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ABSTRACT

In this talk we establish the existence and multiplicity of positive
solutions for a fourth-order boundary value problem.

Integral perturbations of some kind of two-point boundary
conditions are considered.

After the construction of a Green’s function and the study of its
constant sign, it is defined a positive cone, where to apply the
Krasnoselskii compression/expansion and Leggett-Williams
fixed point theorems in cones.

A generalization for a higher order case is also considered.
Some particular examples are given.
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ABSTRACT

The results are compiled on the paper

[ R. JEBARI AND A. C. Multiplicity results for fourth order
problems related to the theory of deformations beams
Discrete Contin. Dyn. Syst.-B, 25, 2, (2020), p. 489-505.
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FOURTH ORDER PROBLEMS

The study of fourth-order boundary value problems are useful
for material mechanics because this kind of problems usually
characterize the deformations of an elastic beam.

They have been studied by many authors via several methods,
such as

e Leray-Schauder continuation method
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e shooting method

e fixed point theorems on cones

e critical point theory
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FOURTH ORDER PROBLEMS

The study of fourth-order boundary value problems are useful
for material mechanics because this kind of problems usually
characterize the deformations of an elastic beam.

They have been studied by many authors via several methods,
such as
e Leray-Schauder continuation method
e topological degree theory
shooting method
fixed point theorems on cones
critical point theory

lower and upper solutions
spectral theory
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FOURTH ORDER PROBLEMS

[ R.Y.MA, J. H. ZHANG AND F. M. SHENGMAO, The method
of lower and upper solutions for fourth-order two-point
boundary value problems, J. Math. Anal. Appl., 215 (1997),

415-422.
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[§ J. M. DAvIS AND J. HENDERSON, Uniqueness implies

existence for fourth-order Lidstone boundary value
problems, Panamer. Math. J., 8 (1998), 23-35.

ALBERTO CABADA UNIVERSIDADE DE SANTIAGO DE COMPOSTELA, SPAIN

EXISTENCE RESULTS OF FOURTH ORDER EQUATIONS WITH PERTURBED TWO-POINT BOUNDARY CONDITIONS



PRELIMINARIES
000000000000 00

FOURTH ORDER PROBLEMS

[ R.Y.MA, J. H. ZHANG AND F. M. SHENGMAO, The method
of lower and upper solutions for fourth-order two-point
boundary value problems, J. Math. Anal. Appl., 215 (1997),
415-422.

[§ J. M. DAvIS AND J. HENDERSON, Uniqueness implies
existence for fourth-order Lidstone boundary value
problems, Panamer. Math. J., 8 (1998), 23-35.

[§ Z.B.BAIAND H. Y. WANG, On the positive solutions of
some nonlinear fourth-order beam equations J. Math. Anal.
Appl., 270 (2002), 357-368.

ALBERTO CABADA UNIVERSIDADE DE SANTIAGO DE COMPOSTELA, SPAIN

EXISTENCE RESULTS OF FOURTH ORDER EQUATIONS WITH PERTURBED TWO-POINT BOUNDARY CONDITIONS



PRELIMINARIES
00e00000000000

FOURTH ORDER PROBLEMS

M J.A.CiD, L. SANCHEZ AND A. C. Positivity and lower and
upper solutions for fourth order boundary value problems
Nonlinear Anal., 67 (2007), 1599—-1612.
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FOURTH ORDER PROBLEMS

[§ P. DRABEK AND G. HOLULOVA Positive and negative
solutions of one-dimensional beam equation Appl. Math.
Lett., 51 (2016), 1-7.
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[§ P. DRABEK AND G. HOLULOVA Positive and negative
solutions of one-dimensional beam equation Appl. Math.
Lett., 51 (2016), 1-7.

4 P. DRABEK AND G. HOLULOVA On the maximum and
antimaximum principles for the beam equation Appl. Math.
Lett., 56 (2016), 29-33.
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FOURTH ORDER PROBLEMS

[ C. FERNANDEZ-GOMEZ AND A. C. Constant sign solutions
of two-point fourth order problems Appl. Math. Comput.,
263 (2015), 122—138.

uB(t) + Mu(t) =o(t), tel:=[0,1]
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FOURTH ORDER PROBLEMS

QL
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FIGURE: Beam clamped at one point and supported at the other

Engineering ToolBox, (2003). Beams - Fixed at One End and Supported at the Other - Continuous and Point Loads .

