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INTRODUCTION 

 The integrals of highly oscillating functions of many variables are one of the 
central concepts of digital signal and image processing.  

 Nowadays, methods for digital signal and image processing are widely used 
in scientific and technical areas. 

 Current stage of research in  
 astronomy,  
 radiology,  
 computed tomography,  
 holography and radar 

  is characterized by broad use of digital technologies, algorithms and 
methods.  

 Correspondingly, an issue of development new or improvement of known 
mathematical models arose, especially for new types of input information.  
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INTRODUCTION 

 There are the cases when input information about function is given:  

 on the set of traces of the function on planes;  

 set of traces of the function on lines; 

 and set of values of the function in the points. 

 

 The report is dedicated to the improvement of mathematical models of 
digital signal processing and imaging by the example of constructing 
formulas of approximate calculation of integrals of highly oscillating 
functions of two and three variables. 
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INTRODUCTION 

 Oscillatory integrals are present in various applications, but it is difficult 
to compute them by standard methods.  

 There is a great number of articles where problems of highly-oscillating 
functions in regular case are discussed.  

 The oldest paper has been published by L.N.G.Filon (1928); 

also it is necessary to mention Y.L.Luke (1954); 

I.Zamfirescu (1963); 

N. Bakhvalov & L. Vasileva (1968) 

D.Levin (1982), etc.  
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INTRODUCTION 

 The full analysis of these methods is presented by A. Iserles in  
Iserles, A. On the numerical quadrature of highly–oscillating integrals I: Fourier 
transforms. IMA J. Numer. Anal. 24, 365–391 (2004) 
J. Gao and A. Iserles, Error analysis of the extended Filon-type method for highly 
oscillatory integrals. Tech. Re-ports Numerical Analysis (NA2016/03) DAMPT: University 
of Cambridge, 2016.  

 by V. Milovanovic in  
Milovanovic G. V., Stanic M.P., Numerical Integration of Highly Oscillating Functions. 
Analytic Number Theory, Approximation Theory, and Special Functions, 2014, pp. 613-
649.  
 Two and three dimensional  methods for computation of integrals of 
highly oscillating functions in regular case are also discussed in various 
papers. One dimensional  methods are extended to the multidimensional 
integration. 
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INTRODUCTION 

 The full analysis of these methods is presented by A. Iserles in  

Iserles, A., S. P. Norsett,  From high oscillation to rapid approximation III: 
Multivariate expansions // Tech. Reports Numerical Analysis (NA2007/01)/ DAMPT 
– University of Cambridge. – 37 p. 

 by V.K. Zadiraka in 

I. V. Sergienko, V.K. Zadiraka, O. M. Lytvyn, S.S. Melnikova, О.P. Nechuyviter, 
Optimal Algorithms of Calculation of Highly Oscillatory Integrals and their 

Applications. Monography, Tom 1. Algorithms, Kiev, 2011, p. 447.  

 In this work the problem of computing rapidly oscillating integrals 
of differentiable functions using various information operators is 
considered.  
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TWO DIMENSIONAL CASE 

 At the beginning in this report we present  formulas of the evaluating of 
two dimensions of Fourier coefficients with using piece-wise splines. 

 

 These formulas are constructing in two cases: input information about 
function is a set of traces of function on lines and a set of values of the 
function in the points.  

 

 The main advantages of methods are high exactness of approximation 
and less amount of information about function. 
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TWO DIMENSIONAL CASE 
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TWO DIMENSIONAL CASE 

Let 

                  (1) 
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TWO DIMENSIONAL CASE 

For numerical calculating of two-dimensional Fourier coefficients 

          

         (2) 

  

we suggest formula        (3) 

 

 

 

         (4) 
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TWO DIMENSIONAL CASE 

 

 

 

 

 

 
 

 We also can built cubature formula for calculating of two-dimensional Fourier 
coefficients in case when information about  f(x,y) is a set of values of the function in 
the points. 

  The main advantages of this formula are high exactness of approximation, the 
opportunity to decrease the amount of information about function during the 
calculation. 
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TWO DIMENSIONAL CASE 

Let         
         (5)  
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TWO DIMENSIONAL CASE 

For numerical calculating of two-dimensional Fourier coefficients 

 

  

we suggest formula        
         (6) 

 

 

 

         (7) 
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TWO DIMENSIONAL CASE 
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TWO DIMENSIONAL CASE 
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We compare cubature formula  with  formula  
 
 
        (8) 
 
 
It is necessary to note that  
 
 
 
 



TWO DIMENSIONAL CASE 
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Example 
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TWO DIMENSIONAL CASE 
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THREE DIMENSIONAL CASE 
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 The research is dedicated to the improvement of mathematical models of digital 
signal processing and imaging by the example of constructing cubature formulas of 
approximate calculation of integrals  

 

 

of highly oscillatory functions of three variables.  

