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Introduction

Definition
Given a vertex subset U C V, let N~[U] = |J,cyy N~ [u]. For a given
integer £ > 1, a dominating set C C V is a (1, < /)-identifying code in

a digraph D when, for all distinct subsets X,Y C V, with
1< |X],|Y] < £, we get

N-[X]NC #N-[Y]nC.
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Definition
Given a vertex subset U C V, let N~[U] = |J,cyy N~ [u]. For a given
integer £ > 1, a dominating set C C V is a (1, < /)-identifying code in

a digraph D when, for all distinct subsets X,Y C V, with
1< |X],|Y] < £, we get

N-[X]NC #N-[Y]nC.

Remark
A digraph D = (V, A) admits some (1, < /)-IdC if and only if for all

distinct subsets X, Y C V with | X|,|Y| < ¢, we have

N-[X] £ N[Y].



Introduction

Definition
Two distinct vertices w and v of D are called twins if N~ [u] = N~ [v].

Remark
A digraph D admits a | )-1dC (identifying code) if and only if D

is twin-free.
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Non-spectral results for digraphs

Theorem (Balbuena, Dalfé, M-B., 2017)
Every 1-in-reqular digraph D admits a (1, < 2)-1dC if and only if the

girth of D is at least 5.



Non-spectral results for digraphs

Theorem (Balbuena, Dalfé, M-B., 2017)
Let D be a 2-in-reqular digraph. Then,

(1) D admits an identifying code if and only if it is Hy-free.
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Non-spectral results for digraphs

Theorem (Balbuena, Dalfé, M-B., 2017)
Let D be a 2-in-reqular digraph. Then,

(i4) D admits a (1,< 2)-1dC"if and only if it is H-free.
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Non-spectral results for digraphs

Example
Circulant digraph C(6;1,2).
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Non-spectral results for digraphs

Example
Circulant digraph C(6;1,2).

0 0
5 1 5 1
ﬁ
4 2 4 2
3 3
C(6;1,2) C(6:1,2)

X ={0,3} and Y = {1,4}
N-[X] = {0,1,2,3,4,5} = N_[Y]
4

C(6;1,2) does not admit a ( )-1dC.



Non-spectral results for digraphs

Example
Circulant digraph C(6;1,2) does not admit a (1, < 2)-IdC.

e His C 0(6, 172)



Spectral results for digraphs

Recall that a digraph with adjacency matrix M = (a,) has
eigenvalue A and eigenvector & = (z,,) if and only if

Mx =\ & Z OBy = Z Ty = ATy for all u € V.
veV vENt(u)



Spectral results for digraphs

Recall that a digraph with adjacency matrix M = (a,) has
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Spectral results for digraphs

Recall that a digraph with adjacency matrix M = (a,) has
eigenvalue A and eigenvector = (z,,) if and only if

Mx = x <& Z Oy By = Z Ty = Ay, for all u € V.
veV vENT (1)
—1
=—1
1 Q1

ry=(-1,1,—1,0,1)"
—1(1)=-1414(-1)



Lemma (Balbuena, Dalfé6, M-B., 2019)
Let D be a digraph with adjacency matrizc M. If =1 € ev(M) = D

admits an identifying code.
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e —1¢€ ev(H5)

e H; admits an identifying
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Theorem (Balbuena, Dalfé, M-B., 2019)
Let D be a 2-in-reqular digraph. Then,

(i1) D admits a (1, < 2)-I1dC" if and only if it is H-free.
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Theorem (Balbuena, Dalfé, M-B., 2019)
Let D be a 2-in-reqular digraph. Then,

(i1) D admits a (1, < 2)-I1dC" if and only if it is H-free.
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A=-1 =
H,y Hy 3 H,y A=
-1 =1 —1 0 1
1 0 1 =il 0 0
0 -1 -1 -1 -1 -1 0
Hs Hg H; Hy Hy
—1 -1 0 0
1 1] 1 -1 —1
-1 0 -1 -1 1 0 1
0 0 0 —1
Hig Hyy Hiz His
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A=l H1 0
-1 =1 —1 0 1
1®1 IQO 0[@1 1@1 0@0
0 -1 -1 1 1 -1 -1 1 -1 0
Hs Hg H; Hy Hy
—1 -1 0 0
1£ E;l lz Z;l 1@31 1@31
-1 0 0 -1 -1 1 0 1
0 0 0 —1
Hig Hyy Hiz His