[online] Available at: https://www.engineeringtoolbox.com/beams-fixed-end-d560.html [June, 22, 2021].
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FOURTH ORDER PROBLEMS

After introducing the following spectral condition

4 4
M>0 and tan g = tanh g . (2)

The following result is obtained
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FOURTH ORDER PROBLEMS

After introducing the following spectral condition

M\ (ym
M>0 and tan (\@> = tanh (\@> . (2)

The following result is obtained

LEMMA

Leto € C(I) and M € R be such that (2) does not hold. Then
problem (1) has a unique solution given by

’
u(t) = / gu(t, s)o(s) ds.
0
where gy(t, s) is the so-called Green’s Function.
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FOURTH ORDER PROBLEMS

Let M € R be such that (2) does not hold.

LEMMA
The Green'’s function g, satisfies the following properties:
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Let M € R be such that (2) does not hold.
LEMMA
The Green'’s function g, satisfies the following properties:

® gu(0.s) = 294(0,5) = 294(0,5) = gu(1,s) = 0,5 € (0,1).

ALBERTO CABADA UNIVERSIDADE DE SANTIAGO DE COMPOSTELA, SPAIN

EXISTENCE RESULTS OF FOURTH ORDER EQUATIONS WITH PERTURBED TWO-POINT BOUNDARY CONDITIONS



PRELIMINARIES
0000000 e000000

FOURTH ORDER PROBLEMS

Let M € R be such that (2) does not hold.

LEMMA
The Green'’s function g, satisfies the following properties:
2
© gu(0,s) = %(0,s) = Z%(0, s) = gu(1,5) = 0,5 € (0, 1).

as
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Let M € R be such that (2) does not hold.

LEMMA
The Green'’s function g, satisfies the following properties:

© gu(0.s) = 294(0,5) = 294(0, ) = gu(1,s) = 0,5 € (0,1).

@ gu(t,1)=%u(t,1) = P9u(t 1) = gu(t,0) = 0, € (0,1).

0s?
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FOURTH ORDER PROBLEMS

Let M € R be such that (2) does not hold.

LEMMA
The Green'’s function g, satisfies the following properties:

© gu(0.s) = 294(0,5) = 294(0, ) = gu(1,s) = 0,5 € (0,1).
@ gu(t. 1) = %u(t,1) = 2%(t.1) = gu(t,0) = 0, € (0, 1).

LEMMA

If the Green’s function gy (t,s) < 0 forall t,s € (0, 1), then it
satisfies the following properties:
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Let M € R be such that (2) does not hold.

LEMMA
The Green'’s function g, satisfies the following properties:

© gu(0.s) = 294(0,5) = 294(0, ) = gu(1,s) = 0,5 € (0,1).
@ gu(t. 1) = %u(t,1) = 2%(t.1) = gu(t,0) = 0, € (0, 1).

LEMMA
If the Green’s function gy (t,s) < 0 forall t,s € (0, 1), then it
satisfies the following properties:

0 ZL90,5) <0< 2M(1 g) se(0,1).
a1 ot
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Let M € R be such that (2) does not hold.

LEMMA
The Green'’s function g, satisfies the following properties:

© gu(0.s) = 294(0,5) = 294(0, ) = gu(1,s) = 0,5 € (0,1).
@ gu(t. 1) = %u(t,1) = 2%(t.1) = gu(t,0) = 0, € (0, 1).

LEMMA
If the Green’s function gy (t,s) < 0 forall t,s € (0, 1), then it
satisfies the following properties:

(1] 83gM(O,s) <0< %%“”(1,3),36 (0,1).

o
@ 29t 1)> 0> %Mt 0),t e (0,1).
95 0s
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FOURTH ORDER PROBLEMS

G(t,sq)

FIGURE: Graph of G(t, sp), t € /
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FOURTH ORDER PROBLEMS

G(to,s)

FIGURE: Graph of G(t, s), s € /
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FOURTH ORDER PROBLEMS

Moreover it is characterized the constant sign of the Green’s
function gy, related to the fourth order linear problem (1).
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FOURTH ORDER PROBLEMS

Moreover it is characterized the constant sign of the Green’s
function gy, related to the fourth order linear problem (1).

There, by using the Disconjugacy Theory, are obtained the
exact values on the real parameter M € [—mjg, m?), for which
the related Green'’s function gy < 0in (0,1) x (0,1).
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FOURTH ORDER PROBLEMS

To be concise, my = 4.73004 is the first positive root of
equation
cosm coshm=1,

and my = 5.553 is the first positive root of equation

m m
tan — = tanh —.

