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Outline

o Motivation

@ Terminology

o Layering — a simple idea

@ The layering theorem

@ Main result: bipartite 2-factorizations of AK,
@ Corollary: the Oberwolfach Problem

@ Corollary: the Hamilton-Waterloo Problem
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Motivation: 2-factorizations of complete equipartite
multigraphs via detachment
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Terminology: multisets

o Multiset with mult /() copies of z: M = [z(™H=) . & € 1]
o Eg [1,1,3,3,4,7,8 = [1¢%,3() 4,7 8]

o Multiset union: M U My = [g{multan ()4multar (2)) . 4 ¢ 1]
o Eg. [1,3%,4,7,8] Li[11,3,7),8] = 114, 303 >,4, 76),8(2)]

o Refinement of M = [z1,22,...,2s]: M' = [y1,y2,.. .,y
such that there exists a partition {Py, P>, ..., P} of {1,2,...,t}
with ZjePiyj =x;fori=1,2,...,5

e Eg. [1,1,1,2,,3,,5,7,8] is a refinement of [1,1,3, ,7,8,8]
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Terminology: multigraphs
e \G: X-fold graph G




Terminology: factors

e r-factor of G: spanning r-regular subgraph of G
@ Type of 2-factor F: [cq,..., ]
if F'is a disjoint union of cycles of lengths cy, ..., ¢
@ Bipartite 2-factor type: T = [c1, ..., ¢] with ¢; all even
@ 2-factor type admissible for G: G contains a 2-factor of this type

Figure: 2-factors of types [2, 3] and [5] in 2K (left); a 1-factor and 2-factors of
types [3, 3] and [6] in K¢ (right).
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Terminology: 2-factorizations
@ 2-factorization of G:
» decomposition of G into 2-factors, if G is 2k-regular
» decomposition of G into 2-factors and a 1-factor, if G is (2k + 1)-regular
@ Type of 2-factorization {Fi,..., Fy}: [Ty,..., Ty
if 2-factor Fj is of type 715, for all ¢
@ Bipartite 2-factorization type: T = [T, ..., T]
with T; all bipartite 2-factor types

@ 2-factorization type admissible for G: T = [T4, ..., Tk]
with T; all admissible for G, and G is 2k-regular or (2k + 1)-regular

L7 IRAN

Figure: 2-factorization of type [[2,3],[2, 3], [5], [5]] in 2K} (left); 2-factorizations
of types [[3, 3], [6]] and [[6], [6]] in K (centre and right).
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Example: K5 ® K5 = 2K

Figure: [[5]2)] u (51 ] = [15¢)]
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Example: Kg ® 2Ks = 3K5

Figure: [[3)1,[6]] U 12,409, 3], [6]] = [12,4]), 3], [6]2>]
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Example: K¢ ® K¢ = 2K,
6

[2,2,2]




Example: K¢ ® K¢ = 2K

Figure: [[3)],[6]] U (3, [6]] = [[31®), (6]
Mateja Sajna (U of Ottawa)
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Example: K¢ ® K¢ = 2K

Figure: [[3)],[6]] U (3], 6] = 131, 6]
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The layering theorem

Theorem 1 (Bahmanian and Sajna, 2021%)

Fori=1,...,4, assume u; K,, admits a 2-factorization of type
Ti =T - Togy], with iy = | 200 |

Let p =Yt pi and B = |{i : pi(n — 1) is odd}|.
@ Then uK, admits a 2-factorization of type

Ui [Tia, .-, Tigs] U [T - - )]

for all bipartite 2-factor types 11, . .. ’TL 8| that are admissible for
2
2K,,.
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Bipartite 2-factorizations of K,,: previous results

Theorem 2 (Haggkvist, 1985)

Letn =2 (mod 4), and let T = [T{*"),... T\**)] be any admissible

bipartite 2-factorization type with all «; even.

@ Then K, admits a 2-factorization of type T .

Theorem 3 (Bryant and Danziger, 2011)

Letn =0 (mod 4), and let T = [T\*, ... T\ be any admissible
bipartite 2-factorization type with ay > 3 odd, and «; even for all © > 2.
@ Then K, admits a 2-factorization of type T .
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Signature of a 2-factorization type
@ Signature of the 2-factorization type 7 = [Tfa1>, e 7T/,ga’“)]:
[Ckl, e ,Oék]

Let G be an r-regular graph.

Lemma 4

Let T be a 2-factorization type for G.
o If A= [ai,...,ax] is a signature for T, then ay + ...+ ap = |5];
that is, A is a refinement of [| 7 |].

e Any refinement of a signature for T is a signature for T .

