D) :

K.H. Hoffman & V. Starovoitov "03,
J. A. San Martin, V. Starovoitov & M. Tucsnak '02

Global existence of weak solutions regardless contacts (3D) :
E. Feireisl '03




Main results

Global-in-time existence of strong solutions (dissipative beam)
[C. Grandmont, M.H. ’16]

For arbitrary sufficiently smooth and compatible initial data (n°, 7°, u®) with no
collapse, the maximal strong solution is global. In particular, no collapse
occurs in finite time.

Global-in-time existence of weak solutions (non dissipative beam)
[J.-J. Casanova, C. Grandmont, M.H. '21]

For arbitrary finite-energy compatible initial data (n°,7°, u®) with no collapse,
there exist a global finite-energy weak solution wether collapse occurs or not.




Study of contact — dissipative beam

Result

Theorem [C. Grandmont, M.H. '16]

In the case o > 0,~ > 0, for arbitrary compatible initial data with no collapse :
(1%, 7°,u°) € H} x H} x H'(F°)

there exists a unigue global-in-time (strong) solution. In particular,

min h(x,t) >0 Vit>0.
x€[0,1]

No-contact argument
» Beam/Reynolds system (on (—m, 7)) :

6tth + aaxxxxh - ﬁaxxxh - ’Yatxxh =dq, /7T q
pdx(h°0xq) = arh, -7
with 27-periodic b.c.




Fluid/structure interactions problem

> Energy estimate (multiply by (8:h, q))

1 b t e
5[/ (|81h\2+a|8xxh|2+,6’\6‘xh|2)]+// [7|8;xh\2+,uh3\axq|2]<co.
—T 0 -7

» Distance estimate (multiply first equation by —0x«h)
d s e
{/,,r (%|8xxh|2 - 6thaxxh)] + [ﬂ (,8|8xxh|2 + a|Oxch]? — \8,Xh|2)

dt
= - / qa)(xh

» Regularity estimate (multiply first equation by —dxh)

1 ™ t pmw
3 | (10?4 alowwchi + ploei) | 4+ [ [ jowchl? < co.
-7 0 J—=




Fluid/structure interactions problem

» Energy estimate (multiply by (9:h, q))

1 T t T
é[/ (|am\2+a|axxh|2+maxh|2)]+// [owhl? + ntfieq] < Co.
-7 0 J—m

» Distance estimate (multiply first equation by —0xxh)

d s s
@ U (%|axxh|2,a,haxxh)] +/ (,3|axxh|2+a\amh|2 _ \thh|2)
17 1
- —5/_ﬂh %Oy {ﬁ]

» Regularity estimate (multiply first equation by — 0« h)

1 ™ t T
> [/ (|ath|2 + o] Oxox h|? + B\Bxxh|2>} + 7/ / |0uxh[2 < Co.
—T 0 J—m




Fluid/structure interactions problem

> Energy estimate (multiply by (9:h, q))

1 ™ t pm
3| [ ont + alowttt + sioun®) |+ [ [ [iowh® + utionai?] < Go.

» Distance estimate (multiply first equation by —0xxh)

d ™ s

4 U (%|Bxxh|2—6,haxxh>] +/ (B|8xxh|2+a\8xxxh|2_|8txh|2)
_ L/“ oth
T ou_r BB

» Regularity estimate (multiply first equation by —duxh)

1 ™ t ™
E [/ (|8txh|2 + a‘axxxxmz + 5‘8xxh|2)j| +’Y/ / |8txxh‘2 < CZ .
-7 0 J—m




Fluid/structure interactions problem

> Energy estimate (multiply by (9:h, q))

1 T t T
5[/ (|afh\’-’+a|axxh|2+maxh|2)]+/ / [V10uhf + ut¥loxq] < Co.
- 0 —T

» Distance estimate (multiply first equation by —0xxh)

™ 1 t T
[ (B0t = amoun)+ [ [ (Bloschi + alosuaht? ~ jouh®) =
—x \2 2ph 0 J—m
Classical Lemma.
(Il + 11/Alls < M) = (111l < C(M))

» Regularity estimate (multiply first equation by —0uxh)

1 ™ t ™
> [/ (|ath|2 + o] Oxox h|? + B\axxmz)} + 7/ / |0 h[2 < Co.
- 0 J—m




Study of contact — non-dissipative beam

Choice of a functional framework

FIGURE — Contact geometry



Study of contact — non-dissipative beam

Choice of a functional framework

N

FIGURE — Extended domain




Study of contact — non-dissipative beam

Choice of a functional framework

A

FIGURE — Extended velocity-field




Notations
Beam with no dissipation case : v = 0,a > 0.

