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Part |. Dual bases: construction and applications



2/18
Dual basis: definition

e let by, by,...,by be linearly independent (basis) functions
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Dual basis: definition

e let by, by,...,by be linearly independent (basis) functions.
e let us consider a space
B, := span{By},

where

Bn = {b0>b1> s °)bn}>

with an inner product

() : By x B, — C
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Dual basis: definition

e let by, by,...,by be linearly independent (basis) functions.

e let us consider a space
B, := span{By},

where

Bn = {b0>b1> s °)bn}>

with an inner product

(-,-): Bn x By — C.

e We say that functions
D= {ag™,al, ..., }

form a dual basis (are dual functions) of the space By wrt (-, ), if
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Dual basis: definition

e let by, by,...,by be linearly independent (basis) functions.

e let us consider a space
B, := span{By},

where

Bn = {b0>b1> s °)bn}>

with an inner product

(-,-): Bn x By — C.

e We say that functions
D= {ag™,al, ..., }

form a dual basis (are dual functions) of the space By wrt (-, ), if

1. span {dén), dgn), ey dT(ln)} = B
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Dual basis: definition

e let by, by,...,by be linearly independent (basis) functions.

e let us consider a space
B, := span{By},

where

Bn = {b0>b1> s °)bn}>

with an inner product

(-,-): Bn x By — C.

e We say that functions
D= {ag™,al, ..., }

form a dual basis (are dual functions) of the space By wrt (-, ), if
1. span {dén), dgn), e dT(ln)} = B,
2. <bi, d]?“)> =5 (0<ij<m)

where 61)' =0 for i 75 j, and 611 — ]
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Dual bases: applications

e Representation. If g € B,, then

3/18

g= Z Clkbk> where ag = <g, d](gl)> (O S k S n)
k=0
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Dual bases: applications

e Representation. If g € B,, then

g= Z ax by, where ay = <g, d,(cn)> (0 <k <mnJ.
k=0

e Approximation. For a given function f, the element

p* = Z Ckbk, where Cx ‘= <f, d}((n)> (O <k< TL),
k=0

is the best approximation of f in the set BB, in the following sense:

If=p*l[=min [[f=pll  (-[[:=+("))
PEBR
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Dual bases: applications

e Representation. If g € B,, then

g= Z ax by, where ay = <g, d,(cn)> (0 <k <mnJ.
k=0

e Approximation. For a given function f, the element

p* = Z Ckbk, where Cx ‘= <f, d}((n)> (O <k< TL),
k=0

is the best approximation of f in the set BB, in the following sense:

[f—p*l=min [[f—pll  ([-[[:=())
PEBR

Remarks.

1. One can find the optimal element omitting the orthogonal basis of the space B,
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Dual bases: applications

e Representation. If g € B,, then

g= Z ax by, where ay = <g, d,(cn)> (0 <k <mnJ.
k=0

e Approximation. For a given function f, the element

p* = Z Ckbk, where Cx ‘= <f, d}((n)> (O <k< TL),
k=0

is the best approximation of f in the set BB, in the following sense:
If —p*l = min [[f —pl  ([[-]l:=+()).
PEBn

Remarks.
1. One can find the optimal element omitting the orthogonal basis of the space B,,.

2. Skillful use of dual bases often results in less costly algorithms of solving many
computational problems.
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Dual bases: recent results and applications

e Dual polynomial bases: Goldman (1994).

e Dual Bernstein polynomials: Ciesielski (1987), Juttler (1998), Lewanowicz and W.
(2006-2012), Rababah and Al-Natour (2007), Chudy and W. (2018, 2021).

e Dual Bézier-Said-Wang basis: Zhang et al. (2010).
e Computing roots of polynomials: Barton and Jittler (2007), Liu et al. (2009).

e Degree reduction or merging of Bézier curves and surfaces: Gospodarczyk, Lewano-
wicz, W. (2009-2017).

e Polynomial approximation of rational Bézier curves and surfaces: Lewanowicz, Keller,

W. (2012-2017).
e Construction of dual bases: W. (2013, 2014).
e Dual basis functions in subspaces: Kersey (2013).
e Method of solving boundary value problems: Gospodarczyk, W. (2017).

