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1. The selection-recombination equation (forward in time)

2. Its solution via genealogical thinking
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Sequences and selection

individual: sequence of n sites, S = {1,...,n}
types: X = (Xg,...,%,) € X Xi =X, X; ={0,1}
ieS

marginal types:  x; := (X;)jcy, UC S

reproduction and selection:
@ single selected site: jy € S (all others ‘neutral’)
@ types x with x; = 1: reproduce at rate 1 (‘'bad, unfit’)
@ types x with x; = 0: reproduce at rate 1 + s (‘good, fit')

@ offspring replaces randomly chosen individual
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Ordering the sites

partial order on S:
o ixjifeitherig<i<jorig=2i>j

o i <jifigjandi#j
o D :={jeS|i=<j} (i-tail), G :=S\ D; (i-head), i € S\ /s
C8 D8
\ | \
1 2 3 4 5 6 7 8 9 10
O L 4 O
| | o
D, G
@ ~ iy € C;

@ (single-crossover) recombination between C; and D;
(partitions S into C; and D;) at rate g,
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Sequences and recombination

X1, X2y -+« 3 Xn

>—> |X17--'7Xi7yl'+17"'7ﬁ

Yi, Y2, ¥n _/

Ellen Baake Ancestral lines under selection and recombination



Selection-recombination equation

o w, = (wt(x))xex probability measure on X
(w¢(x) proportion of individuals of type x at time t, x € X)

@ solves selection-recombination equation (SRE)
We(x) :5[5)(,_.70 — we(*, ,*)] w(x)

+ Z 0; [wt(XCn *) wt(*7 XD,-) - wt(X)]7 X € X
iGS\fo
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Recombination

9i X1y oo Xis Yitly o5 Yn

Ellen Baake Ancestral lines under selection and recombination



Recombination

x1,...,x,-,*,...,*| _\
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Kooy ¥, Xit 1,005 Xn
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Recombination
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Selection-recombination equation

o w, = (wt(x))xex probability measure on X
(w¢(x) proportion of individuals of type x at time t, x € X)

@ solves selection-recombination equation (SRE)
We(x) :5[5)(,_.70 — we(*, ,*)] w(x)

+ Z 0; [wt(XCn *) wt(*7 XD,-) - wt(X)]7 X € X
iGS\fo
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Research context

@ hitchhiking: neutral x; (i # is) selectively favoured if linked
with x; =0

@ Akin 1979: “The differential equations which model the action
of selection and recombination are nonlinear equations which
are impossible to solve explicitly.”
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Research context

@ hitchhiking: neutral x; (i # is) selectively favoured if linked
with x; =0

@ Akin 1979: the “selection-recombination equation is a large,
nonlinear system of differential equations that are impossible
to solve explicitly”

@ Stephan, Song, Langley 2006: approximate solution
(n = 3, wild approximations, technical result, numerical
evaluation only, not generalisable)
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Recombinators

@ canonical projection: for @ # U C S,
Ty X = X Xj=Xuy, my(x)=(%)icu = xu
ieu
@ marginal measure wrt sites in U: for v € P(X),

Ty V=Vo0 ﬂal =y

type distribution of sites in U
for x, € Xu:t  vy(xy) = vixy, *)
@ recombinator: for i € S\ /s,
P(X) — P(X)
Ri(v) :=vc ®vp,
(Ri(1))(x) = v(xc,. *) - v(*, xp,)
distribution of sequences pieced together from random j-heads

and /-tails
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Selection-recombination equation

we(x) :5[5x,-.70 — we(*, a*)] we(x)

+ Z 0; [wt(XCiv *)wt(*vxD,-) - wt(X)]7 xeX

iGS\io
or
=s(F—f(w))we + > 0i(Ri = Dwe = Vsai(we) + Wrec(wr)
IES\I.
with
Fw(x) = by, ,w(x)
and

f(w) == wy;,3(0)

(proportion of fit individuals = proportion of individuals with 0 at
selected site)
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Recursive solution

® (ix)o<k<n non-decreasing permutation of S (sensu <)
® ip =l

o CW=¢,,DW =D, o) =g, (k>0)
1 2 3 4 5 6 7 8 9

10
O L4 O
Ig I5 I IO Iy I3 Iy 16 I7 I8

hierarchy of solutions:
o (w{”),., solution of SRE with o(*) = 0 for all ¢
(pure selection equation)
° (wgk))% solution of SRE truncated at k
(with o) =0 forall £ > k), 1<k<n

Ellen Baake

Ancestral lines under selection and recombination



Recursive solution

Theorem

The solution of the pure selection equation is given by

(O) estFW0

We estf(wo) + 1 — f(wo) = ¢¢(wp),

and the solutions wgk) can be computed via the recursion
t
k - k—1 k—1 k) —oWr (k-1
wg J—e § )—I—w(c(k )®/0 oKle=e Tw(D(k)J) dr.

analytical proof v/

(genealogical) meaning?

Ellen Baake Ancestral lines under selection and recombination



Ancestral graph

i-splitting events on every line at rate g;, i € S\ is (backward!)

S={1,2,3}, ih=1:
T

~]
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Ancestral graph

i-splitting events on every line at rate g;, i € S\ is (backward!)
S=1{1,2,3}, is=1:

XNOJO

(x5 723)’\“‘*’:

y~wy

ZNWO

s = 0: partitioning of sequence across ancestors
sampling from wy
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Ancestral graph, s > 0

xropy(wp) | Xy
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Ancestral graph, s > 0

0 T

1
12] 2 (X17Y2’}/3)Nw§ )

|
T
I
|
!
I
I
2

decomposition according to leftmost 2-event on ancestral line of
tail (since wseI(V{,'_} ® 1/{5\1..}) = Wsel(y{,'.}) ® y{s\i.})

t
et (wp) + Py (00) © /O 0 ¢ 01y 51 () dr

= 040 o / L e 0 g
; ,
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Ancestral graph, s > 0

O T o
xrope(wp) | ! : (X1’y2723)'\‘°-’£2)
| |
| |
l l
I
| 2
J
yNQOT (wO) i
I
ZNLpo' (UJO) :

decomposition according to leftmost k-event on ancestral line of
D(k)

ot
ww(k) = oot §k 1)+w(ck(k 11) ®/ oW e*Q(k)”w(k_,ll)) do
0 :
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