Given a WJ’OO height function st. 0 < h< M :
» Unknown spaces

K[h = {w € L§((0,L) x (=1, M)) s.t. divw = O
andw=0ony<Oandw-e =0iny >h}

X[h] = {(w,d) € K[h] x L§ s.t. /L d =0 and wa(-, M) = d}.
0

» Test-function spaces

K[hl = {w € C°((0,L) x (—1,M)) s.t. divw =0
andw=0onV(y<0)andv-e; =0inV(y > h) }

X[h] = {(w,d) € K[h] x C° si. /Ld =0 and ws(-, M) = d}.
0




Definition of weak solution
Definition Given a non-colliding initial data (1°,7°) € Hf x L5 and u° € LE(F°)
we call weak solution on (0, T) a pair (U, n) satisfying :
> (T.n) € L*(0, T; LE((0, L) x (=1, M))) x (L=(0, T; HZ) n W">(0, T; L2))
e @(-, 1), 0m(-, 1)) € X[h(-, t)] fora.e. t Vi e L*(y < h).
> u(x, h(x,t)) = om(t, x) for a.e. (1,x)

» for any smooth (w, d) such that (w(-, t), d(-, t)) € X[h(-, t)] for all t there
holds :

t L L
Pf / DW—// u-w+u-Vw-u +ps</ 6[77d-/(9[77(91d>
F) o Jrw 0 0
t t L
+ /_/,/ / vu:Vw+ a/ / axx’l?axxd
0 F(1) 0 0

:pf/]:O u°-W(0)+Ps/OL7'70d(0)




Main result

Theorem [J.J. Casanova, C. Grandmont, M.H. '21]
Given T > 0 a non-colliding initial data (n°,7°) € Hf x L% and u° € L(F°)
satisfying :

divig= inF° W’ -e=00ny=0
-n=r"e-nony=1+1°

there exists at least one weak solution on (0, T).

» To be compared with [J. A. San Martin, V. Starovoitov, M. Tucsnak '02]
» No uniqueness result!!




Roadmap of the proof

> Approximate solution sequence :
(uy, my)~>0 Weak solutions to the system with extra dissipation terms.

Uy = 1y 149, 0my €2 + Tocy<iiqgly.

» Uniform estimate :

L
sup [/ Pf|uw‘2+/ pslarm|2+al<9xxmlz]
0,7) | JF4 (1) 0

T L
4 / / Vo, + / 12 < Co
o JE@1 0

> Key issue : obtain (strong) L2-compactness to pass to the limit in

t
// uy-Vw-u,
0 JF,,




Approximation/Projection method
[J.A. San Martin, V. Starovoitov, M. Tucsnak '02]

» To prove strong convergence of ny, — n
» To construct positive approximations from below (h;)s>o of 1 +17

» To prove L2-compactness of

(P[ﬁa](a'w 6t777))v>0
with P[hg] : L5((0, L) x (0,1)) x L& — X[hy]

» To prove uniform smallness of

H[Pm(ﬂ](u’h 81777) - (D’Ya 3rﬂw)|\L2ng~




Is it worth it?
Analysis of asymptotic problems

Example : (§ = periodic boundary conditions)

B — Ox(H20xq) = x(HP0xT) ,
q = (_BXX)1+9h7

Theorem [J-J Casanova & M.H. 21]
Assume h° € H]*’ and

fel?(0,T;H; %) af e 20, T; H; %)

Then
> if § > 1/2 the solution exists on (0, T) and in particular it does not vanish
on (0, T),
> if & < 1/2 we can construct f such that the solution exists on (0, T) and
contact holds in T.




