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Guiding question:

To what extent do properties of geometric objects depend on where they
are defined?
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Guiding question:

To what extent do properties of geometric objects depend on where they
are defined?

Theorem A [Castrillén Lépez et al, Annali di Matematica 194 (2015) 343]

Curves in a manifold M are uniquely determined up to rigid motions by
their curvatures and torsion if and only if M is a space form.
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Guiding question:

To what extent do properties of geometric objects depend on where they
are defined?

Theorem A [Castrillén Lépez et al, Annali di Matematica 194 (2015) 343]

Curves in a manifold M are uniquely determined up to rigid motions by
their curvatures and torsion if and only if M is a space form.

Theorem B [Kulkarni, P. Am. Math. Soc. 53 (1975) 440]

Every sufficiently small geodesic sphere in a manifold M is totally umbilic
if and only if M is a space form.
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Spherical curves in Euclidean space

Theorem C
A curve is spherical if and only if

afid (T,
ds |7ds \ k Kk
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Spherical curves in Euclidean space

Theorem C
A curve is spherical if and only if

afid (T,
ds |7ds \ k Kk

Rotation minimizing (RM) frames [Bishop, Am Math Mon 82 (1975) 246]

A unit vector field v is RM along o/ if v/ = pua’ for some pu. If instead of
Frenet we equip a with an RM frame frame {t = o/, n1,...,n,}, then

t 0 K1 ° Km t

d ni —K1 o - 0 ni
ds - :

Nm —RKm 0 0 Nm

LCB da Silva (luiz.da-silva@weizmann.ac.il) Characterization of space forms 22/06/21 (MS-15, 8ECM) 3/18



Spherical curves in Euclidean space

Theorem C
A curve is spherical if and only if

& id PN L T g
ds |7ds \ ko

Theorem D [Bishop, Am. Math. Mon. 82 (1975) 246]

Let {t=a',n1,...,nm} be an RM frame, then « is spherical if and only if
1
a1k1(s) + -+ + amkm(s) = B

where a; is constant, af + o+ afn =1, and r is the radius of the sphere.

v

Note: The coefficients a; are the coordinates of the unit normal of the
sphere with respect to {ny,...,nn}.
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Spherical curves in space forms

Theorem 1 [— & da Silva, Mediterr. J. Math. 15 (2018) 70]

Let o be a C? curve in S™1(r) or H™ 1(r). Then, « is spherical iff

1
aln1+---+amnm+7cot(@> =0, ifagS’"“(r)

r r

1 b
aln1+~'-+ami€m+7coth<@) =0, if a CH™(r)
r r

for some zy (radius) and a; (coordinates of the unit normal). Moreover, the
coefficients L cot(2) and % coth(2) are the mean curvature of the sphere.

r r
v

Theorem 2 [— & da Silva, Mediterr. J. Math. 15 (2018) 70]
Let o be a C* curve in S3(r) or H3(r). Then, « is spherical iff

and (T,
ds |7ds \ k Kk
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Proof of Theorem 1

Let a be spherical. We may write
afs) = expp(zo V(g s)) = cos( )p + rsm( ) (cos) = ta(s) = V/(cos),
where cg = L csc(2) and V : | — S™(1) C T,S™+1(r) has unit speed.

The unit normal ¢ along « is the same as the tangent of the radial
geodesic Bs(u) = exp,(uV(cos)) at u = z. We can show that

Vi & = fcot< ) ty -

Note: The unit normal £ is RM along any curve!
Let us write £ along « as

£(s) = tg,(20) = ar(s)n(s) + - - + am(s)nm(s)
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The coefficient a; = (£, n;) is constant:

2 = (Ver&om) (€ Veuns) = (- cot( ) ta, ) + (€, ~ista) =0.
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The coefficient a; = (&, n;) is constant:

a; = (Ve &, ni) + (€, Ve ni) = <% COt(ZTO)tm ni) + (& —kita) = 0.

Finally, taking the derivative of (£,t,) = 0 along «

1
0= (Vi & ta) + (&, Vi ta) = <rCOt( ) ta, ta Zan,,ZanJ

1
=0= P cot( . ) + a1k1(s) + - - + amkm(s).
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The coefficient a; = (&, n;) is constant:

2 = (Vi) (6 Vear) = (- c0t(2) to, ) + {6, —sita) = 0.

Finally, taking the derivative of (£,t,) = 0 along «

1
0= (Vi & ta) + (£, Vi ta) = <rCOt( ) ta, ta Zan,,ZmJnJ

1
=0= P cot( ) + a1k1(s) + - - + amkm(s).

Conversely, given a(s), deflne W(s) = —aini(s) — -+ — amnm(s) and
p(s) = cos(z—ro)a(s) - rsin(z—rO)W(s).