e Numerical solving of fractional partial differential equations: Jani et al. (2017, 2018)
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Construction of dual basis: first method

e Let us write the dual function dgn) as a linear combination of by, by, ..., by
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Construction of dual basis: first method

e Let us write the dual function dgn) as a linear combination of by, by, ...

e One can easily prove that the ith column of the following matrix:

" (bo,bo) (br,bo) ... (ba,bo) |

<b0>b1> <b1>b1> <bn>b1>
(bo, bi) (b1,b;) ... (by,by)

(bo,-bn) <b1,.bn> (bn,.bn>

contains the coefficients

[a(n) al™ al™ (0<i<mn)

10 Y M Yty Min — 7 —
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Construction of dual basis: first method

e Let us write the dual function dgn) as a linear combination of by, by, ...

e One can easily prove that the ith column of the following matrix:

" (bo,bo) (br,bo) ... (ba,bo) |

<b0>b1> <b1>b1> <bn>b1>

<bo;bi> <b1;bi> (bn;bi>

(bo,-bn) <b1,.bn> (bn,.bn>

.
contains the coefficients ag), agl), . a(n)} (0 <i<n).

e Cost: O(n?)

5/18
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Construction of dual basis: second method

e S Lewanowicz, P. W., Dual generalized Bernstein basis, Journal of Approximation

Theory 138 (2006), 129-150
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Construction of dual basis: second method

e S Lewanowicz, P. W., Dual generalized Bernstein basis, Journal of Approximation

Theory 138 (2006), 129-150.
e Suppose we know the orthonormal basis Py, Py, ..., Py of the space By wrt (-, -):

1. span{Po, P1,...,Pn} = B,

2. <Pi, PJ> = Sij (O < l,) < Tl)
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Construction of dual basis: second method

e S Lewanowicz, P. W., Dual generalized Bernstein basis, Journal of Approximation

Theory 138 (2006), 129-150.
e Suppose we know the orthonormal basis Py, Py, ..., Py of the space By wrt (-, -):

1. span{Po, P1,...,Pn} = B,

2. <P1,PJ’> :51]' (OSI,) STL)

Theorem. Let oy be the coefficients in

Pk:Z(inbi (k:O,],...,Tl)
1=0
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Construction of dual basis: second method

e S Lewanowicz, P. W., Dual generalized Bernstein basis, Journal of Approximation

Theory 138 (2006), 129-150.
e Suppose we know the orthonormal basis Py, Py, ..., Py of the space By wrt (-, -):

1. span{Po, P1,...,Pn} = B,

2. <P1,PJ’> :51]' (OSI,) STL)

Theorem. Let oy be the coefficients in
Pk:Z(inbi (k:O,1,...,n).
i=0
Then the dual basis functions have the following form:

dgn):Z(inPk (120,1,...,T1)
k=0
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Construction of dual basis: third method

Disadvantages of the methods:

e we have to invert a full matrix (the first method),

e we need the orthonormal basis of the space B, (the second method)
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Construction of dual basis: third method

Disadvantages of the methods:

e we have to invert a full matrix (the first method),

e we need the orthonormal basis of the space B, (the second method).

P. W., Construction of dual B-spline functions, Journal of Computational and Applied
Mathematics 260 (2014), 301-311.
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7/18
Construction of dual basis: third method

Disadvantages of the methods:

e we have to invert a full matrix (the first method),

e we need the orthonormal basis of the space B, (the second method).

P. W., Construction of dual B-spline functions, Journal of Computational and Applied
Mathematics 260 (2014), 301-311.

This method does not require:

e the inverting of a full matrix,

e the knowledge of the orthonormal basis
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Construction of dual basis: third method — idea

e P.W. Construction of dual B-spline functions, Journal of Computational and Applied
Mathematics 260 (2014), 301-311.

e lLet k <mn, and By :={bg, by,..., by}
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Construction of dual basis: third method — idea

e P.W. Construction of dual B-spline functions, Journal of Computational and Applied
Mathematics 260 (2014), 301-311.