V2 V2
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FOURTH ORDER PROBLEMS

Such result has been extended in

4 L. SAAVEDRA AND A. C. The eigenvalue characterization
for the constant sign Green'’s functions of (k, n — k)
problems Bound. Value Probl., 2016 (2016), 35 pp.

for any n-th order differential operator, coupled to the so-called
(k. n — k) boundary conditions, which are defined, for
1< k<n-1,asfollows:

u0)=u'0)=---=u*D0)=u) =) =---=u™ D) =0.
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FOURTH ORDER PROBLEMS

There is proved that —m{ is the biggest negative eigenvalue of
operator u*) in the space

{ue C*), u(0)=u(0)=d"(0)=u(1)=0}
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FOURTH ORDER PROBLEMS

There is proved that —m{ is the biggest negative eigenvalue of
operator u*) in the space

{ue C*), u(0)=u(0)=d"(0)=u(1)=0}

and mg‘ is the least positive eigenvalue of operator u(*) on the
space

{ue C*), wu(0)=u(0)=u(1)=1d(1)=0%.
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NON LOCAL BOUNDARY CONDITIONS

To allow, on the boundary conditions, suitable dependence at
some fixed points (or sets) of the interval, that are not the
extreme ones, permits the study of a wider set of problems that
model suitable real phenomena.

Therefore, the so-called non-local conditions allow us to deal
with more complicated problems that model more difficult real
phenomena.
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NON LOCAL BOUNDARY CONDITIONS

In the non resonance case, such kind of problems can be
studied as an equivalent integral equation of the type

u(t) =r(t) B(u) + /01 k(t,s)f(s,u(s))ds, tel, (3)

where r is a continuous function, B : C(/) — R is a continuous
functional, k is the Green’s function related to the non local
problem, and f(t, x) is the nonlinear part of the considered
equation.
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NON LOCAL BOUNDARY CONDITIONS

This kind of equations cover different non-local situations as, for
instance, to model the steady-state of a heated bar of length 1
subject to a thermostat, where a controller in one end adds or
removes heat accordingly to the temperature measured by a
sensor at a point of the bar.
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NON LOCAL BOUNDARY CONDITIONS

Heat-flow problem has been studied in several works on the
literature.

@ G. Infante and J. R. L. Webb, Nonlinear nonlocal boundary
value problems and perturbed Hammerstein integral
equations, Proc. Edinb. Math. Soc., 49 (2006), 637—656.
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NON LOCAL BOUNDARY CONDITIONS

Heat-flow problem has been studied in several works on the
literature.

@ G. Infante and J. R. L. Webb, Nonlinear nonlocal boundary
value problems and perturbed Hammerstein integral
equations, Proc. Edinb. Math. Soc., 49 (2006), 637—656.

[@ J. R. L. Webb, Existence of positive solutions for a
thermostat model, Nonlinear Anal. Real World Appl., 13
(2012), 923-938.
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Heat-flow problem has been studied in several works on the
literature.

@ G. Infante and J. R. L. Webb, Nonlinear nonlocal boundary
value problems and perturbed Hammerstein integral
equations, Proc. Edinb. Math. Soc., 49 (2006), 637—656.

[@ J. R. L. Webb, Existence of positive solutions for a
thermostat model, Nonlinear Anal. Real World Appl., 13
(2012), 923-938.

[§ G. Infante, P. Pietramala and F. A. F. Tojo, Nontrivial
solutions of local and nonlocal Neumann boundary value
problems, Proc. Roy. Soc. Edinburgh Sect. A, 146 (2016),
2, 337-369.
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NON LOCAL BOUNDARY CONDITIONS

Motivated by the above works, in this talk we study the
existence and multiplicity of positive solutions for the fourth
order equation:

u(4)(t)+MU(t)+f(T7 u(t))=0, tel, (4)

subject to the perturbed functional boundary conditions:

u(0) = U/(0) = U"(0) = 0, u(1) = A /1 us)ds.  (5)
JO

Here f is such that

(Ho) f:1x]0,00) — [0,00) is a continuous function,
M e [—mg, mq‘) and )\ is a positive parameter bounded from
above by a constant that will be introduced later.
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NON LOCAL BOUNDARY CONDITIONS

A function u € C(/) is called nonnegative solution of Problem
(4)-(5) if u is a solution of (4)-(5) and u(t) > 0, forall t € I. A
function u € C(/) is called positive solution of Problem (4)-(5) if

u is a nonnegative solution of (4)-(5) and u(t) > 0, for all
te(0,1).

ALBERTO CABADA UNIVERSIDADE DE SANTIAGO DE COMPOSTELA, SPAIN

EXISTENCE RESULTS OF FOURTH ORDER EQUATIONS WITH PERTURBED TWO-POINT BOUNDARY CONDITIONS



PRELIMINARIES

000000e00

NON LOCAL BOUNDARY CONDITIONS

A standard approach to study positive solutions of a boundary
value problem such as (4) — (5) consists on finding the
corresponding Green'’s function Gy, and seek solutions as fixed
points of the following integral operator:

1
Tua(w)() = /0 Gura(t. 5)f(s. u(s)) ds (6)

in the cone P = {u € C(/),u > 0 on I} of non-negative
functions in the space C(/) endowed with the usual supremum
norm.