Lemma 5
Assume A is a refinement of A’, and A’ is a refinement of | 5 |].
Assume G admits a 2-factorization of type T for every T with signature A
that satisfies property P.
@ Then G admits a 2-factorization of type T' for every T' with
signature A’ that satisfies property P.
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Bipartite 2-factorizations of K,,: previous results revisited

Theorem 6 (Haggkvist; Bryant and Danziger)

Let T be an admissible bipartite 2-factorization type with a signature
B= [/817"'7/38]'

Suppose there exists a refinement A of B such that

(i) n=2 (mod 4) and A = [2<nTi2>]; or
n—8

(i) » =0 (mod 4) and A = [3,20"T ]
Then K,, admits a 2-factorization of type T .
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Bipartite 2-factorizations of AK,,: new results

Theorem 7 (Bahmanian and Sajna, 2021%)

Let T = [T} ﬁl) ..,T§ﬂ3>] be an admissible bipartite 2-factorization type
for A\K,,, Wlth each T; an admissible bipartite 2-factor type for K.
Suppose there exists a refinement [a, . .., ax] of [B1, ..., [Bs| such that

(i) n=2 (mod 4) and |{i: «a; is odd}‘ % or

(i) n=0 (mod 4),

oy s odd}‘ <A+ (3], and

{’i Qg is Odd, (67 > 3} > A

Then AK,, admits a 2-factorization of type T .
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Proof of Theorem 7

o For A =1, apply Theorem 6.
@ Hence assume A\ > 2.
e By Lemma 4, we may assume that 7 = [T1<O“>, ... ,kao‘”] and

[, . .., ay] satisfies (i) or (ii).
Note that Zle o = L@J =22y L%J
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Proof of Theorem 7 cont'd
CASE n =2 (mod 4). Hence ‘{z a; is odd}‘ |2]. Lett =

e As ZZ L @i = 2M\t + | 3], we may assume

[Qr, o o] = 12,000,200 00,2, 000 2 Qg - - -y QU]
t t

~

At

~

@ By Theorem 6, K,, admits a 2-factorization of type
2
T; = [T(gzl)tﬂ, e J<t>] forj=1,..., A

° LetTl’,...,T[AJ
2

be 2-factor types such that
T o= [, T = T (T}, T)y )
= <|_|] 1TJ>|_|[T{,...,T[%J].

@ Obtain a 2-factorization of AK,, of type 7 using Theorem 1 with
b=X p=1foralle=1,...,A and 8= A.
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Proof of Theorem 7 cont'd
CASE n =0 (mod 4). Hence ‘{7, tayis odd}| < A+ L%J and

i+ aiis odd, @y > 3} 2 A, Let ¢ = 251,
o Note n > 8.
° As ZZ 10 =3M+2Xt—-1)+ {%j we may assume
[Q1, . ak] = [3,2,...,2,...,3,2, 00,2, Qg 1y - - -5 Ok
——

N J/

° By Theorem 6, K, admits a 2-factorization of type

(2) 742)
[Tj 1)5+1,T(].71)tJr2,..., it Jforj=1,..., X\

° Let T,..., be 2-factor types such that

L%J
T = [Tfo‘”,...,T,iaW] = (u]*:l 7;) ul[ry,...,T!

o Complete using Theorem 1 as before. 0
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The bipartite Oberwolfach Problem for AK,

o OP(G;T): does G admit a 2-factorization of type [T(*)], for a
2-factor type 17

Corollary 8 (Haggkvist; Bryant and Danziger)

OP(K,;T) has a solution for every even n and admissible bipartite
2-factor type T.

Corollary 9 (Bahmanian and Sajna, 2021+)

OP(AK,;T) has a solution for every even n and bipartite 2-factor type T
that is admissible for K,,.
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The bipartite Hamilton-Waterloo Problem for \K,

@ HWP(G;Ty,Ts; a1, as): does G admit a 2-factorization of type
[T5%) T$2)], for 2-factor types T} and T?

Corollary 10 (Haggkvist; Bryant and Danziger)

Let T',T5 be any distinct admissible bipartite 2-factor types for K,,. Then
HW P(K;Ty, Ty; ay, a) has a solution for all ay, s € 77 such that

® aj+ar =232 and

@ at most one of ay, s is odd and 1 & {ay,as}.

Theorem 11 (Bahmanian and Sajna, 2021%)

Let T, T, be any distinct admissible bipartite 2-factor types for K,,. Then
HW P(AK,; Ty, Ts; o, as) has a solution for all oy, s € 7 such that

@ oy tas= L@J;and

@ if A\ =1, then at most one of a1, s is odd and 1 & {ay, as}.
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