e let k <mn, and By :={bgy, by,..., by}

e Suppose we know the dual basis
k) 4k k
Dy = {dg>,dg ),...,d](j}

for the basis By wrt. (-, )
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Construction of dual basis: third method — idea

e P.W. Construction of dual B-spline functions, Journal of Computational and Applied
Mathematics 260 (2014), 301-311.

e let k <mn, and By :={bgy, by,..., by}
e Suppose we know the dual basis

k k k
DMZ{%%dpyuﬁﬁ?

for the basis By wrt. (-, ).

e |t is possible to find the dual basis
k+1 k+1 k+1
DHﬁ:{% ) d! %“qdﬁﬂ}

for By1 := By U{byx,1} wrt. the same inner product in a linear time
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Construction of dual basis: third method — idea

e P.W. Construction of dual B-spline functions, Journal of Computational and Applied
Mathematics 260 (2014), 301-311.

e let k <mn, and By :={bgy, by,..., by}
e Suppose we know the dual basis

k k k
DMZ{%%dpyuﬁﬁ?

for the basis By wrt. (-, ).

e |t is possible to find the dual basis
k+1 k+1 k+1
DHﬁ:{% ) d! %“qdﬁﬂ}

for By1 := By U{byx,1} wrt. the same inner product in a linear time:

O(k)
Dy = Dy4g
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Construction of dual basis: third method — idea

e P.W. Construction of dual B-spline functions, Journal of Computational and Applied
Mathematics 260 (2014), 301-311.

e let k <mn, and By :={bgy, by,..., by}
e Suppose we know the dual basis

k k k
DMZ{%%dpyuﬁﬁ?

for the basis By wrt. (-, ).

e |t is possible to find the dual basis
k+1 k+1 k+1
DHﬁ:{% ) d! %“qdﬁﬂ}

for By1 := By U{byx,1} wrt. the same inner product in a linear time:

O(k)
Dy = Dxy4i1.

e There are quite simple connections between elements of the dual bases Dy and Dy
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Construction of dual basis: third method — remarks

e Using this method, we can construct all the dual bases

Di,Dy,..., Dy

in the time O(n?)
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Construction of dual basis: third method — remarks

e Using this method, we can construct all the dual bases
Di,Dy, ..., Dy

in the time O(n?).

e One can solve efficiently some approximation problems
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Construction of dual basis: third method — remarks

e Using this method, we can construct all the dual bases
Di,Dy, ..., Dy

in the time O(n?).

e One can solve efficiently some approximation problems:
Problem. Given a function f and € > 0, find the least natural number n such that

min  |[f—gl|<e¢
g € span By,
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Construction of dual basis: third method — remarks

e Using this method, we can construct all the dual bases
Di,Dy, ..., Dy

in the time O(n?).
e One can solve efficiently some approximation problems:

Problem. Given a function f and € > 0, find the least natural number n such that

min_||[f —g|| < e.
g € span By,

e The optimal element g* is obtained in terms of basis functions by, by, ..., by. It often
results in less costly algorithms of solving many computational problems.
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Dual Bernstein bases: classical case

e Basis functions = classical Bernstein basis polynomials (Bernstein, 1912):

Bl'(x) = (Tll) XHT —x)v (0<i<n)
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Dual Bernstein bases: classical case

e Basis functions = classical Bernstein basis polynomials (Bernstein, 1912):

Bl'(x) = (?) X1 —x)™ (0 <i<n).
e Inner product = shifted Jacobi polynomials:
1

(£, g); = L 1= ) gl dx (o B > —1)
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Dual Bernstein bases: classical case

e Basis functions = classical Bernstein basis polynomials (Bernstein, 1912):

Bl'(x) = (?) XHT —x)v (0 <1< n).

e Inner product = shifted Jacobi polynomials:
1
(o= | (=0 gl de (B> 1),
0
e Dual basis = dual Bernstein polynomials (Ciesielski, &« = 3 = 0, 1987; Lewanowicz,
W., o, > —1, 2006):

Dixo,B) €My (0<k<m)
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Dual Bernstein bases: classical case

e Basis functions = classical Bernstein basis polynomials (Bernstein, 1912):