We have p’(s) = 0. Then, p(s) is constant and the geodesics starting at «
with velocity W travel the same distance to reach P. Therefore, « is a
spherical curve. O

v
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Curves on totally umbilical hypersurfaces

Theorem 3 [— & da Silva, Annali di Matematica 199 (2020) 217]

Y™ c M™*1 is umbilical if and only if its unit normal ¢ is RM along every
a: | — X. In addition, every curve in ¥ satisfies

a151(5) + -+ + amim(s) = H(a(s)),

where H is the mean curvature, £ =), ain; with a; constant and n; RM.
Thus, > ajk; = H for spherical curves if and only if M is a space form.
Finally, if we use the Frenet frame, then ¥2 C M3 is umbilical if and only if

d[1d /H T
—— = —-H=0.
ds L’ds </<c>] +/<;

Note: The same is valid for pseudo-Riemannian manifolds. J
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Curves on totally umbilical hypersurfaces

Theorem E [Baek et al, Am. Math. Mon. 110 (2003) 830]

Let r > 0 be constant. Then every curve a : | — ™ C E™t1 satisfies
K > % if and only if X is a sphere of radius r.

Theorem 4 [— & da Silva, Annali di Matematica 199 (2020) 217]

Every curve a : | — X™ C M™+1 satisfies x > |H|, where H is the mean
curvature of M, if and only if X is totally umbilical.
Consequently, k > |H| characterizes spherical curves iff M is a space form.

Note: The same is valid for pseudo-Riemannian manifolds. J
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Curves on totally umbilical hypersurfaces

Theorem F [Pansonato & Costa, Geom. Dedicata 136 (2008) 111]

Every simple closed curve o : | — X2 C E3, S3(r), or H3(r) satisfies
¢ 7 =0 if and only if Y2 is totally umbilical.
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Curves on totally umbilical hypersurfaces

Theorem F [Pansonato & Costa, Geom. Dedicata 136 (2008) 111]

Every simple closed curve o : | — X2 C E3, S3(r), or H3(r) satisfies
¢ 7 =0 if and only if Y2 is totally umbilical.

Theorem 5 [— & da Silva, Annali di Matematica 199 (2020) 217]

Every simple closed curve o : | — ¥2 C M? satisfies ¢ 7 =0if and only if
¥ 2 is totally umbilical.
Consequently, § 7 = 0 characterizes spherical curves iff M is a space form.

v
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Proof of Thr. B (umbilical spheres < space form)

Given Xg, Yq € T¢M, 3 p where S(p, R) is tang. to Xg and normal to Yj.
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Proof of Thr. B (umbilical spheres < space form)

Given Xg, Yq € T¢M, 3 p where S(p, R) is tang. to Xg and normal to Yj.
There exists V(s) in S™(1) C T,M such that f(u,s) = exp,(uV(s)) gives

of of
q= f(Rv 0)7 &(I{O) - XQ7 and %(R,O) - YCI'
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Proof of Thr. B (umbilical spheres < space form)

Given Xg, Yq € T¢M, 3 p where S(p, R) is tang. to Xg and normal to Yj.
There exists V(s) in S™(1) C T,M such that f(u,s) = exp,(uV(s)) gives

of

of
(R,0) = Xg, and (R, 0) = Yq.
Extend Xg, Ygto X = & and Y = Z. Then VyY =0, [X, Y] =0, and
VxY = VyX. From the umbilicity, VxY = —AX, it follows
oA

RIY,X)Y = VxVyY =VyVxY +Viy xY = Vy(AX) = (5 - A)X.
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Proof of Thr. B (umbilical spheres < space form)

Given Xg, Yq € T¢M, 3 p where S(p, R) is tang. to Xg and normal to Yj.
There exists V(s) in S™(1) C T,M such that f(u,s) = exp,(uV(s)) gives

of of
q= f(Rv 0)7 &(I{O) - XQ7 and %(R,O) - YCI'

Extend Xg, Ygto X = & and Y = Z. Then VyY =0, [X, Y] =0, and
VxY = VyX. From the umbilicity, VxY = —AX, it follows

(2

RIY,X)Y = VxVyY =VyVxY +Viy xY = Vy(AX) = (5 - A)X.
The sectional curvature of span{Xg, Y;} at q is
(R(Y,X)Y, X) N
Kq(X,Y) = _ (9N
alX.Y) (X, XY, Y)Y — (X, Y)2lq (8u )u:R’

It is possible to conclude K is a function of the base point only. By the
Schur theorem, the sectional curvature is constant. O
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Ruled Surfaces in space forms