Lemma (Balbuena, Dalf6, M-B., 2019)

Let D' be a digraph with mazimum in-degree A~ having an eigenvalue
X with eigenvector ' = (x))), such that z!, = 0 for any vertex

v e V(D) with d™ (v) < A~. Then, any digraph D with mazimum

in-degree A~ containing D' as a subdigraph has also the eigenvalue \.
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A=-1 H, 0
-1 =1 —1 1] 1
1®1 IQO 0(@1 1@1 0@0
0 -1 -1 1 1 -1 -1 1 -1 0
Hs Hg Hy Hs Hy
—1 -1 0 0
1@1 1@1 1@1 1@1
-1 0 0 -1 -1 1 0 1
0 0 0 —1
Hig Hyy Hiz His

Lemma (Balbuena, Dalf6, M-B., 2019)

Let D' be a digraph with mazimum in-degree A~ having an eigenvalue
X with eigenvector ' = (x))), such that z!, = 0 for any vertex

v e V(D) with d~(v) < A~. Then, any digraph D with mazximum

in-degree A~ containing D' as a subdigraph has also the eigenvalue \.
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Hio Hiy Hiz Hy

Lemma (Balbuena, Dalf6, M-B., 2019)

Let D' be a digraph with mazimum in-degree A~ having an eigenvalue
X with eigenvector ' = (x))), such that z!, = 0 for any vertex

v e V(D) with d~(v) < A~. Then, any digraph D with mazximum

in-degree A~ containing D' as a subdigraph has also the eigenvalue \.
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A= il H1 0
-1 =il —1 0 1
IC@I IQO 0@1 1@1 0@0
0 -1 -1 1 1 -1 -1 1 -1 0
Hs Hg H; Hy Hy
—1 -1 0 0
1£ é:l li j;l 1@31 1@31
-1 0 0 -1 -1 1 0 1
0 0 0 —1
Hio Hi Hiz His

Lemma (Balbuena, Dalf6, M-B., 2019)

Let D' be a digraph with mazimum in-degree A~ having an eigenvalue
X with eigenvector ' = (x))), such that z!, = 0 for any vertex

v e V(D) with d~(v) < A~. Then, any digraph D with mazximum

in-degree A~ containing D' as a subdigraph has also the eigenvalue \.
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Theorem
Let D be a 2-in-reqular digraph with adjacency matriz M.

(i) If —=1,0 € ev(M) and D is {Ho, H3, Hy, Hg, H11 }-free, then D
admits a (1, < 2)-1dC.

R
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Theorem (Balbuena, Dalfé, M-B., 2019)
Let D be a 2-in-regular digraph. Then D admits a (1, < 3)-1dC if and

only if it is {TT3} U J-free oriented graph.
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Theorem (Balbuena, Dalfé6, M-B., 2019)
Let D be a 2-in-reqular digraph. Then, D admits a (1, < 3)-1dC if and

only if it is {TTs3} U J-free oriented graph.

0
1 O C@ @ § 5 %
0 1
Jh Jo J3 Jy J5
Jﬁ J7 Js J9 JIO
—1 -1 -1
1 1 0 1 0 1
0 —1] 10 —1/]0 -1
0 1 0 1 0 1
0 1 1 -1 1 -1
Ji Ji2 Ji3 J1a J15




Theorem (Balbuena, Dalfé, M-B., 2019)
Let D be an oriented 2-in-reqular TTs-free graph with adjacency
matriz M.

(16) If =1,0 € ev(M) and D is {J; € J | 2 < i < 12}-free, then D
admits a (1, < 3)-1dC.
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Algebraic upper bound for /

(1, < /) — identifying code.
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Algebraic upper bound for /

Let P(x) = {i:x; >0}, N(z) = {i : z; <0}, and O(x) = {i : ; = 0}

sp(M) = {04, 11, —11}.
A=-1;2z,=(0,-1,1,-1,0,1)%
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Algebraic upper bound for /

Let P(x) = {i: z; > 0}, N(x) = {i : x; < 0}, and

sp(M) = {04, 11, —11}.
A=-1;2z,=(0,-1,1,-1,0,1)%
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Algebraic upper bound for /

Let P(z) ={i:z; >0}, N(x) = {i: z; <0}, and O(x) = {i : x; = 0}.