Bl'(x) = (?) XHT —x)v (0 <1< n).

e Inner product = shifted Jacobi polynomials:
1
(o= | (=0 gl de (B> 1),
0
e Dual basis = dual Bernstein polynomials (Ciesielski, &« = 3 = 0, 1987; Lewanowicz,
W., o, > —1, 2006):

Dixo,B) €M, (0<k<mn).

e More on dual Bernstein polynomials and their relations with shifted Jacobi and Hahn
(or dual Hahn) polynomials in a few minutes. . .
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Dual Bernstein bases: discrete case

e Basis functions = discrete Bernstein basis polynomials (Neamtu, 1991; Sablonniere,

1992):

b (xN) = (_]]\J) (1:

)(—x)i(x—N)m (0<i<n<N:NeN)
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Dual Bernstein bases: discrete case

e Basis functions = discrete Bernstein basis polynomials (Neamtu, 1991; Sablonniere,

1992):

b (xN) = (_]]\J) (1:

)(—x)i(x—N)m 0<i<n<N:NeN).

e Inner product = Hahn polynomials Q(x; e, 3, N):

N
(fgh=Y (‘”") (B ﬂ;")f(x)g(x) (@, B> 1)

X
x=0
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Dual Bernstein bases: discrete case

e Basis functions = discrete Bernstein basis polynomials (Neamtu, 1991; Sablonniere,

1992):

b (xN) = (_]]\J) (1:

)(—x)i(x—N)m 0<i<n<N:NeN).

e Inner product = Hahn polynomials Q(x; e, 3, N):
N N _
o= (“7) (PR ) et (s 0.
x=0

e Dual basis = dual discrete Bernstein polynomials (Lewanowicz, W., o, > —1,
2008):
dE(X;O%B)N)Gnn (0<k<n<N)
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Dual Bernstein bases: discrete case

e Basis functions = discrete Bernstein basis polynomials (Neamtu, 1991; Sablonniere,

1992):

b (xN) = (_]]\J) (1:

)(—x)i(x—N)m D<i<n<N;NeN)

e Inner product = Hahn polynomials Q(x; e, 3, N):
N N _
o= (“7) (PR ) et (s 0.
x=0

e Dual basis = dual discrete Bernstein polynomials (Lewanowicz, W., o, > —1,
2008):
dE(X;O%B)N)Gnn (O<k<n<N)-

e This dual basis is closely related to Hahn (or dual Hahn) polynomials
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Dual Bernstein bases: discrete case

Basis functions = discrete Bernstein basis polynomials (Neamtu, 1991; Sablonniére,

1992):

b (xN) = (_]]\J) (1:

)(—x)i(x—N)m D<i<n<N;NeN)

Inner product = Hahn polynomials Q(x; o, 3, N):

N
o= (“7) (PR ) et (s 0.

X
x=0

Dual basis = dual discrete Bernstein polynomials (Lewanowicz, W., o, 3 > —1,
2008):
dE(X;O%B)N)Gnn (O<k<n<N)-

This dual basis is closely related to Hahn (or dual Hahn) polynomials. For example:

n

dM(x; o, B, N) = Qr(x; &, B, N)
k=0
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Dual Bernstein bases: discrete case

Basis functions = discrete Bernstein basis polynomials (Neamtu, 1991; Sablonniére,
1992):

b (xN) = (_]]\J) (1:

)(—x)i(x—N)m D<i<n<N;NeN)

Inner product = Hahn polynomials Q(x; o, 3, N):
N N _
o= (“7) (PR ) et (s 0.
x=0

Dual basis = dual discrete Bernstein polynomials (Lewanowicz, W., o, 3 > —1,
2008):
dE(X;O%B)N)Gnn (O<k<n<N)-

This dual basis is closely related to Hahn (or dual Hahn) polynomials. For example:

dp(x; o, B, N) ZVN Quli; &, Byn) Qulx; &, By N)
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Dual Bernstein bases: g-case

e Basis functions = generalized Bernstein basis polynomials (Phillips, w = 0, 1996;
Lewanowicz, W., 2004):