Given 9 (u, v) = a(u) + v Z(u) in E3, then the Gaussian curvature satisfies

o —_Wu by ) [(a',z, Z')r
B (detgj)? det gj; ’
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Ruled Surfaces in space forms

Given 9 (u, v) = a(u) + v Z(u) in E3, then the Gaussian curvature satisfies

- Wt bu)® [(a',z, Z')r
(detgj)? det gj; ’

If Z is unit normal field along «, then K = 0 iff Z is RM.
In addition, K = 0 implies the surface is ruled.
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Ruled Surfaces in space forms

Given ¥(u,v) = a(u) + v Z(u) in E3, then the Gaussian curvature satisfies

- Wt bu)® [(a',z, Z’)}2
(detgj)? det gj; ’

If Z is unit normal field along «, then K = 0 iff Z is RM.
In addition, K = 0 implies the surface is ruled.

Theorem G [Portnoy, Pac. J. Math. 57 (1975) 281]
Let ¢(u, v) = expq(y)(vZ(u)) be a ruled surface in H3. Then,

Kext =0 & (o, 2,V Z) = 0.

In particular, if Z is unit normal field along «, then Ker = 0 iff Z is RM.
In addition, Kexr = 0 implies the surface is ruled.

LCB da Silva (luiz.da-silva@weizmann.ac.il) Characterization of space forms 22/06/21 (MS-15, 8ECM) 12/18



Extrinsic Gaussian curvature

Theorem 6 [— & da Silva, e-print arXiv:2106.10346 (2021)]

Let the generating curve a be the striction curve, (o/,VZ) =0, then

u,v)= —COS2 K A(U)z 7
Kexe(u, v) (r> [/\(u)zcosz (%) L AP G)]z

where we have defined the distribution parameter

N CRA7
IVarZ|2

Note: For ruled surfaces in H3(r), replace sin and cos by sinh and cosh.

v
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Theorem 7 [— & da Silva, e-print arXiv:2106.10346 (2021)]
Every extrinsically flat surface in a space form is ruled. J

Proof. Let X : (u,v) — ¥(u, v) have Koy = 0 and consider 0; = %,
O = %, and & = 93, where k(82) = 0.
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Theorem 7 [— & da Silva, e-print arXiv:2106.10346 (2021)]
Every extrinsically flat surface in a space form is ruled. J

Proof. Let X : (u,v) — 9 (u, v) have Koy = 0 and consider 0; = %,
O = %, and & = 03, where £2(02) = 0. Then

<R(8i78j)ak7§>p = <V8jva,-ak - va;vaj8k7€>P
Riks(p) = hjmli& = him[ i + hikj — hjii -

In a space form, Rz = Ko((0;, Ok)(0}, 03) — (0, 03) (0}, Ok)). Using that
hai = (V,0i, &) = —(0i, V,&) = 0 implies hp1 = hp = 0, we have

hi1T3, = —Rizp3 = 0.
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Theorem 7 [— & da Silva, e-print arXiv:2106.10346 (2021)] J

Every extrinsically flat surface in a space form is ruled.

Proof. Let X : (u,v) — 9 (u, v) have Koy = 0 and consider 0; = %,
Oy = %, and £ = 03, where k2(92) = 0. Then

<R(8i78j)ak7£>p = <V8,-V8,-ak - va;vaj8k7€>P
Riks(p) = hjmli& = him[ i + hikj — hjii -

In a space form, Rz = Ko((0;, Ok)(0}, 03) — (0, 03) (0}, Ok)). Using that
hai = (V,0i, &) = —(0i, V,&) = 0 implies hp1 = hp = 0, we have

hi1T3, = —Rizp3 = 0.
At a parabolic point, hi; # 0 = F%2 = 0 in a neighborhood of p. Finally,
Va282 = I'§28,- + hpp€ = r%zag = /ﬁlg(ag) X <V3262, —81> =0.

In conclusion, X is a union of pieces of rule surfaces. O
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Characterization of space forms

Theorem 8 [— & da Silva, e-print arXiv:2106.10346 (2021)]

A manifold M3 is a space form if and only if
@ there exists a surface with K = 0 tangent to any 2d plane
@ if every surface with Koy = 0 is ruled.

Proof. Given 7, C TpM3, let ¥2 have Kexr = 0 and such that

ToX2 = mp. Write ¥ : (u,v) — expq () (vZ(u)), where rk,(92) = 0 and
K1 = kn(01).
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Characterization of space forms

Theorem 8 [— & da Silva, e-print arXiv:2106.10346 (2021)]
A manifold M3 is a space form if and only if

@ there exists a surface with K = 0 tangent to any 2d plane
@ if every surface with Koy = 0 is ruled.

