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Integrodifferential equation (viscoelasticity)

t
ugy — Au + f(x, u) +/ k(s)Au(t—s)ds=g inRy xQ  (IDE)
0
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Integrodifferential equation (viscoelasticity)
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0 U:Ry xQ—R,
@ Q c RN bounded domain,
@ u=00nRy x 00
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Integrodifferential equation (viscoelasticity)
t
ug — Au+ f(x, u) +/ k(s)Au(t—s)ds=g inR.xQ  (IDE)
0

0 U:Ry xQ—R,
@ Q c RN bounded domain,
@ u=00nRy x 00

GOAL
° t—I!Too u(t) =y and

@ lu(t)—¢p| < Cttforallt>0
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Correspondence with wave equation
t
up — Au+ f(x,u) + / k(s)Au(t—s)ds=g
0
Abstract wave equation

Up +cur + 9'(u) =0 (WE)

u + @' (u / k(s)Au(t —s)ds=g (GE)
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Abstract wave equation

U + cur + ¢'(u) =0

Define Lyapunov functional &(u) = % ||uf|2 + ®(u)

%E(U(t)) = Ugtiy + &' (U) Uy

= u(uy + '(v))
= —cu?<0

Su(t) = x> U)o
u(t) =0, & (u(t)) =0

@ o convex, then u(t) — ¢
@ & has many (continuum) critical points, then ... we need more
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Forugly ¢ ...

...we need more

@ Let V — H < V* be Hilbert spaces. A functional - M Cc V — R
of class C' satisfies the tojasiewicz—Simon inequality if
Yo 30 € (0, 3], C, e > 0 sit.
@(u) = ()" < Cll¥'(U)llv- YueEBlpe) (L)

0 is called the Lojasiewicz exponent.
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Forugly ¢ ...

...we need more

@ Let V — H < V* be Hilbert spaces. A functional - M Cc V — R
of class C' satisfies the tojasiewicz—Simon inequality if
Yo 30 € (0, 3], C, e > 0 sit.

[O(u) — ()" < Cl¥'(U)|lv»  VueB(p,e) (L)

0 is called the Lojasiewicz exponent.
@ better Lyapunov functional: £(u) = % ||uf||? + ®(u) + e uq||P(v)
(4E(u(t)) < 0is not enough)
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Back to (IDE)

00 t
() =g lul? + o)+ [ (a(s)ule) o - 5 [ ks)dslAVEu(p)?

/ K(t — 8)||AV2u(s) — AV2u(1)|2 ds
d
Es(u(t)) <0
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Assumptions on (GE)

t
i+ /() /0 K(s)Au(t — s)ds = g

Assumptions on A and ¢: (A)

@ V C H c V* Hilbert spaces

@ ¢:V — Rofclass C?

@ Alinear, self-adjoint, positive definite with V ¢ D(A'/?)
0 du(u) = d(u) — 4[|AV/2u|? satisfies (LI)

where p = [, k
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Assumptions on k and g: (K) (G)
@ ke C1 (R+)

@ there exist p € (2,4+oc] and ¢x > 0 s.t. K < —ckk”llv forallt >0

@ gcL'®Ry,H)NL2(R,,H)
@ either there exists q € (1, 4+00) s.t.
ftoo l9(s)|[?ds < cg(1+ t)—2a+1,

@ or [ |lg(s)|[?ds < cge2"" (‘case q = +0o0))
Assumptions on k imply

@ k(t) < CtPif p < +00
@ k(t) < Ce %if p=+oo

Assumptions on g are satisfied e.qg. if

o [lg(t) < C(1 +1t)~9 (case g < +oo)
@ [lg(t)]| < Ce " (case q = +)
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Theorem

Let (A), (k), (9) hold and letu : Ry — V be a strong solution to (GE)
such that {(u(t), u(t) : te R} C V x H is relatively compact.
Then there exists ¢ € V such that

im fa(@)lly + [Ju(t) = ellv = 0.
—+00

Moreover, for every ¢ > 0 there exists C > 0 such that
u(t) — ||y < ct™¢, forallt>0

where ¢ = min{%;,9— 3,5 —1—¢}.

Remark
Ifp=q=+occ and § = %, we have

u(t) — ||y < Ce™® forallt >0

for appropriate ¢, C > 0.
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Assumptions on (IDE)

t
Uy — Au+ f(x, u) +/ k(s)Au(t—s)ds=g inRy xQ  (IDE)
0

Assumptions on non-linearity f: (F)

o f=1f(x,u)c C’(R. x Q)
@ analytic in u uniformly w.r. to x € Q and u in bounded subsets of R
@ f(-,0) € L>~°(Q2) and there exists p, « > 0, (N — 2)a < N s.t.

2 (x, )| < C(1 + 1ul*)
Then (Haraux, Jendoubi '99)

1_
Eulv) =52 IVule+ | Flxu)d

satisfies (LI)
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Theorem

Let (F), (k), (g) hold with [;° k = ;< 1 and letu : R, — V be a strong
solution to (IDE) such that {(u(t),u(t) : t € Ry} C V x H is relatively

compact.
Then there exists ¢ € V such that

Aim fu@)m+ llut) = ¢llv =0

—+00

Moreover, for every e > 0 there exists C > 0 such that
|u(t) — |y < ct™, forallt>0

where ¢ = min{%;,q— 3.5 —1—¢}.

Remark
Ifp=q=+occ andf = %, we have

|u(t) — |y < Ce™¢ forallt >0
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Comments on Theorems

Operators satisfying (LI): (Chill '03, Ben Hassen, Haraux ’11)

@ Laplacian with non-linearity f and Neumann or Robin b. c.
@ D. or N. Laplacian with non-analytic non-linearities
o fourth order A2 — \qu + C1(u+)/O —co(u_)9

e E(u) = iM(a(u,u)) + |, c(x)u?, where ais positive bilinear form
and M a real function

@ diva(x,Vu) — c(x)u
Precompactness of trajectory

Decay estimates are not optimal (Haraux '11, Abdelli and Haraux '14,
B.’'18)

(LI) for equations with dynamic boundary conditions (Chill, faSangova,
Priss '06, Wu ’10, '12)
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