Notice that we are rewritten equation (3), erasing the
nonhomogeneous term and including it on the expression of
the new Green'’s function Gy ».

ALBERTO CABADA UNIVERSIDADE DE SANTIAGO DE COMPOSTELA, SPAIN

EXISTENCE RESULTS OF FOURTH ORDER EQUATIONS WITH PERTURBED TWO-POINT BOUNDARY CONDITIONS



PRELIMINARIES
000000080

NON LOCAL BOUNDARY CONDITIONS

We will obtain the expression of the Green’s function Gy ,
related to the linear equation u(*(t) + Mu(t) = 0 coupled to the
functional boundary conditions (5) as a combination of the
expression of gy, the Green’s function related to Problem (1).
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PRELIMINARIES
000000080

NON LOCAL BOUNDARY CONDITIONS

We will obtain the expression of the Green’s function Gy ,
related to the linear equation u(*(t) + Mu(t) = 0 coupled to the
functional boundary conditions (5) as a combination of the
expression of gy, the Green’s function related to Problem (1).

In this case, we will give the exact values on the positive
parameter A for which Gy, > 0 on (0,1) x (0, 1), whenever
M e [-mi, m}).

Moreover, we prove that there is no A > 0 for which Gy, > 0
when M > mf.
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NON LOCAL BOUNDARY CONDITIONS

In the case of M < —m§ we have that it must exists a set of
values of A where such property is fulfilled, but this case has
not been considered in this paper, and remains as an open
problem.

xh

ALBERTO CABADA UNIVERSIDADE DE SANTIAGO DE COMPOSTELA, SPAIN

EXISTENCE RESULTS OF FOURTH ORDER EQUATIONS WITH PERTURBED TWO-POINT BOUNDARY CONDITIONS



GREEN’S FUNCTIONS
000000000000 00

CONSTRUCTION OF THE GREEN’S FUNCTION

Now, we point out that problem

u®(t) + Mu(t) = 0, tel,
u(0) = U'(0) = u"(0) = 0,
u(l) =1,

has no solution if and only the spectral condition (2) holds.
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CONSTRUCTION OF THE GREEN’S FUNCTION

Now, we point out that problem

u®(t) + Mu(t) = 0, tel,
u(0) =u'(0) = u"(0) =
u(1) =1,

has no solution if and only the spectral condition (2) holds.
In any other case, it has a unique solution, denoted by wy,.

It is not difficult to verify that wy,(t) > 0 for all t € /if and only if
M < mj.
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CONSTRUCTION OF THE GREEN’S FUNCTION

On the other hand, if we consider the following boundary value
problem:
v (1) + My (t) = a(t), tel, v(0) = u(1) = V(1) =Vv"(1) =0,
(7)
One can see that Problem (7) is just the adjoint of Problem (1).

So, the eigenvalues of both problems coincide and Green’s
function gy, related to this problem satisfies that

gy(t,s) =gu(s,t)forallt,s e I.
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CONSTRUCTION OF THE GREEN’S FUNCTION

As a direct consequence, we have that

1 -
2u(s) = | gi(s.r)dr = [ aulr.s)ar
is the unique solution of the following boundary value problem:

)

ZN+Mz(t)=1 tel, z(0)=z(1)=2Z(1)=2'(1)=0.

Moreover, we have that if M € [—-mg, m}) then zy(s) < 0 for all
s € (0,1),and zy,(0) < 0 < zy(1).

ALBERTO CABADA UNIVERSIDADE DE SANTIAGO DE COMPOSTELA, SPAIN

EXISTENCE RESULTS OF FOURTH ORDER EQUATIONS WITH PERTURBED TWO-POINT BOUNDARY CONDITIONS



GREEN’S FUNCTIONS
000e0000000000

CONSTRUCTION OF THE GREEN’S FUNCTION

zy(t)

FIGURE: Graph of zy(t), t € I.
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CONSTRUCTION OF THE GREEN’S FUNCTION

LEMMA

Letos € L'(I), A > 0 and M € R be such that (2) does not hold.
Then problem

UM () + Mu(t) +o(t) =0, tel,
u(0) = u'(0) = Uu"(0) = 0,
-1
u(l) = A/ u(s) ds,
Jo

has a unique solution if and only if

1
/\CME/\/ WM(T)dT7£1.
0
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CONSTRUCTION OF THE GREEN’S FUNCTION

LEMMA

In such a case, it is given by the following expression
1
umA(t) = A Gu,(t,s)o(s)ds

where

1
Gua(t,s) = —gm(t, s) — Awm(t)
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CONSTRUCTION OF THE GREEN’S FUNCTION

THEOREM

Let Gy \(t, s) be Green'’s function related to problem (4)—5).

