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Introduction and setting

A metric graph G = (V, ) is a connected structure made of
either finite or infinite edges, meeting at vertices. Each
bounded edge e € £ can be identified with an interval [0, /]
and each unbounded one with a halfline [0, 4+00).

u € LP(G) is a LP-function on every edge, while u € H'(G) is
a H'-function on every edge and in all vertices.
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Kirchhoff \ non-Kirchhoff conditions: an overview

Standing waves of
IO = Hip — |74

with o > 0, are solutions of the form (¢, x) = u(x)et

where
u” + |u[**u=wu on every edge,
coupled with the Kirchhoff boundary conditions:

U (V) = Uug,(v), Ver, e > v,YveV
S, =0, VYve.

eV dxe

Non-Kirchhoff boundary conditions:
5, 0', Kedem-Katchalsky, dipole, ;

nonlinear J;



Fulop-Tsutsui ¢ interaction

i0e) = Hy b — 9>

where o > 0 and H,, is defined on the domain

D(H,,,) := {u € H*(R\{0}) : u(0+) = 7u(0-),
v (0-) — 7' (0+) = vu(0-)}

and its action reads (H; ,u)(x) = —u”(x) out of the origin,
7 € R\{0,£1} and v > 0.

The associated is
H = {uec H'(R_)® H' (Ry) : u(0+) = 7u(0-)}
and the is defined as

1 v
E() = 5 (I 1Baqe ) + 16/ o) 5 g 1 B8y~

0-)[?



Variational setting of the problem

We are looking for the ground states of the action functional
w
Su(u) = E(u) + 2Jul 3
among all functions in H} on the Nehari manifold I,(u) = 0, where
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Variational setting of the problem

We are looking for the ground states of the action functional
Suu) = E(u) + S lulB.
among all functions in H} on the Nehari manifold I,(u) = 0, where
Lo(u) = ||'113 — [[ul|3533 — vIu(0=)* + wllull3.

Remark ly(u) =25,(u) — GLﬂHqugig

Su(u) = S(u) on the Nehari manifold

with S(u) == 5. Z1|ull3513
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About the existence of the ground states

Theorem: for any w > ﬁ there exists u € H!\{0} that
minimizes S,,(u) with the constraint /,(u) = 0.

Proof:
1. thanks to S, = S:

d(w) : = inf{S,(v) : ue H)\{0}, L,(u) =0}
= inf{S(u) : ue H\{0}, L,(u) < 0},

2. d(w) > 0 (Gagliardo-Nirenberg inequality, Sobolev inequality),

3. convergence of minimizing sequences (Banach-Alaoglu theorem,
Brezis-Lieb inequality),

4. d(w) < d°(w), where d°(w) is the infimum for the problem without
punctual interaction (dipole problem, Adami-Noja-Visciglia 2013).



About the stationary states

A stationary state for S,, constrained on /,(u) = 0 solves

u(04) = Tu(0_) (1)

{ —u" —|u|?*u+wu=0 on every edge
¢(00) = 7u/(01) = vu(0_)

where the conditions at the origin are called Fiilop-Tsutsui
0 type condition.

Stationary states have the form

 bu(x+x), xeR_
uw(x){ do(x+x1), xeRy

where ¢, (x) == (w(o + 1))$ cosh™» (o/wx).



Geometric sketch of the stationary states

Thanks to the change of variable 7. = tanh(o\/wx. ), it holds an
equivalent form of (1):

{ T_f —#:1
177_27(7 720 -1

2 11 (1.1
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squtions- N Y7
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a unique solution (ub);
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for w > (T2VT)2 two

solutions (u5, uf).
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S.(u) = S(u) on the Nehari manifold

Qualitative graph of bifur-
cation for the stationary
states depending on w.

NOTE: ., ¢ H!




Theorem: let w > ﬁ The ground state is u’.

Qualitative graph of bifur-
cation for the stationary
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Bumps and tails: identification of the ground state
The stationary state u’ (left branch of the hyperbola)




Bumps and tails: identification of the ground state
The stationary state u’ (left branch of the hyperbola)




The stationary state u’ (left branch of the hyperbola)




The stationary state u’ (left branch of the hyperbola)

The stationary state uf ( branch of the hyperbola)




Orbital stability of the ground states

Theorem (stability): let w > ﬁ Then for o € (0, 2]

the ground state u’ is orbitally stable.

We conjecture that for o > 2, the ground state u} is stable up to
a critical value of w and then, it becomes unstable.

H\
02
.

The mass of ul, depending s
onw, forc =3 and v =1, 0
T=2. 0
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Thank you!