By (x; wlq) =

1 [n

(wq; q) k}qu(wq/x;q)k(x;q)nk 0<k<n)
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12/18
Dual Bernstein bases: g-case

e Basis functions = generalized Bernstein basis polynomials (Phillips, w = 0, 1996;
Lewanowicz, W., 2004):

By (x; wlq) =

1 [n

(wq; q) k}qu(wq/x;q)k(x;q)nk (0<k<n).

e Inner product = big g-Jacobi polynomials Py(x; a, b, w|q)
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Dual Bernstein bases: g-case

e Basis functions = generalized Bernstein basis polynomials (Phillips, w = 0, 1996;
Lewanowicz, W., 2004):

By (x; wlq) =

1 [n

(wq; q) k}qu(wq/x;q)k(x;q)nk (0<k<n).

e Inner product = big g-Jacobi polynomials Px(x; a, b, w|q).

e Dual basis = generalized dual Bernstein polynomials (Lewanowicz, W., 2006):

Dy (x;a,b,w|q) € TT, (0<k<n)
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Dual Bernstein bases: g-case

e Basis functions = generalized Bernstein basis polynomials (Phillips, w = 0, 1996;
Lewanowicz, W., 2004):

1 n
BR (g wlq) = [

(wq; q) k}qu(wq/x;q)k(x;q)nk (0<k<n).

e Inner product = big g-Jacobi polynomials Px(x; a, b, w|q).
e Dual basis = generalized dual Bernstein polynomials (Lewanowicz, W., 2006):
Dy (x;a,b,w|q) € TT, (0 <k <mn).

e Generalized dual Bernstein polynomials are closely related to big g-Jacobi and g-Hahn
polynomials Q(x; a, b, N|q) (or dual g-Hahn polynomials).
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Dual Bernstein bases: g-case

e Basis functions = generalized Bernstein basis polynomials (Phillips, w = 0, 1996;
Lewanowicz, W., 2004):

1 n
BR (g wlq) = [

(wq; q) k}qu(wq/x;q)k(x;q)nk (0<k<n).

e Inner product = big g-Jacobi polynomials Px(x; a, b, w|q).
e Dual basis = generalized dual Bernstein polynomials (Lewanowicz, W., 2006):
Dy (x;a,b,w|q) € TT, (0 <k <mn).

e Generalized dual Bernstein polynomials are closely related to big g-Jacobi and g-Hahn
polynomials Q(x; a,b, N|q) (or dual g-Hahn polynomials). For example:

n

Di(xa,b, wlq) = ) P(x; a,b, wiq)
k=0
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Dual Bernstein bases: g-case

Basis functions = generalized Bernstein basis polynomials (Phillips, w = 0, 1996;
Lewanowicz, W., 2004):

1 [n

By (x; wlq) = wa . Lk

| Mwaisatsane 0<k<n).

Inner product = big q-Jacobi polynomials Px(x; a, b, w|q).

Dual basis = generalized dual Bernstein polynomials (Lewanowicz, W., 2006):
Dy (x;a,b,w|q) € TT, (0 <k <n).

Generalized dual Bernstein polynomials are closely related to big g-Jacobi and g-Hahn
polynomials Q(x; a,b, N|q) (or dual g-Hahn polynomials). For example:

DIMx;a,b,wlq) = Y Vi) (q) Qu (4" ™ a,b,mlq) Px(x; a,b, wlq)
k=0
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Dual Bernstein basis polynomials

e Bernstein basis polynomials of degree n
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Dual Bernstein basis polynomials

e Bernstein basis polynomials of degree n

Bl'(x) = (?) XHT —x)v (0 <1< n).

e Associated with the Bernstein basis, there is a unique dual basis

DB(X; Xy B)> D?(X; X,y B)> RS DE(X; Xy 6) SHIM

defined so that

<1)TL Bn>]=6i]’ (i,ij,],...,n),

where
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Dual Bernstein basis polynomials

e Bernstein basis polynomials of degree n

BM(x) = C‘) T—x)"" (0<i<m).

e Associated with the Bernstein basis, there is a unique dual basis D} (x; &, 3) € Tl
(0 < k < n) defined so that