Then if M € [-m§, m}) and X € (0,1/Cy) we have that
Gu A(t,s) > 0 for all (t,s) € (0,1) x (0,1).
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CONSTRUCTION OF THE GREEN’S FUNCTION

THEOREM

Let Gy \(t, s) be Green'’s function related to problem (4)—5).

Then if M € [-m§, m}) and X € (0,1/Cy) we have that
Gu A(t,s) > 0 for all (t,s) € (0,1) x (0,1).
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CONSTRUCTION OF THE GREEN’S FUNCTION

THEOREM
Let Gy \(t, s) be Green'’s function related to problem (4)—5).

Then if M € [-m§, m}) and X € (0,1/Cy) we have that
Gu A(t,s) > 0 for all (t,s) € (0,1) x (0,1).

Moreover there exist R > 0 and h € C(I), such that h(0) = 0
and h > 0 on (0, 1], for which the following inequalities are
fulfilled:

A A

h(t) WZM(S) < Gua(t,s) < RWZM

(s),t,sel.
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CONSTRUCTION OF THE GREEN’S FUNCTION

1/Cym
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CONSTRUCTION OF THE GREEN’S FUNCTION

PROOF.

Since M € [—mj{, m}) we have that gy < 0 and, as a direct
consequence of A € (0,1/Cy) and the fact that wy, > 0 on [/ for
all M < m}, we conclude that Gy ,(t, s) > 0 for all

(t,8) € (0,1) x (0,1).
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CONSTRUCTION OF THE GREEN’S FUNCTION

PROOF.

Since M € [—mj{, m}) we have that gy < 0 and, as a direct
consequence of A € (0,1/Cy) and the fact that wy, > 0 on [/ for
all M < m}, we conclude that Gy ,(t, s) > 0 for all

(t,8) € (0,1) x (0,1).
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CONSTRUCTION OF THE GREEN’S FUNCTION

PROOF.

Since M € [—mj{, m}) we have that gy < 0 and, as a direct
consequence of A € (0,1/Cy) and the fact that wy, > 0 on [/ for
all M < m}, we conclude that Gy ,(t, s) > 0 for all

(t,8) € (0,1) x (0,1).
Now, we denote by

Gua(t,s) 11— )\CM gum(t, s)
GM,/\(17S) /
gM I’ S

It is clear that function ¢(t, s) is continuous on [0, 1] x (0, 1).
[]

Qo(tv S) -

+ wy(t).
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CONSTRUCTION OF THE GREEN’S FUNCTION

PROOF.
Using the properties of gy and those of z,, we deduce, for all
€ (0,1):
%u (¢ %9u(¢,0
i — M)y, m(hS) _  GelbS) T (b0)
SHO‘*’/ 50t Zu(8s) s—0+ ZM(S) Z,'V,(O)
gM I’ S
Thus,
1—ACy ( 284(¢,0)

li = [} 1].
Jim, o(t,8) = 3 21,(0) +wy(t) := h(t) > 0,t € (0,1]

Ol
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CONSTRUCTION OF THE GREEN’S FUNCTION

PROOF.
Analogously, if t € (0, 1), we have

o3 53
[im M: lim M = lim ﬁgéw(t’s) _ agSM(t71) ~0
s—1— 1gM(r s) ar s—1— ZM(S) s—1— z;\’”’(s) Z;\lﬂl(1)
0 )
and
gu

. 1-)C (t,1)

sle gD(t, S) - Y M 8;//(1) +WM(t) = /2(t) >0.te (0, 1].
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CONSTRUCTION OF THE GREEN’S FUNCTION

PROOF.

The limits /;(t) and k(t) exist and are finite, so ¢ has removable
discontinuities at s = 0, 1, and we can extend it to a function
peC(lIx).
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CONSTRUCTION OF THE GREEN’S FUNCTION

PROOF.

The limits /;(t) and k(t) exist and are finite, so ¢ has removable
discontinuities at s = 0, 1, and we can extend it to a function
peC(lIx).
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CONSTRUCTION OF THE GREEN’S FUNCTION

PROOF.

The limits /;(t) and k(t) exist and are finite, so ¢ has removable
discontinuities at s = 0, 1, and we can extend it to a function
peC(lIx).

