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Absolute value and first order-Sobolev functions
A function and its absolute value have the same Sobolev semi-norm

Proposition

If u ∈ W1,p(Rm,R), then |u| ∈ W1,p(Rm,R) and
ˆ
Rm
|D|u||p =

ˆ
Rm
|Du|p.
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Direct and reverse fractional superposition estimate
The Gagliardo semi-norm of the absolute value controls the Gagliardo semi-norm

Proposition

If 0 < s < 1, p ≥ 1 and u ∈ Ws,p(Rm,R), then

[|u|]Ws,p(Rm) ≤ [u]Ws,p(Rm).

Proposition (JVS)

If 0 < s < 1, p ≥ 1, sp > 1 and
u ∈ Ws,p(Rm,R), then

[u]Ws,p(Rm) ≤ C[|u|]Ws,p(Rm).

[u]Ws,p(Rm) ,
¨

Rm×Rm

|u(y)− u(x)|p

|y− x|m+sp dy dx
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Oscillation estimate

Proposition (Mironescu & JVS)

¨

Rm×Rm

ess supz,w∈[x,y]|u(z)− u(w)|p

|y− x|m+sp dy dx ≤ C
¨

Rm×Rm

|u(y)− u(x)|p

|y− x|m+sp dy dx

Ingredients of proof

ess supz,w∈[x,y]|u(z)− u(w)| ≤ C[u]Ws,p([x,y])|y− x|s−
1
p , 1 < σp

¨

Rm×Rm

[u]p
Wσ,p([x,y])

|y− x|m+1+(s−σ)p dy dx =
2[u]p

Ws,p(Rm)

(s− σ)p((s− σ)p + 1)
, σ < s
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Lifting continuous maps into the circle

Problem
Can every map u ∈ C(M,S1) be written as

u = (cos ũ, sin ũ).

for some ũ ∈ C(M,R)?

Theorem
IfM is simply-connected, then every u ∈ C(M, S1) can be written as

u = (cos ũ, sin ũ).

for some ũ ∈ C(M,R).
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Sobolev spaces between manifolds
Nonlinear functional spaces arising in geometry and physics

Definition
If s ∈ (0, 1] and N ⊂ Rν is compact,

Ws,p(Bm,N ) =
{

u ∈ Ws,p(Bm,Rν) | u ∈ N almost everywhere
}

When s = 1,
u ∈ W1,p(Bm,Rν)
whenever u is weakly differentiable and

[u]p
1,p ,

ˆ
Bm
|Du|p < +∞.

When 0 < s < 1,
u ∈ Ws,p(Bm,Rν)whenever

[u]p
s,p ,

ˆ
Bm

ˆ
Bm

|u(x)− u(y)|p

|x− y|m+sp dx dy < +∞.
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Lifting Sobolev maps into the circle
The complete picture

Question

Can every u ∈ Ws,p(Bm,S1)be written as

u = (cosϕ, sinϕ),

for someϕ ∈ Ws,p(Bm,R)?

Answer F. Bethuel and Zheng X., 1988
Bourgain, Brezis & Mironescu, 2000

Yes if
I sp ≥ m,
I s = 1 and p ≥ 2,
I sp < 1.

Topological obstruction

If u(x) = (x1,x2)
|(x1,x2)| , then

I if sp < 2, then u ∈ Ws,p(Bm,S1),
I if sp ≥ 1, then u has no lifting in Ws,p(Bm,R).

Analytical obstruction

If u(x) ,
(
cos 1

|x|α , sin
1
|x|α
)

, then

I ifα < 1
s (

m
p − s), then u ∈ Ws,p(Bm,S1),

I ifα ≥ m
p − s, then u has no lifting in

Ws,p(Bm,R).
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Lifting of continuous maps over a general covering

Definition
π : Ñ → N is a covering if for every x ∈ N there exists
an open set U 3 x such thatπ−1(U) is a union of disjoint
open sets mapped homeomorphically byπ on U.

I π : R→ S1,π(t) = (cos t, sin t)

I π : S1 → S1,π(cos t, sin t) = (cos kt, sin kt)

I π : Sn ⊂ Rn+1 → RPn ⊂ R(n+1)×(n+1),π(x) = x⊗ x

Theorem
IfM is simply-connected, then every
u ∈ C(M,N ) can be written as

u = π ◦ ũ

with ũ ∈ C(M, Ñ ).

10 / 16



Lifting Sobolev maps over a general covering
Almost the complete picture

Question

Can every u ∈ Ws,p(Bm,N ) be
written as

u = π ◦ ũ,

withϕ ∈ Ws,p(Bm, Ñ )?

Answer (Bethuel & Chiron, 2007)

Yes if
I s = 1 and p ≥ 2,
I sp ≥ m,
I sp < 1.

Topological obstruction (Bethuel & Chiron, 2007)

If γ ∈ C1(S1,N ) has no lifting and u(x) , γ
( (x1,x2)
|(x1,x2)|

)
, then

I if sp < 2, then u ∈ Ws,p(Bm,N ),
I if sp ≥ 1, then u has no lifting in Ws,p(Bm, Ñ ).

Analytical obstruction (Bethuel & Chiron, 2007)

If Ñ is complete but not compact, there exists a ray
γ : [0,+∞)→ Ñ . If u(x) , π(γ( 1

|x|α )), then

I ifα < 1
s (

m
p − s), then u ∈ Ws,p(Bm,N ),

I ifα ≥ m
p − s, then u has no lifting in Ws,p(Bm, Ñ ).
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Fractional Sobolev lifting of finite order
Completing the puzzle

Theorem (Mironescu & JVS)

If 2 ≤ sp < m and if Ñ is compact,
then every map u ∈ Ws,p(Bm,N ) has
a lifting ũ ∈ Ws,p(Bm, Ñ ).

Theorem (Bethuel & Chiron, 2007, Mironescu & JVS)

Ifπ is nontrivial, then each map u ∈ Ws,p(Bm,N ) has a
lifting in ũ ∈ Ws,p(Bm, Ñ )
if and only if

I either sp ≥ m,
I or p ≥ 2 and s = 1,
I or sp ≥ 2 and Ñ is compact,
I or sp < 1.
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The trace and extension problem
Which functions are traces of a Sobolev functions?

Classical trace theorem

u : ∂Bm+1 → R is the trace of some function U ∈ W1,p(Bm+1,R)

if and only if

u ∈ W1− 1
p ,p(∂Bm+1,R).

Theorem

tr
(

W1,p(Bm+1,N )
)
⊆ W1− 1

p ,p(∂Bm+1,N )

When is the trace operator onto?
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The trace problem for Sobolev maps
The current picture

Theorem
If p ≥ m andπm(N ) ' {0}, then the trace operator
is surjective.

Theorem ( Hardt and Lin, 1987)

If 1 < p < m andπ1(N ) ' · · · ' πbp−1c(N ) ' 0,
then the trace operator is surjective.

Theorem (Petru Mironescu and JVS)

If p ≥ 3,π1(N ) is finite and
π2(N ) ' · · · ' πbp−1c(N ) ' {0},
then the trace operator is surjective.

Qualitative obstruction
(Hardt & Lin, 1987; Bethuel & Demengel, 1995)

If the trace operator is surjective and if p ≥ 2,
thenπbp−1c(N ) ' {0}.

Quantitative obstruction (Bethuel, 2014)

If the trace operator is surjective and if p ≥ 2,
thenπ1(N ), . . . , πbp−1c(N ) are finite.
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Thank you for your attention
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