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Introduction

Conservation Laws with Discontinuous Flux{
ut + [f (x , u)]x = 0

u (0, ·) = ū ∈ L1 (R,R)
(1)
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Conservation Laws with Discontinuous Flux{
ut + [f (x , u)]x = 0

u (0, ·) = ū ∈ L1 (R,R)
(1)

t ≥ 0, x ∈ R

u(t, x) ∈ R is the unknown;

f (x , ω) is a given function, “the flux”. We will assume:

the map ω 7→ f (x , ω) is smooth for any x ∈ R.

the map x 7→ f (x , ω) is in L
∞ (R,R) for any ω ∈ R (for parabolic approximations);

f (x , ω) =

{
f L(ω) for x ≤ 0,

f R(ω) for x > 0,
(singular parabolic to hyperbolic limit)
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Introduction

Conservation Laws with Discontinuous Flux{
ut + [f (x , u)]x = 0

u (0, ·) = ū ∈ L1 (R,R)
(1)

REMARKS

It is well known that even if f (x , ω) = f (ω) and ū are smooth, the solution u(t, x) may
develop discontinuities.
(1) must be satisfied in the sense of distributions.

Even more so if (t, x) 7→ f (x , ω) is highly irregular.

It models physical systems where there are conserved quantities in rough non
homogeneous media:

elasticity theory (Keyfitz and Kranzer 1980),
water flooding oil recovery (Temple and Isaacson 1982; Risebro and collaborators from 1987),
traffic flow with discontinuities in road conditions.
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Introduction

Parabolic Approximations

We are interested in finding solutions to

ut + [f (x , u)]x = 0

u (0, ·) = ū ∈ L1 (R,R)

as limit as ε→ 0 of the unique mild solutions uε ∈ C
(
[0,T ] ,L1 (R,R)

)
to

uεt + [f (x , uε)]x = εuεxx

uε (0, ·) = ū ∈ L1 (R,R)

We find uε using a classical theorems in non-linear functional analysis.
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Backward Euler Appproximations for Solutions to Parabolic Equations

Backward Euler Approximations

• X : a Banach space with norm ‖ · ‖
• A : D (A) ⊂ X → X : a possibly nonlinear map (and possibly multivalued).

Definition

We say that A is accretive if for all λ > 0, u1, u2 ∈ D (A).

‖(u1 + λAu1)− (u2 + λAu2)‖ ≥ ‖u1 − u2‖ ,

Consider the Cauchy problem:

{
d
dt u(t) + Au(t) = 0 ,

u(0) = ū .

• Forward Euler approximations u(t) ≈
(
I − t

nA
)n

ū

• Backward Euler approximations u(t) ≈
[(
I + t

nA
)−1]n

ū

• For accretive operators, Backward Euler is the right choice
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Backward Euler Appproximations for Solutions to Parabolic Equations

Backward Euler Approximations

Backward Euler (Resolvent) operator: Jλ = (I + λA)−1

Given λ > 0, we say that u = Jλw if and only if

u ∈ D (A) and u + λAu = w (Resolvent equation)

A is accretive ⇐⇒ Jλ is a contraction[(
I + t

nA
)−1]n

ū =
[
J t

n

]n
ū
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Backward Euler Appproximations for Solutions to Parabolic Equations

Backward Euler Approximations

Theorem (Crandall & Liggett, Amer. J. Math. 1971)

A is an accretive operator on the Banach space X ,

Some hypotheses on the domains needed to define backward Euler approximations.

Then the following holds

For every initial datum ū ∈ D(A) and every t ≥ 0 the limit

St ū
.

= lim
n→∞

(
J t

n

)n
ū is well defined.

The family of operators {St ; t ≥ 0} is a continuous semigroup of contractions on the set
D(A).
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Backward Euler Appproximations for Solutions to Parabolic Equations

The Resolvent for the Parabolic Approximations

X = L1 (R,R)

D (Aε) =
{
u ∈ L1 (R,R) : [f (x , u)− εux ]x ∈ L1 (R,R)

}
Aεu = [f (x , u)− εux ]x , ∀u ∈ D (Aε)

d
dt u(t) + Aεu(t) = 0 −→ ut + [f (x , u)− εux ]x = 0

u + λAεu = w −→ u + λ [f (x , u)− εux ]x = w
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Backward Euler Appproximations for Solutions to Parabolic Equations