Therefore h(t) = mingsc(o.1) #(Z, S) is a continuous function such
that

h(0) =0 and 0 < h(t) < p(t,s) < Rforall (t,s) € (0,1]x[0, 1],

where R = max(; s)e/x #(1, S)-
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CONSTRUCTION OF THE GREEN’S FUNCTION

PROOF.

The limits /;(t) and k(t) exist and are finite, so ¢ has removable
discontinuities at s = 0, 1, and we can extend it to a function
peC(lIx).

Therefore h(t) = mingsc(o.1) #(Z, S) is a continuous function such
that

h(0) =0 and 0 < h(t) < p(t,s) < Rforall (t,s) € (0,1]x[0, 1],
where R = max(; s)e/x #(1, S)-

The result follows from the expression of Gy A(1, s). O
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CONSTRUCTION OF THE GREEN’S FUNCTION

Guma(t,s)/Gua(1,s)

FIGURE: Graph of ¢(t,s), t € I.

ALBERTO CABADA UNIVERSIDADE DE SANTIAGO DE COMPOSTELA, SPAIN

EXISTENCE RESULTS OF FOURTH ORDER EQUATIONS WITH PERTURBED TWO-POINT BOUNDARY CONDITIONS



GREEN’S FUNCTIONS
0000000000000

CONSTRUCTION OF THE GREEN’S FUNCTION

COROLLARY

Let Gy (1, s) be Green’s function related to problem (4)—5)
given by expression (8). Then if M € [—-m§, m}) and

A € (0,1/Cp) we have that for all 6 € (0, 1) there exists
v(9) € (0, 1) for which the following inequality is fulfilled:

A

v ———=2zm(8) < Gu.A(t,s), forall(t,s) € [0,1] x .  (9)
ACy —1 ’
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CONSTRUCTION OF THE GREEN’S FUNCTION

COROLLARY

Let Gy (1, s) be Green’s function related to problem (4)—5)
given by expression (8). Then if M € [—-m§, m}) and

A € (0,1/Cp) we have that for all 6 € (0, 1) there exists
v(9) € (0, 1) for which the following inequality is fulfilled:

A

v ———=2zm(8) < Gu.A(t,s), forall(t,s) € [0,1] x .  (9)
ACy —1 ’
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CONSTRUCTION OF THE GREEN’S FUNCTION

COROLLARY

Let Gy (1, s) be Green’s function related to problem (4)—5)
given by expression (8). Then if M € [—-m§, m}) and

A € (0,1/Cp) we have that for all 6 € (0, 1) there exists
v(9) € (0, 1) for which the following inequality is fulfilled:

A

v ———=2zm(8) < Gu.A(t,s), forall(t,s) € [0,1] x .  (9)
ACy —1 ’

For any pair 4, v satisfying (9) we introduce the following cone:

5 . Y
Ky ={ueC(l), u(t)>0 foralltel and tre%g]u(t) > EHUH}.
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MULTIPLICITY OF SOLUTIONS

LEMMA

Assume that f satisfies condition (Hy), then, u € C(l) is a
solution of (4)-(5) if and only if u is a fixed point of operator

Tua(u / Gum (1, 8) f(s,u(s)) ds
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MULTIPLICITY OF SOLUTIONS

LEMMA

Assume that f satisfies condition (Hy), then, u € C(l) is a
solution of (4)-(5) if and only if u is a fixed point of operator

Tua(u / Gum (1, 8) f(s,u(s)) ds

LEMMA

Assuming condition (Hy), we have that T(Kff ) C KW‘S and it is
completely continuous.
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MULTIPLICITY OF SOLUTIONS

In order to deduce the existence and multiplicity of solutions of
the nonlinear problem (4) — (5), we introduce the following
constants for any M € [—mjg, m}) (in case of M = 0 it must be
considered the limit when M goes to zero):

max/ GM,\tSd

A 1 (1= ACuM
2 ezl A (@) =z (0) = 1)
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MULTIPLICITY OF SOLUTIONS

THEOREM

Letm e NU+o0 and {rc}_, and { Rk}, be such that
k41 < Rk+1 < g < Rk, k=1,2,8,....m—1.

Furthermore assume that f satisfies condition (Hy) and for each
natural number k there are 0 < A < N\, and B > N\ such that

ALBERTO CABADA UNIVERSIDADE DE SANTIAGO DE COMPOSTELA, SPAIN

EXISTENCE RESULTS OF FOURTH ORDER EQUATIONS WITH PERTURBED TWO-POINT BOUNDARY CONDITIONS



NONLINEAR PROBLEMS
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MULTIPLICITY OF SOLUTIONS

THEOREM
Letm e NU+o0 and {rc}_, and { Rk}, be such that
k41 < Rk+1 < g < Rk, k=1,2,8,....m—1.

