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The Riesz potential

Consider the Riesz potential Iα, where α ∈ (0, d),

Iα[f ](x) =

∫
Rd

|ξ|−αf̂ (ξ)e2πi〈x ,ξ〉 dξ, x ∈ Rd , f ∈ L1(Rd).

In other words, Iα is a convolutional operator whose kernel is
homogeneous of order α− d

Iα[f ](x) = cd ,α

∫
Rd

f (x − y) dy

|y |d−α
, x ∈ Rd .

This operator appears frequently in the study of PDE (it might be
though of as ”inverse differentiation”), or in geometric measure
theory (to measure dimension of sets), or in many other places.
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Classical HLS

Theorem (Hardy–Littlewood–Sobolev inequality)

The operator Iα is bounded as an Lp to Lq mapping if and only
if 1

p −
1
q = α

d and 1 < p < q <∞.

‖ Iα[f ]‖Lq(Rd ) . ‖f ‖Lp(Rd ).
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Invariance and sharpness

‖ Iα[f ]‖Lq(Rd ) . ‖f ‖Lp(Rd ).

The HLS inequality is shift invariant and also dilation invariant.
This means that the norms on the left hand side and the right
hand side do not change if we shift the function f and are
multiplied by the same constant if we dilate f . In particular, the
dilation invariance leads to the necessity of 1

p −
1
q = α

d . In the
endpoint case p = 1, that is

‖ Iα[f ]‖Lq . ‖f ‖L1 , q =
d

d − α
,

the inequality fails. Indeed, if we plug f = δ0 (which is formally
illegal), we get Iα[δ0](x) = cd ,α|x |α−d . This function does not
belong to L d

d−α
. However, an interested analyst may prove the

weak type bound in L d
d−α

,∞.
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Sobolev embeddings

The classical Sobolev embedding theorems may be derived directly
from the HLS by noting that

f = I1[∇f ].

(this is mathematically meaningless formula!)

Theorem (Classical Sobolev embedding)

If 1
p −

1
q = 1

d and 1 < p < q <∞, then

‖f ‖Lq . ‖∇f ‖Lp , f ∈ C∞0 (Rd).
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Gagliardo–Nirenberg inequality

What about p = 1?

In 1959 (20 years after Sobolev), Gagliardo
and Nirenberg proved (among other interesting things) the limit
case p = 1 for the Sobolev embedding:

‖f ‖L d
d−1

. ‖∇f ‖L1 , f ∈ C∞0 (Rd).

Using the Calderón–Zygmund theory (or rather the Mikhlin
mulitplier theorem), this may be restated as

‖ I1[g ]‖L d
d−1

. ‖g‖L1 , g = ∇f .

Recall that HLS fails for p = 1 when tested against a delta
measure. In a sense, the Gagliardo–Nirenberg inequality says that
the vectorial expression ∇f cannot concentrate as well as delta
measures do.
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Question and other examples

So it is natural to ask: ”For what spaces (classes of functions) W
does the inequality

‖ Iα[g ]‖L d
d−α

. ‖g‖L1 , g ∈W ,

hold true?”

Yet another classical example is even older than HLS.

Theorem (Hardy and Littlewood, 1927)

The inequality

‖I 1
2
f ‖L2(R) . ‖f ‖L1(R), f̂ (ξ) = 0, ξ < 0,

holds true.

In modern terms this may be stated as Iα : H1 → L d
d−α

, where H1

is either complex or the real Hardy class (Stein–Weiss inequality).
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More examples: Bourgain–Brezis inequalities

Yet another example was found about twenty years ago by
Bourgain and Brezis:

‖ I1[g ]‖L d
d−1

. ‖g‖L1 , divg = 0.

So here g is a vector field on Rd and vectorial behavior is
important (as in the Gagliardo–Nirenberg inequality).

Theorem (Van Schaftingen, 2011)

The inequality

‖ I1[g ]‖L d
d−1

(Rd ) . ‖g‖L1(Rd ), Ag = 0,

where A is a homogeneous elliptic differential operator holds true if
and only if the space ∗ − closMeas({Ag = 0 | g ∈ C∞0 (Rd)}) does
not contain vectorial delta measures.
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My result

Theorem

Let W be a closed linear subspace of S ′(Rd ,R`) that is invariant
under translations and dilations, let α ∈ (0, d). The constant in
the inequality

‖ Iα[f ]‖L d
d−α

. ‖f ‖L1 , f ∈ W,

is uniform with respect to all f ∈ W, for which the right hand side
is finite, if and only if W does not contain the
charges a⊗ δ0, a ∈ R` \ {0}.

For those analysts who are interested, we may replace the
space L d

d−α
on the left with a finer space L d

d−α
,1; this solves several

open problems going back to Van Schaftingen and even
Bourgain–Brezis (here I am glad to mention that Hernandez and
Spector solved B.-B. conjecture independently).
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Couple of words about the proof

It seems that the method is completely new, and we first used it
with Rami Ayoush and Michal Wojciechowski to solve a similar
problem for martingales.

The idea exploits the principle that if W
does not contain delta measures, then any measure in the cone

{µ ≥ 0 | ∃a ∈ R` \ {0} a⊗ µ ∈ W}

has Hausdorff dimension larger than δ > 0. The quantification of
this qualitative statement is expressed via uniform estimates for the
heat extension of µ (similar estimates were earlier used by Bennett,
Carbery, and Tao to prove the multilinear restriction conjecture).
Here it is:

‖H[µ](·, t)‖Lp(Rd ) ≤ t−
d(p−1)

2p
+δ‖H[µ](·, 1)‖Lp(Rd ).
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One then has to decompose f into parts where it resembles a
measure in

{µ ≥ 0 | ∃a ∈ R` \ {0} a⊗ µ ∈ W}

and parts where it is far from being a rank-one positive measure
(those parts are even easier to handle).

This is done with the help
of a time-frequency decomposition.

Thank you!
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