The Resolvent Equation for the Parabolic Approximations

Theorem (G. G. & W. Shen, SIMA 2019, ε > 0 fixed)

For any w ∈ L1 (R,R) , λ, ε > 0, there exists a unique solution

u = Jελw ∈ D (Aε) , to u + λ [f (x , u)− εux ]x = w

The operator Aε and its resolvent Jελ satisfy

Jελw1 ≤ Jελw2 whenever w1 ≤ w2 (order preserving)∫
R
Jελw dx =

∫
R
w dx (integral preserving)

‖Jελw1 − Jελw2‖ ≤ ‖w1 − w2‖ (contraction property) (Crandall, Taratar 1980)

It implies that Aε is accretive

D (Aε) = L1 (R,R) density of the domain.
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For any w ∈ L1 (R,R) , λ, ε > 0, there exists a unique solution

u = Jελw ∈ D (Aε) , to u + λ [f (x , u)− εux ]x = w

The operator Aε and its resolvent Jελ satisfy

Jελw1 ≤ Jελw2 whenever w1 ≤ w2 (order preserving)∫
R
Jελw dx =

∫
R
w dx (integral preserving)

‖Jελw1 − Jελw2‖ ≤ ‖w1 − w2‖ (contraction property) (Crandall, Taratar 1980)

It implies that Aε is accretive

D (Aε) = L1 (R,R) density of the domain.
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Backward Euler Appproximations for Solutions to Parabolic Equations

Crandall–Liggett Theorem =⇒

Theorem (G. G. & W. Shen, SIMA 2019)

The operator Aε generates a non linear continuous semigroup Sεt : L1 (R,R)→ L1 (R,R) of
contractions. The trajectory of the semigroup u(t, x) = [Sεt ū] (x) is a mild solution to the
Cauchy problem {

ut + [f (x , u)− εux ]x = 0

u(0, ·) = ū.
(2)

REMARKS

Equation (2) can also be solved directly by other means (the heat kernel).

The limit as ε→ 0 can by studied in the simpler (ODE) resolvent equation:

uε + λ [f (x , uε)− εuεx ]x = w
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(2)

REMARKS

Equation (2) can also be solved directly by other means (the heat kernel).

The limit as ε→ 0 can by studied in the simpler (ODE) resolvent equation:

uε + λ [f (x , uε)− εuεx ]x = w

Graziano Guerra (Milano-Bicocca) Quasilinear conservation laws 8ECM 10 / 17



Backward Euler Appproximations for Solutions to Parabolic Equations

Crandall–Liggett Theorem =⇒

Theorem (G. G. & W. Shen, SIMA 2019)

The operator Aε generates a non linear continuous semigroup Sεt : L1 (R,R)→ L1 (R,R) of
contractions. The trajectory of the semigroup u(t, x) = [Sεt ū] (x) is a mild solution to the
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The Parabolic to Hyperbolic Limit

The limit as ε→ 0

Theorem (Brézis & Pazy, J. Functional Analysis, 1972)

A,Aε, ε > 0 accretive operators.

St ,S
ε
t the corresponding generated semigroups.

If the corresponding resolvent operators satisfy

lim
ε→0

Jελu = Jλu ∀λ > 0,

then
lim
ε→0

Sεt u = Stu ∀t ≥ 0,

and the limit is uniform for t in bounded intervals.
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The Parabolic to Hyperbolic Limit

• One needs some hypothesis on the flux in order to prevent blow up in the limit as ε→ 0

Example {
uεt + [H(x)]x = εuεxx
u (0, ·) = 0

, H(x) =

{
0 for x ≤ 0

1 for x > 0

uε(t, x) = −t 1√
εt
Φ

(
x√
εt

)

∗
⇀ −tδ0(x), as ε→ 0

Φ (y) = 2G (1, y)− |y |
∫ +∞

|y |
G (1, ξ) dξ

G (t, x) =
1√
2πt

e−
x2

4t
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The Parabolic to Hyperbolic Limit

Maximum principle

f (x , 0) = 0, f (x , 1) = const., for all x ∈ R

u∗(t, x) = 0, u∗(t, x) = 1 are solutions to

ut + [f (x , u)]x = εuxx

If the initial data satisfies 0 ≤ ū(x) ≤ 1

The maximum principle implies 0 ≤ uε(t, x) ≤ 1

At least we have weak∗ convergence of a subsequence

uεj
∗
⇀ u ∈ L∞ (]0,+∞[× R,R) , as εj → 0

Is the limit u unique?