Furthermore assume that f satisfies condition (Hy) and for each
natural number k there are 0 < A < N\, and B > N\ such that

(Cy) f(t,u) > Brg, forallyre/R<u<r and t e [j1].
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MULTIPLICITY OF SOLUTIONS

THEOREM

Letm e NU+o0 and {rc}_, and { Rk}, be such that
k41 < Rk+1 < g < Rk, k=1,2,8,....m—1.

Furthermore assume that f satisfies condition (Hy) and for each
natural number k there are 0 < A < N\, and B > N\ such that

(Cy) f(t,u) > Brg, forallyre/R<u<r and t e [j1].
(Co) f(t,u) < ARy, forall0 <u < Ry and t € [0,1],
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MULTIPLICITY OF SOLUTIONS

ARy

0 /R Tk Ry 1
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MULTIPLICITY OF SOLUTIONS

THEOREM

Then the boundary value problem (4)—5) has 2 m — 1 positive
solutions {ux}J_, and {vi}7~ such that

re < ||ukll < Rk, k=1,2,3,...,m,

Ryt <||wkll < rk, k=1,2,3,....m—1.

’
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MULTIPLICITY OF SOLUTIONS

THEOREM

Then the boundary value problem (4)—5) has 2 m — 1 positive
solutions {ux}J_, and {vi}7~ such that

re < ||ukll < Rk, k=1,2,3,...,m,

Ryt <||wkll < rk, k=1,2,3,....m—1.

’
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MULTIPLICITY OF SOLUTIONS

THEOREM

Then the boundary value problem (4)—5) has 2 m — 1 positive
solutions {ux}J_, and {vi}7~ such that

re < ||ukll < Rk, k=1,2,3,...,m,

Ryt <||wkll < rk, k=1,2,3,....m—1.

’

The proof follows from the iterated application of the
Krasnoselskii’s Fixed Point Theorem.

Qi={ueK: |ul<n} k=1,2,....m,

and
Qy={ue K :|ul <R}, k=1,2,...,m.
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MULTIPLICITY OF SOLUTIONS

To deduce other type of multiplicity results, we introduce the
following notations:

M X

A
3= H/\CM—1Z

_ Azy(1) = z;(0) - 1)
(1-xCuM

and

= mln/ Gm \(t,8) ds.
te[o,1]
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MULTIPLICITY OF SOLUTIONS

THEOREM

Choose 0 < v < 1/R and let a, b, ¢ in R be such that
O0<a<b< -z <c Assumethat B> Nz and0 < A < A4,
condition (Hy) holds and the following properties are fulfilled:

310‘0
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MULTIPLICITY OF SOLUTIONS

THEOREM

Choose 0 < 4 < 1/R and let a, b, c in R be such that
0<a<b< f<c Assumethat B> N3 and0 < A < /Ay,
condition (Ho) ho/ds and the following propert/es are fulfilled:

(Hy) Forallu € [0,c], we have f(t,u) < E’ te[0,1].
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MULTIPLICITY OF SOLUTIONS

THEOREM

Choose 0 < 4 < 1/R and let a, b, c in R be such that
0<a<b< f<c Assumethat B> N3 and0 < A < /Ay,
condition (Ho) ho/ds and the following propert/es are fulfilled:

(Hy) Forallu € [0,c], we have f(t,u) < E’ te[0,1].

(H2) Forallu € [0, a], we have f(t,u) < te[0,1].

B7
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MULTIPLICITY OF SOLUTIONS

THEOREM

Choose 0 < 4 < 1/R and let a, b, c in R be such that
0<a<b< f<c Assumethat B> N3 and0 < A < /Ay,
condition (Ho) ho/ds and the following propert/es are fulfilled:

(Hy) Forallu € [0,c], we have f(t,u) < —, te[0,1].

B
Ho>) For all u € [0, a|, we have f(t, u <E, e [0, 1].
B
(Hs) Forallu e [b, %} we have f(t, u) > f\, t e [5,1].
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THEOREM

Choose 0 < 4 < 1/R and let a, b, c in R be such that
0<a<b< f<c Assumethat B> N3 and0 < A < /Ay,
condition (Ho) ho/ds and the following propert/es are fulfilled:

(Hy) Forallu € [0,c], we have f(t,u) < —, te[0,1].

B
Ho>) For all u € [0, a|, we have f(t, u <E, e [0, 1].
B
(Hs) Forallu e [b, %} we have f(t, u) > f\, t e [5,1].
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MULTIPLICITY OF SOLUTIONS

THEOREM

Choose 0 < 4 < 1/R and let a, b, c in R be such that
0<a<b< f<c Assumethat B> N3 and0 < A < /Ay,
condition (Ho) ho/ds and the following propert/es are fulfilled:

(Hy) Forallu € [0, c], we have f(t,u) < E te[0,1].
(H2) Forallu € [0, a], we have f(t, u) < B’ te[0,1].