(DL, B, =8y (L,j=0,1,...,n),
where

1

(f, g}y = JO 1—x0)5Pfx) gx)dx (0B > —1).

e Shifted Jacobi polynomials R]((“’B)(x) are orthogonal wrt the inner product (f, g)j, i.e.,

<Rfj‘>m, 12{"‘>B)>J — S (k,(1=0,1,...: he > 0)

8ECM 2021 Pawet Wozny, University of Wroctaw, Poland



14/18
Dual Bernstein basis polynomials: important results
e Ciesielski, 1987 (o« = 3 = 0): definition, recurrence relation.
o Jittler, 1998 (& = 3 = 0): Bernstein-Bézier representation.

e Lewanowicz, W., 2006-2017 (&, p > —1): recurrence relation, orthogonal expansion,
"short" representation, constrained dual Bernstein polynomials, Bézier form, . ..

e Rababah, Al-Natour, 2007: extended Jiittler's results to the case o, p > —1.

e Chudy, W., from 2018 (o, p > —1): differential-recurrence relations, differential equ-
ation, new recurrence relations (for dual Bernstein polynomials of the same degree),
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Dual Bernstein basis polynomials: explicit formulas

e Recurrence relation

1
n+1

1
n+1

((X’B)(X)
y

(00 B) + R

DM x: 00, B) = (1 _ )D?(x; % B) +

where 97" — simple coefficient
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Dual Bernstein basis polynomials: explicit formulas

e Recurrence relation

1
n+1

1
n+1

DM (x; 0, B) = (1 _ )D?(x; o B) + N o B) + OTRIE ().

e Orthogonal expansion

S Z R](:x’ '(x),

k=0
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Dual Bernstein basis polynomials: explicit formulas

e Recurrence relation

DTL+1 . — (1= 1 DM (- 1 nR .
P ) = (1o ) DR B+ DI (i B) + 0PRSS
e Orthogonal expansion

MxonB) =Y GO Quli; By o) REP(x),

k=0

where Qy(1; 3, &, ) are Hahn orthogonal polynomials, and C]({“’B) — simple coefficient
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Dual Bernstein basis polynomials: explicit formulas

e Recurrence relation

1
n+1

1
n+1

DM (x; 0, B) = (1 _ )D{‘(x; o B) + N o B) + OTRIE ().

e Orthogonal expansion

e Short representations

(—1)
DMx; &, B) = Aff{’ ) (—n)]; Rnoi@kﬂ)(xﬁ

DY (x0, B) = BLAP) § (g Tk platierp )

where Afﬁ’m, B%’B) — simple coefficients
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Dual Bernstein basis polynomials: newer results

e Representation in the basis (1 —x) (0 <j <n)

n j—n, —i, 1 .
DI (x; «, B) ZEn ) 1]-(1T—x) (0 <i<n),
- —Mn, N —«

)

where Em] — simple coefficient
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Dual Bernstein basis polynomials: newer results

e Representation in the basis (1 —x) (0 <j <n)

DM x: c, B) iEn <n,i,1

)=

2 — simple coefficient.

1) (1,j =0,1,...,n)

where Em]

—n, —1i, 1

o F(i, )—3Fz<

n, —n—«
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Dual Bernstein basis polynomials: newer results

e Representation in the basis (1 —x) (0 <j <n)

DMx; «, B) iEn < —n, —1, |

)=

2 — simple coefficient.

1) (1,j =0,1,...,n).

e The quantities F(1,j) satisfy recurrence relation of the form

where Em]

—n, —1i, 1

o F(i, )—3Fz<

n, —n—«

(i—n)n—i+aFi+1,j)—(1i+Dn+j—i+a+1F{,j) =
—Mm+Dnm+oa+1) (0<ij<n]
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Dual Bernstein basis polynomials: newer results

Representation in the basis (1 —x) (0 <j < n)

DMx; «, B) iEn < —n, —1, |

)=

2 — simple coefficient.