Is the limit u solution to the conservation law?
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The maximum principle implies 0 ≤ uε(t, x) ≤ 1

At least we have weak∗ convergence of a subsequence

uεj
∗
⇀ u ∈ L∞ (]0,+∞[× R,R) , as εj → 0

Is the limit u unique?

Is the limit u solution to the conservation law?

Graziano Guerra (Milano-Bicocca) Quasilinear conservation laws 8ECM 13 / 17



The Parabolic to Hyperbolic Limit

Maximum principle

f (x , 0) = 0, f (x , 1) = const., for all x ∈ R

u∗(t, x) = 0, u∗(t, x) = 1 are solutions to

ut + [f (x , u)]x = εuxx

If the initial data satisfies 0 ≤ ū(x) ≤ 1
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The Parabolic to Hyperbolic Limit

The vanishing viscosity limit for the resolvent equation

{
ut + [f (x , u)]x = εuxx

u(0, ·) = ū,
f (x , ω) =

{
f L(ω) for x ≤ 0,

f R(ω) for x > 0,

f L(0) = f R(0) = 0, f L(1) = f R(1), (maximum principle).

Graziano Guerra (Milano-Bicocca) Quasilinear conservation laws 8ECM 14 / 17



The Parabolic to Hyperbolic Limit

The vanishing viscosity limit for the resolvent equation

{
ut + [f (x , u)]x = εuxx

u(0, ·) = ū,
f (x , ω) =

{
f L(ω) for x ≤ 0,

f R(ω) for x > 0,

f L(0) = f R(0) = 0, f L(1) = f R(1), (maximum principle).

D
.

=
{
w ∈ L1(R,R) : 0 ≤ w ≤ 1

}
, so that

Jελ : D → D, because of maximum principle.
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The Parabolic to Hyperbolic Limit

The vanishing viscosity limit for the resolvent equation

{
ut + [f (x , u)]x = εuxx

u(0, ·) = ū,
f (x , ω) =

{
f L(ω) for x ≤ 0,

f R(ω) for x > 0,

f L(0) = f R(0) = 0, f L(1) = f R(1), (maximum principle).

Theorem (G. G. & W. Shen, SIMA 2019, ε→ 0)

Given uε = Jελw, solution to uε + λ [f (x , uε)− εuεx ]x = w , w ∈ D.

It converges in L1 to a unique limit Jλw ∈ D as ε→ 0

Jλ : D → D is a contraction

u = Jλw is a solution to u + λ [f (x , u)]x = w.

Jλ is the resolvent of an accretive map A:
D (A) =

⋃
λ>0 Jλ (D) and Au = [f (x , u)]x ∈ L1 (R,R).
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The Parabolic to Hyperbolic Limit

Brézis & Pazy =⇒ The Limit Semigroup

Theorem (G. G. & W. Shen, SIMA 2019)

The map A previously defined generates a unique continuous semigroup of contractions
St : D → D whose trajectories are distributional solutions to

ut + [f (x , u)]x = 0.

Moreover, let Sεt : D → D be the semigroup generated by Aε whose trajectories are solutions to

ut + [f (x , u)− εux ]x = 0,

then the following limit holds for all ū ∈ D uniformly on bounded t intervals.

St ū = lim
ε→0

Sεt ū,
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The Parabolic to Hyperbolic Limit

Remarks

Our result can be used as a “Building Block” to extend it to more general discontinuities.

Theorem (A. Bressan, G. Guerra & W. Shen, JDE 2019)

Let uε be the solution to the Cauchy problem for the parabolic approximations{
uεt + [f (v(x), uε)]x = εuεxx
uε(0, ·) = uo ∈ L1 (R, [0, 1])

, where

f ∈ C 2
(
R2,R

)
; f (α, 0) = 0, f (α, 1) = const., ∀α ∈ R

v ∈ BV (R,R)

then uε converges weakly to a unique limit u which is a weak solution to the limit conservation
law with discontinuous flux

ut + [f (v(x), u)]x = 0
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The Parabolic to Hyperbolic Limit
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