Proposition (Balbuena, Dalf6, M-B., 2019)
Let D be a digraph with adjacency matriz M having A € ev(M) N R,

with an associated eigenvector * = (z,)uev such that X = P(x) # 0
andY = N(x) # 0. Then, depending on the sign of A, the following
holds:

(a) If A <0, then N™[X]=N"[Y].

(b) If A > 0, then X UN—(Y) =Y UN—(X).

(¢) If A\ =0, then N~ (X)=N"(Y).
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Algebraic upper bound for /

Proposition (Balbuena, Dalfé, M-B., 2019)
Let D be a digraph with adjacency matriz M having A € ev(M) N R,

with an associated eigenvector * = (z,)uev such that X = P(x) # 0
and N'(x) # 0. Then, depending on the sign of \, the following holds:

(a) If A <0, then N~[X] = N~[Y].

Corollary
Let D be a digraph or a graph admitting a (1, < £)-1dC, and let M be

its adjacency matriz having at least one negative eigenvalue X. Then,

t< min max{[P()]. N (@)}

19



sp(M) = {0%, 1", —1"}.
A=—1;zy=(0,—1,1,-1,0,1)t.
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sp(M) = {0911, -1},
A= -1 zy = (0,~1,1,—1,0, 1),
X ={2,5},and Y = {1, 3}.
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sp(M) = {0%, 11, —11}.

A=—1; 2y = (0,—1,1,-1,0,1)".
X ={2,5},and Y = {1, 3}.
N-[X]={0,1,2,3,4,5} = N_[Y].

4

Hy3 does not admit a (1, < 2)-IdC.
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Example (Graphs case)

Heawood graph: sp(M) = {31!, ﬂ6, —\/56, —3'}. Eigenvectors
corresponding to —3 and —v/2, respectively:

(-1,1,-1,1,-1,1,-1,1,-1,1,—-1,1, —1,1),
(-1,0,1,0,—1,v/2,0,—v/2,1,0,0,0,0,0)",

(-1,0,1,—v/2,0,v2,-1,0,0,0,0,0,1,0)",
(0,-1,v2,-1,0,1,—+/2,0,0,0,0,1,0,0)",
(0,-1,v2,0,—v/2,1,0,-1,0,1,0,0,0,0)"
( )
(= )

0,—v2,1,0,—1,v2,-1,0,0,0,1,0,0,0)",
v2,0,v/2,-1,0,1,0,—1,0,0,0,0,0,1)".
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Example (Graphs case)

Heawood graph: sp(M) = {31!, ﬂ6, —\/56, —3'}. Eigenvectors
corresponding to —3 and —v/2, respectively:

(-1,1,-1,1,-1,1,-1,1,-1,1,—-1,1, —1,1),
(-1,0,1,0,—1,v/2,0,—v/2,1,0,0,0,0,0)",
(-1,0,1,—v/2,0,v2,-1,0,0,0,0,0,1,0)",
(0,-1,v2,-1,0,1,—+/2,0,0,0,0,1,0,0)",
( )
( )

0,—1,v2,0,—v/2,1,0,—1,0,1,0,0,0,0)",
0,— f,l,o —1,v/2,-1,0,0,0,1,0,0,0)¢,
(—v/2,0, 1,0,1,0,—1,0,0,0,0,0,1)".
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Example (Graphs case)

X ={2,5,13}, Y ={0,3,7}.
N[X]=V(H)=NI[Y]
e H does not admit a
(1, < 3)-1dC
e Since g(H) > 5, it follows that
H admits a (1, < 2)-1dC

23



Spectral results for digraphs

Proposition (Balbuena, Dalfé, M-B., 2019)
Let D be a digraph with adjacency matric M having X € ev(M) N R,

with an associated eigenvector = (zy,)uev such that X = P(x) #£ ()
and Y = N (x) # 0. Then, depending on the sign of X\, the following
holds:

(a) If A <0, then N™[X]=N"[Y].