L, 1
F(i, )—3F2< S 1) (i>j:O>1>"'>n)-

n, —n—«
The quantities F(i,j) satisfy recurrence relation of the form

where Em]

(i—n)n—i+aFi+1,j)—(1i+Dn+j—i+a+1F{,j) =
—Mm+Dnm+oa+1) (0<ij<n]

Proof. Zeilberger's algorithm
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Dual Bernstein basis polynomials: newer results (cont.)

e Differential-recurrence relations

((1 —x)D — (n—i+oc+1)I>D{‘(x;oc,[5) —

_ (1_n)(1+ f) =+ 1) {I_H (X, &, B) . u(“»ﬁ)n+ o+ 1 R((X’B_H)(X),

i+ 1 m i+1 "
where 0 <1< n, D:= T I - identity operator, a U ;""" — simple coefficient
X
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Dual Bernstein basis polynomials: newer results (cont.)

e Differential-recurrence relations

((1 —x)D — (n—i+oc+1)I>D{‘(x;oc,[5) —

_A—mJi+B+T) ﬁWm&M—UWW%H#HRW“”

1+ 1 m 1+ 1 "

(x),

(XD AR+ 1)I)D{‘(x; o B) =

in—i4+a+1)_, n+p+1
= N B) 4 UL RI<HTB) (),

n—i+1 n—i+1 "
d .
where 0 <1< n, D:= T I — identity operator, a UELO{’B) — simple coefficient
X
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Dual Bernstein basis polynomials: newer results (cont.)

e Differential-recurrence relations

((1 —x)D — (n—i+oc+1)I>D{‘(x;oc,[5) —

Ai—m)@G+pB+1) -, ap+o+1_
= LB E Upr (s, ) — Ul T TRy,

(XD AR+ 1)I)D{‘(x; o B) =

in—i4+a+1)_, n+p+1
= N B) 4 UL RI<HTB) (),

n—i+1 n—i+1 "
d .
where 0 <1< n, D:= T I — identity operator, a UELO{’B) — simple coefficient.
X

e Proof. Representation of DI in the basis (1 —x) + recurrence for F(i,j) + sym-
metry:

D (x; 0 B) = Dy (1 —x; By )
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Dual Bernstein basis polynomials: newer results (cont.)

e Third differential-recurrence relation

(x(x—])Der%(oc—B+(G+1)(2x—1))D)D{‘(x;oc,B) -
=(1—n)i+B+1)Di(x0B)+i(i—a—n—1)D (x5, B) —
—(ii—ax—n—=1)+{—-n)(i+ B+ 1))D{ (x5 B),

where 0, 1,...,m
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Dual Bernstein basis polynomials: newer results (cont.)

e Third differential-recurrence relation

(x(x—])Der%(oc—B+(G+1)(2x—1))D)D{‘(x;oc,B) -
=(1—n)i+B+1)Di(x0B)+i(i—a—n—1)D (x5, B) —
—(ii—ax—n—=1)+{—-n)(i+ B+ 1))D{ (x5 B),

where 0, 1,...,n.

e Proof. Representation in the basis R]((“’B)(X) + differential equation for R](;x’m(x) +
difference equation for Hahn orthogonal polynomials Qx(x; a, b; N)
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Dual Bernstein basis polynomials: newer results (cont.)

e Fourth-order differential equation

4
ij(x)Dj D (x;, ) =0 (0 <1< n),
=0

where wj(x) is a polynomial of degree j (0 <j < 4)
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Dual Bernstein basis polynomials: newer results (cont.)

e Fourth-order differential equation

4
ij(x)Dj D (x;, ) =0 (0 <1< n),
=0

where wj(x) is a polynomial of degree j (0 <j < 4).

e Proof. It follows from new differential-recurrence relations
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Dual Bernstein basis polynomials: newer results (cont.)

e Fourth-order differential equation

ij )D’ DMx; o, B) = (0 <1< n),

where wj(x) is a polynom|a| of degree j (0 <j < 4).

