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Absolute value and first order-Sobolev functions

A function and its absolute value have the same Sobolev semi-norm

Ifu € WP(R™ R), then |u] € W (R™ R)and

/ IDJull? = / IDup.
Rm Rm
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Direct and reverse fractional superposition estimate

The Gagliardo semi-norm of the absolute value controls the Gagliardo semi-norm

Ifo <s<1p>1andu € W (R" R), then Ifo<s<1,p>1sp>1land
u € WP(R™ R), then
[ullwsemy < [U]wssn)-
[Ulwsrwmy < Cllul]wsp@m)-

u(y) — u(x
[“]WSP(RM) // X|m—&-sl!J

RmMxRmM
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Oscillation estimate

Proposition (Mironescu & JVS)

// €S5S SUP, welxy] [4(2) — u(W)|F’ A= C// |u(y) —u(x)[? Al

= xE
RmxRm RmxRm

|m+ﬁp

Ingredients of proof

€SS SUP, ey [U(2) — u(w)| < Clulwerpyply — X7, 1< op

[0 o) AIIEY
[ i v ey o<
RmxRmM
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Lifting continuous maps into the circle

. Problem

Caneverymapu € C(M,S") be written as

u = (cosii,sini).

forsomeii € C(M,R)?

Theorem

If M is simply-connected, then every u € C(M, S") can be written as

u = (cosii,sinii).

=

forsomeii € C(M,R).
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Sobolev spaces between manifolds

Nonlinear functional spaces arising in geometry and physics

Ifs € (0,1]and N C R” is compact,
W (B", N) = {u € W*#(B",R") | u€ N almosteverywhere}

Whens =1,
u e W (B" R")
whenever u is weakly differentiable and

u(x —u(y)|
Lt é/ IDuf? < +o0. (v, / / Py ey < oe.
Bm

Wheno <s <1,
u € W (B™ R") whenever
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Lifting Sobolev maps into the circle

The complete picture

Caneveryy € W (B" S') be written as Ifu(x) = %,then

> ifsp < 2,thenu € W (B™ S'),
» ifsp > 1, then u has no lifting in W5 (B R).

Analytical obstruction

u = (cos p,sin p),

forsome p € W*P(B", R)?

Answer F. Bethuel and Zheng X.,1988

A 1 5 1
Bourgain, Brezis & Mironescu, 2000 Ifu(x) £ (cos e $in W)» then
Yes if > ifa < (4 —s) thenu € W*(B",S"),
> sp > m, » ifa > 2 — s, thenu hasno liftingin
» s=Tandp > 2, WP (B™ R).

> sp <1

9/16



Lifting of continuous maps over a general covering

m: N = Nisa covering if forevery x € N there exists If M is simply-connected, then every
anopenset U 3 xsuch that 7= '(U) is a union of disjoint u € C(M,N) can be written as
open sets mapped homeomorphically by 7 on U. _
Uu=mou
. 1 _ H ~
» 7:R — S, 7(t) = (cost,sint) withi € C(M, N).

> 7:S" = S, 7(cost,sint) = (coskt, sin kt)
> m:S" C R RP" ¢ RUADX0H) 7(x) = x @ x
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Lifting Sobolev maps over a general covering

Almost the complete picture

Topological obstruction (Bethuel & Chiron, 2007)

Caneveryu € WSP(B™ N) be Ify € C'(S", V) has no lifting and u(x) = fy(&’ig‘),then
written as > ifsp < 2,thenu € WH(B" N),

u=1 o, > ifsp > 1, then u has no lifting in W**(B", \/).

with o € WHP(B™, N)? Analytical obstruction (Bethuel & Chiron, 2007)
Answer (Bethuel & Chiron, 2007) If A is complete but not corzpact, thfre exists a ray
7 [0, +00) = N.1fu(x) = m(y(;=)), then

Yes if
. 'I ,
> s—1andp > 2, > ifa < (7 —s).thenu € W (B" N),

> sp=>m, > ifa > % — s, then u has no lifting in WS*’(]B%”',K/).

> sp <1
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Fractional Sobolev lifting of finite order

Completing the puzzle

Theorem (Mironescu &JVS) Theorem (Bethuel & Chiron, 2007, Mironescu & JVS)

If2 <sp < mand if A is compact, If is nontrivial, then each map u € WP (B",  N') has a
then every mapu € W**(B", ) has liftinginu € WS(B", \)
aliftingu € WP(B", \). ifand only if

> eithersp > m,

> orp > 2ands =1,

» orsp > 2and N is compact,
> orsp < 1.
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The trace and extension problem

Which functions are traces of a Sobolev functions?

Classical trace theorem

u : OB™T! — Ris the trace of some function U € WP (B" " R)

ifand only if
ue W' PP (OB R).

tr (W (B™, N)) C W77 (9B™H, \)

14/16



The trace problem for Sobolev maps

The current picture

Ifp > mand 7, (N) ~ {0}, then the trace operator
is surjective.

Theorem (Hardt and Lin, 1987) el e el

If1<p<mandm(N) ~--- ~m,_4(N)

then the trace operator is surjective.

(Hardt & Lin, 1987; Bethuel & Demengel, 1995)

‘
(@]

If the trace operator is surjective and if p > 2,

then 7,4 (V) =~ {0}.

Theorem (Petru Mironescu and JVS)

uantitative obstruction (Bethuel, 2014
9 > 3, m (A finfceand
T(N) = - ”LP—U(N) ~ {0}, If the trace operator is surjective and if p > 2,

then the trace operator is surjective. thenm(N), ..., T p—1| (V) arefinite.

15/16



Thank you for your attention
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