(Hs) Forallu e [b, %} we have f(t, u) > f\, t e [5,1].
Then the boundary value problem (4)—5) has at least two
positive solutions uy and u in Pe = {u € K;s ,|lul| < c}, such
that minsc(s11{us (1)} > b and ||uz|| > a with
minges,11{Ue(t)} < b.
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MULTIPLICITY OF SOLUTIONS

c/B

b/A

a/B

a b bR ¢ 1
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MULTIPLICITY OF SOLUTIONS

The proof follows from the Leggett-Williams fixed point theorem
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MULTIPLICITY OF SOLUTIONS

The proof follows from the Leggett-Williams fixed point theorem

REMARK
In case of f satisfies the following condition
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MULTIPLICITY OF SOLUTIONS

The proof follows from the Leggett-Williams fixed point theorem

REMARK
In case of f satisfies the following condition
(Hy) f(t,0)£200n|,
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MULTIPLICITY OF SOLUTIONS

The proof follows from the Leggett-Williams fixed point theorem

REMARK
In case of f satisfies the following condition
(Hy) f(t,0)£00n|,
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MULTIPLICITY OF SOLUTIONS

The proof follows from the Leggett-Williams fixed point theorem

REMARK
In case of f satisfies the following condition
(Hy) f(t,0)£00n|,
we have three positive solutions of problem (4)—(5).
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MULTIPLICITY OF SOLUTIONS

The proof follows from the Leggett-Williams fixed point theorem

REMARK
In case of f satisfies the following condition
(Hy) f(t,0)£00n|,
we have three positive solutions of problem (4)—(5).

It is possible to improve this result to deduce m different
positive solutions.
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EXAMPLES

In the sequel, we will obtain the different bounds and results for
the particular case when M = 0. That is, we want to prove the
existence of multiple positive solutions of the problem:

Lou(t) = u™(t) = —f(t,u(t)), tel (10)

subject to the boundary conditions:

with0 < \ < 4.
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EXAMPLES

F(=(=1+s) t3—(—s+t)3)+% ifo<s<t<i
Golt.9) = C1(1 4 5)38 (80N foO<t<s<t
6 6(4—N) sisSss
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EXAMPLES

1-s)8st8A .
Golts)— 45T ts_(_itt)sh% o esred
—§(—1 4 P 4 Ui fost<s<t

o) 4t ifte[0,3]

(1) = t2(_3(—4+>\>)\+4t(—3+>\)) itte[2.1].
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EXAMPLES

EXAMPLE

Choosingme N, o € R, A€ (0,A2) and B € (Ay,+00) such
that o > max (10, \/§>, Rr = a~* and r, = o~ (4+2) for
ke{1,2,...,m—1}.

We have that r1 < Rkt < rk < Ry, [10721, 2] C [Rit1, 1),
Rk—H < rg < Brk and Bl’k < ARk
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EXAMPLES

EXAMPLE
Let f a function defined as follows:

R4 if u € [0, Ryi1]

mw — Rii1) + Restr if U € [Riyr,1072r]
f(t,u) =< Bry if ue [1072ry, ry]

W(u— Re) + ARy if U € [, Ryl

ARy if u € [Rk, +0)

We have that boundary value problem (10)—(4) has2m — 1
positive solutions {uy}7"_, such that o~ (#2) < ||y, || < a4k for
each k =1,2,...,mand {v,};_, such that

o (4K+H)) < |y || < a~#k+2) foreach k =1,2,...,m — 1.
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EXAMPLES

EXAMPLE
We consider the boundary value problem (10) with

t—1)%+1
—[( 2) }+3334u3 if0<u<1
[(t—%)+1}
3333+ iy ifus>1.

10

The boundary value problem (10)—(4) has at least three positive
solutions uy, u», us satisfying ||uq|| < 31—0 minsert /4,11 (U2(t)) > 1
and ||us|| > 5 with mingcqr /417 (us(t)) < 1.
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EXAMPLES

EXAMPLE
3500 -

3000
2500 -
2000 fitu)
1500 -
1000 -

500 -

FIGURE: Graph of f(1/2, u)
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EXAMPLES

EXAMPLE

The boundary value problem (10)—(4) has at least three positive
solutions uy, s, us satisfying ||us || < 55, mincpra17(ta(t)) > 1
and ||us|| > 55 with mingc(1 4.1 (us(t)) < 1.
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