 The feature of the proposed cubature formulas is using the input information 
about function as   

 a set of traces of function on planes; 

 a set of traces of function on lines; 

 a set of values of the function in the points.  

 

1 1 1
3
1

0 0 0

( , , ) ( , , )sin 2 sin 2 sin 2I m n p f x y z mx ny pzdxdydz     
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 Definition 2. The traces of function of three variables on the planes  

 

are understood as function of two variables 

 

 

Definition 3. The traces of function of three variables on the lines  

 

 

are understood as function of one variables 

 

 

/ 2, / 2, / 2, , , 1, , 1 /k j sx k y j z s k j s              

( , , ), 0 1, 0 1, ( , , ), 0 1, 0 1, ( , , ), 0 1, 0 1.k j sf x y z y z f x y z x z f x y z x y           

  
1

, , : , , , , , , 1, , 0 1
2 2

k j k jx y z x x y y x k y j k j z
 

            

( , , ), 0 1.k jf x y z z 



THREE DIMENSIONAL CASE 

Olesia Nechuiviter,                Kyrylo Kovalchuk                   8ECM 2021 21 

  
1 case: the input information about function is a set of traces of function on planes 
 

Let 
                                (9) 
 

 

 

 

 

   



THREE DIMENSIONAL CASE 

22 

  
1 case: the input information about function is a set of traces of function on planes 
 

Operator 
                (10) 

 
 
 
 
has properties:  
 
                   
                   (11) 
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THREE DIMENSIONAL CASE 
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1 case: the input information about function is a set of traces of function on planes 
 

Let 
 
 
 
Theorem 3.   Cubature formula  
 
                     (12)
  
 
has the following error of  approach 
   

1 1 1
3
1

0 0 0

( , , ) ( , , )sin 2 sin 2 sin 2m n p J f x y z mx ny pzdxdydz      



THREE DIMENSIONAL CASE 
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2 case: the input information about function is a set of traces of function on lines 
 
Let  
 
 
                    (13)
   
 

 
 
 
 
 
 



THREE DIMENSIONAL CASE 
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2 case: the input information about function is a set of traces of function on lines 
We define operator 
 
 
                     (14) 
 
 
 
on the following class of function  



THREE DIMENSIONAL CASE 
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2 case: the input information about function is a set of traces of function on lines 
 
Theorem 4.   Cubature formula  
 
                   (15)
   
 
has the following error of  approach 
 



THREE DIMENSIONAL CASE 
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3 case: the input information about function is a set  of values of the function in the points 
 
Let 
                      (16) 



THREE DIMENSIONAL CASE 
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3 case: the input information about function is a set of of values of the function in the points 
We define operator 
 
 
                      (17) 
 
 
 
 
Theorem 5.   Cubature formula 
 
                        (18) 
 
has the following error of  approach  



THREE DIMENSIONAL CASE 
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The choice  of knots 

  

 
 



THREE DIMENSIONAL CLASSICAL CASE 
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Theorem 6. Let 

 

then cubature formula  

 

 

 

has the following error of  approach: 

  

 
 



Computer experiment 
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Calculation of                       for                                                      by proposed  

and classic formulas: 

 

 

 

 

 

 

 

 

 

E – calculation accuracy, Q – amount of knots, M – storage capacity, T – time of calculation. 

 
 

E 

Q 2048 262144 

M 78209932 78594620 

T 2,1 68,7 
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THREE DIMENSIONAL IRREGULAR CASE 
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Conclusions 
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 Report is dedicated to the constructing cubature formulas of approximate calculation 
of integrals of highly oscillatory functions of two and three variables.  
 

 Cubature formulas are based on Failon method and special operators.  
 

 The feature of the proposed cubature formulas is using the input information about 
function as a 

     - set of traces of function on planes; 
     - set of traces of function on lines; 
     -  set of values of the function in the points.  

 

 
  



Conclusions 
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  Thank you for attention! 
 

   

 
 
 

 
  