(b) IfA>0, then XUN—(Y) =Y UN—(X).

(¢) If A =0, then N~ (X) = N—(Y).

Corollary
Let D = (V, E) be a digraph with (D) > 1 admitting a (1,< £)-1dC.

Let M be its adjacency matriz. If 0 € ev(M), then

i< i medPElh Wl el

TeE(
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Example

sp(F) = {3(v5+1),0, (-6 + 1), (-1 +iv7), (-1 - ivVT)}.
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Example

sp(F) = {L(vV5+ 1), 0,%(—\/5—1—1), 114 iv/7), (=1 — VD).

e N =31(—V5+1)—=a' =(1,3(-V6-1),1,3(—V6-1),1,1)
e A=0—x=(-1,0,0,1,0,0)
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Example

sp(F) = {L(vV5+ 1), 0,%(—\/5—1—1), 114 iv/7), (=1 — VD).

o N =1(—/5+1)—=a' =(1,3(-V6-1),1,3(—V5-1),1,1)
e \=0—x=(-1,0,0,1,0,0)
0
5 1
4 2
F 3
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smF):{a¢5+U,Q%@wﬁ+1)%@1+mﬁxa—1—uﬁn.

o N =1(—V6+1)o ' =(1,

e A\=0—x=(-1,0,0,1,0,0)

(7\/5 - 1)7 1, %(7\/5 - 1)’ 15 l)t

Dl N o

|P(z)| =1, and |N(z')| = 4, 5 1
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smF):{a¢5+U,Q%@wﬁ+1)%@1+mﬁxa—1—uﬁn.

o N =1(—V6+1)o ' =(1,

e A\=0—x=(-1,0,0,1,0,0)

(7\/5 - 1)7 1, %(7\/5 - 1)’ 15 l)t

Dl N o

0
|P(z)| =1, and |N(z')| = 4, 5 1
4 2

F does not admit a (1, < 4)-IC F 3
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smF):{a¢5+U,Q%@wﬁ+1)%@1+mﬁxa—1—uﬁn.
e N=1(-v5+1) =2’ =(1,3(-v5-1),1,3(-V/5-1),1,1)

e \=0—x=(-1,0,0,1,0,0)

[P(2")] =1, IN(2)] = 1,
and |O(z’)| = 4. 5 1
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smF):{a¢5+U,Q%@wﬁ+1)%@1+mﬁxa—1—uﬁn.
e N=1(-v5+1) =2’ =(1,3(-v5-1),1,3(-V/5-1),1,1)

e \=0—x=(-1,0,0,1,0,0)

0
[P(2")] =1, IN(2)] = 1,
and |O(z’)| = 4. 5 1
U 4 2
F' does not admit a (1, < 5)-1C F 3
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sp(F) ={3(v6+1),/0, %(—\/5+ 1), A(=1+4v7), 3(-1—iVT)}.

e )\ < (0 — F admits at most a
(1, < 3)-1dC

e A\ =0 — F admits at most a
(1, < 4)-IdC

e 0 — 1 — F admits at most a
(1, < 2)-IdC

28



1
sp(F)={:(vV5+1), 0, 5(—\/5+ D, |3(=1+V7), 3(=1 = v/7)}.
e )\ <0 — F admits at most a
(1,< 3)-1dC

e )\ — (0 — F admits at most a
1,< 4)-1dC

28



p(F) = (3(V5+1), 0, 5(~vB+1),

ol
—~
|
—_
+
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3
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3
—
—

e )\ <0 — F admits at most a
(1,< 3)-1dC

e A\ =0 — F admits at most a
(1, < 4)-IdC

e 5~ =1 — F admits at most a
(1,<2)-IdC

o N7[{3,4}] = N"[{0,4}]
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sp(F) ={3(v5+1),/0, %(—\/5+ 1), A(=1+4V7),3(-1—iVT)}.

e A\ =0 — F admits an
identifying code and does not
admit a (1, < £)-IdC for any
(>2

o N7[{3,4}] = N"[{0,4}]

29






