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Introduction and setting

I A metric graph G = (V, E) is a connected structure made of

either �nite or in�nite edges, meeting at vertices. Each
bounded edge e ∈ E can be identi�ed with an interval [0, `e ]
and each unbounded one with a hal�ine [0,+∞).

I u ∈ Lp(G) is a Lp-function on every edge, while u ∈ H1(G) is
a H1-function on every edge and continuous in all vertices.

G = (V, E)

u



Kirchho� \ non-Kirchho� conditions: an overview

Standing waves of

i∂tψ = Hψ − |ψ|2σψ

with σ > 0, are solutions of the form ψ(t, x) = u(x)e iωt where

u′′ + |u|2σu = ωu on every edge,

coupled with the Kirchho� boundary conditions:{
ue1(v) = ue2(v), ∀e1, e2 � v , ∀v ∈ V∑

e�v
du
dxe

= 0, ∀v ∈ V.

Non-Kirchho� boundary conditions:

I δ, δ′, Kedem-Katchalsky, dipole, Fülöp-Tsutsui δ;

I nonlinear δ;



Fülöp-Tsutsui δ interaction

i∂tψ = Hτ,vψ − |ψ|2σψ

where σ > 0 and Hτ,v is de�ned on the domain

D(Hτ,v ) := {u ∈ H2(R\{0}) : u(0+) = τu(0−),
u′(0−)− τu′(0+) = vu(0−)}

and its action reads (Hτ,vu)(x) = −u′′(x) out of the origin,

τ ∈ R\{0,±1} and v > 0.

The energy space associated is

H1
τ := {u ∈ H1(R−)⊕ H1(R+) : u(0+) = τu(0−)}

and the energy functional is de�ned as

E (u) =
1

2

(
||u′||2L2(R−) + ||u

′||2L2(R+)

)
− 1

2σ + 2
||u||2σ+2

L2σ+2(R)−
v

2
|u(0−)|2



Variational setting of the problem

We are looking for the ground states of the action functional

Sω(u) = E (u) +
ω

2
||u||22,

among all functions in H1
τ on the Nehari manifold Iω(u) = 0, where

Iω(u) = ||u′||22 − ||u||2σ+2
2σ+2 − v |u(0−)|2 + ω||u||22.

Remark Iω(u) = 2Sω(u)− σ
σ+1
||u||2σ+2

2σ+2

Sω(u) = S̃(u) on the Nehari manifold

with S̃(u) := σ
2(σ+1) ||u||

2σ+2
2σ+2.
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About the existence of the ground states

Theorem: for any ω > v2

(τ2+1)2
there exists u ∈ H1

τ \{0} that
minimizes Sω(u) with the constraint Iω(u) = 0.

Proof:

1. thanks to Sω = S̃ :

d(ω) : = inf{Sω(u) : u ∈ H1

τ\{0}, Iω(u) = 0}

= inf{S̃(u) : u ∈ H1

τ\{0}, Iω(u) ≤ 0},

2. d(ω) > 0 (Gagliardo-Nirenberg inequality, Sobolev inequality),

3. convergence of minimizing sequences (Banach-Alaoglu theorem,
Brezis-Lieb inequality),

4. d(ω) < d0(ω), where d0(ω) is the in�mum for the problem without
punctual interaction (dipole problem, Adami-Noja-Visciglia 2013).
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About the stationary states

A stationary state for Sω constrained on Iω(u) = 0 solves{ −u′′ − |u|2σu + ωu = 0 on every edge

u(0+) = τu(0−)
u′(0−)− τu′(0+) = vu(0−)

(1)

where the conditions at the origin are called Fülöp-Tsutsui
δ type condition.

Stationary states have the form

uω(x) =

{
φω(x + x−), x ∈ R−
φω(x + x+), x ∈ R+

where φω(x) := (ω(σ + 1))
1

2σ cosh−
1

σ (σ
√
ωx).



Geometric sketch of the stationary states

Thanks to the change of variable T± = tanh(σ
√
ωx±), it holds an

equivalent form of (1):{
T+ = 1

τ2

(
T− + v√

ω

)
T−

2

1− 1

τ2σ

− T+
2

τ2σ−1 = 1

I for ω ≤ v2

(τ2+1)2
, no

solutions;

I for v2

(τ2+1)2
< ω ≤ v2

(τ2−1)2 ,

a unique solution (uL
ω);

I for ω > v2

(τ2−1)2 , two

solutions (uL
ω, u

R
ω).

T−

T+

(1, 1)

(1,−1)

(−1, 1)

(−1,−1)

ω →∞
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Sω(u) = S̃(u) on the Nehari manifold

Qualitative graph of bifur-
cation for the stationary
states depending on ω.

NOTE: φω /∈ H1

τ !



Theorem: let ω > v2

(τ2+1)2
. The ground state is uLω.

Qualitative graph of bifur-
cation for the stationary
states depending on ω.

NOTE: φω /∈ H1

τ !



Bumps and tails: identi�cation of the ground state

The stationary state uLω (left branch of the hyperbola)

T−

T+

(1, 1)

(1,−1)

(−1, 1)

(−1,−1)

(T̃−, T̃+)

T−

T+

(1, 1)

(1,−1)

(−1, 1)

(−1,−1)

(T̃−, T̃+)
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Orbital stability of the ground states

Theorem (stability): let ω > v2

(τ2+1)2
. Then for σ ∈ (0, 2]

the ground state uLω is orbitally stable.

We conjecture that for σ > 2, the ground state uLω is stable up to

a critical value of ω and then, it becomes unstable.

The mass of uL
ω depending

on ω, for σ = 3 and v = 1,
τ = 2.



Thank you!