Proof. Given 7, C TpM3, let ¥2 have Kexr = 0 and such that
ToX2 = mp. Write ¥ : (u,v) — expq () (vZ(u)), where k,(92) = 0 and
k1 = Kknp(01). From V5,02 = 0 and [01,02] = 0, we have

Rp(02,01)02 = V5,V9,02 — V9,V 5,02 + V9, 9,02 = =V 5,V 5,02.
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Characterization of space forms

Theorem 8 [— & da Silva, e-print arXiv:2106.10346 (2021)]

A manifold M3 is a space form if and only if
@ there exists a surface with K = 0 tangent to any 2d plane
@ if every surface with Koy = 0 is ruled.

Proof. Given 7, C TpM3, let ¥2 have Kexr = 0 and such that
ToX2 = mp. Write ¥ : (u,v) — expq () (vZ(u)), where k,(92) = 0 and
k1 = Kknp(01). From V5,02 = 0 and [01,02] = 0, we have

Rp(az, 01)02 = V9, Vp,00 — V5,V 02 + V[ahaz]az = —Vy,Vp,0o.
Since (0p,02) =1 = (Vp,02,02) = 0, then V02 = A1 + BE. Moreover,
Va,d =0= B =({,Vy0) = (£ Vs,01) = (—V,& 01) =0

Finally, V0> = A0y implies K,(01,02) = —(% + A?) and, therefore, M3
must be a space form. O
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Theorem 9 [— & da Silva, e-print arXiv:2106.10346 (2021)]

Let ¥(u,v) C M3 have Kexy = 0 and let the x3(92) = 0. The v-curves are
geodesics, i.e., X2 is ruled, if and only if Ri203 = 0.
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Theorem 9 [— & da Silva, e-print arXiv:2106.10346 (2021)]

Let ¥(u,v) C M3 have Kexy = 0 and let the x3(92) = 0. The v-curves are
geodesics, i.e., X2 is ruled, if and only if Ri203 = 0.

v

Corollary 2 [- & da Silva, arXiv:2106.10346; Dillen et al, Monatsh. Math. 152
(2007) 89; Dillen & Munteanu, Bull. Braz. Math. Soc. 40 (2009) 85]

Every constant angle surface in S?> x R and H? x R is a ruled surface.

Proof. Write 0; =sinfle, 4 cosfes, £ = J3, and e; = ep X e3. Since
gH(eé",el) = gl(ez,e1) — gR(E§,0) =0 and

gH(e1, ef') = g(e1,e3) — gr(ef, ef) =0,

then Rixs = gr(er, e )gn(ed, ef!) — gu(ef!, el)gu (e, eb') = 0. O
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Theorem 9 [— & da Silva, e-print arXiv:2106.10346 (2021)]

Let ¥ (u,v) C M3 have Kexr = 0 and let the x2(92) = 0. The v-curves are
geodesics, i.e., Y2 is ruled, if and only if Riz3 = 0.

v

Corollary 2 [- & da Silva, arXiv:2106.10346; Dillen et al, Monatsh. Math. 152
(2007) 89; Dillen & Munteanu, Bull. Braz. Math. Soc. 40 (2009) 85]

Every constant angle surface in S x R and H? x R is a ruled surface.

Proof. Write 0; =sinfle, 4 cosfes, £ = J3, and e; = ep X e3. Since
gH(eé",el) = gl(ez,e1) — gR(ef,O) =0 and

gr(er, ef') = gler, e3) — gr(ef, ef) = 0,
then Rizo3 = gri(er, ef')gn (e}, eff) — gr(er’, ef )gr(es’ ef') = 0. O
Theorem 10 [— & da Silva, e-print arXiv:2106.10346 (2021)]
There exist ¥2 in H? x R and S? x R with Ko = 0 which does not make a
constant angle. In addition, the asymptotic directions are orthogonal to 0.
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@ Several properties of spherical curves in space forms are valid because
their spheres are totally umbilical.

@ We we force those properties to be valid for spherical curves, then we
are forced to work with space forms.

@ We proved, using RM frames, that umbilical spheres is a
characteristic property of space forms.

@ We provided a necessary and sufficient condition for an extrinsically
flat surface in a generic manifold be ruled.

@ Space forms are the only manifolds which have plenty of extrinsically
flat surfaces and they are all ruled.

@ We showed that constant angle surfaces in homogeneous product
manifolds are ruled.

@ There must exist extrinsically flat surfaces in homogeneous product
manifolds which do not make a constant angle with the real direction.

LCB da Silva (luiz.da-silva@weizmann.ac.il) Characterization of space forms 22/06/21 (MS-15, 8ECM) 17 /18



Muito obrigado! (Thank you!)
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