The newer results

)

e F. Chudy, P. W., Differential-recurrence properties of dual Bernstein polynomials,
Applied Mathematics and Computation 338 (2018), 537-543
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Dual Bernstein basis polynomials: newest results

e First-order non-homogeneous recurrence relation

(X_ 1)“"’ 1)D?(X, X, ﬁ) —|—X(Tl—i) {14-] (X; X, B) —
c@mﬁn—nm+a+wanHWm+

nt n

+ﬁ+1my+ﬁ+nu—xm9%mu0,

where Ciﬁ’m — simple coefficient
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Dual Bernstein basis polynomials: newest results

e First-order non-homogeneous recurrence relation

(X_ 1)“"’ 1)D?(X, X, ﬁ) —|—X(Tl—i) ?-H (X; X, B) —

c@man—nm+a+wanHWm+

nt n

Hi+ 1M+ B+ 1)1 = IRE (),
where Ciﬁ’m — simple coefficient.

e Proof. Induction on n + properties of shifted Jacobi polynomials
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Dual Bernstein basis polynomials: newest results (cont.)

e [ hird-order recurrence relation

3

Zvj(n,i;x;oc,B)D{Lﬂ(x;o%ﬁ):O (0<i<n-—3),
=0

where vj(1,1;%; o, ) — simple cubic polynomial in i (and linear polynomial in x)

(0<j<3)
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Dual Bernstein basis polynomials: newest results (cont.)

e [ hird-order recurrence relation

3

Zvj(n,i;x;oc,B)D{Lﬂ(x;o%ﬁ):O (0<i<n-—3),
=0

where vj(1,1;%; o, ) — simple cubic polynomial in i (and linear polynomial in x)

(0<)<3)

e Proof. It follows from new first-order non-homogeneous recurrence relation
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Dual Bernstein basis polynomials: newest results (cont.)

e [ hird-order recurrence relation

3

Zvj(n,i;x;oc,B)D{Lﬂ(x;o%ﬁ):O (0<i<n-—3),
=0

where vj(1,1;%; o, ) — simple cubic polynomial in i (and linear polynomial in x)

(0<)<3)

The newest results

)

o F. Chudy, P. W., Fast and accurate evaluation of dual Bernstein polynomials, Nume-
rical Algorithms 87 (2021), 1001-1015
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Dual Bernstein basis polynomials: newest results (cont.)

e F. Chudy, P. W., Fast and accurate evaluation of dual Bernstein polynomials, Nume-

rical Algorithms 87 (2021), 1001-1015
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Dual Bernstein basis polynomials: newest results (cont.)

e F. Chudy, P. W., Fast and accurate evaluation of dual Bernstein polynomials, Nume-
rical Algorithms 87 (2021), 1001-1015.

e Problem. Let us fix numberss n € N, x € [—1,1] and &, 3 > —1. Consider the
problem of computing the values

Di(x; o, B)

foralli=0,1,...,n
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Dual Bernstein basis polynomials: newest results (cont.)

e F. Chudy, P. W., Fast and accurate evaluation of dual Bernstein polynomials, Nume-
rical Algorithms 87 (2021), 1001-1015.

e Problem. Let us fix numberss n € N, x € [—1,1] and &, 3 > —1. Consider the
problem of computing the values

Di(x; &, )
foralli=0,1,...,n.
e Solution.

First-order non-homogeneous recurrence relation = O(n)
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Dual Bernstein basis polynomials: newest results (cont.)

e F. Chudy, P. W., Fast and accurate evaluation of dual Bernstein polynomials, Nume-
rical Algorithms 87 (2021), 1001-1015.

e Problem. Let us fix numberss n € N, x € [—1,1] and &, 3 > —1. Consider the
problem of computing the values

Di(x; o, B)

foralli=0,1,...,n.

e Solution.

First-order non-homogeneous recurrence relation = 0O(n).

Previous results = O(n?)
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Dual Bernstein basis polynomials: newest results (cont.)

e F. Chudy, P. W., Fast and accurate evaluation of dual Bernstein polynomials, Nume-
rical Algorithms 87 (2021), 1001-1015.

e Problem. Let us fix numberss n € N, x € [—1,1] and &, 3 > —1. Consider the
problem of computing the values

Di(x; &, )
foralli=0,1,...,n.
e Solution.

First-order non-homogeneous recurrence relation = 0O(n).

Previous results = O(n?).

e Tests: veeery good numerical properties :-)
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e Dual bases can be efficiently constructed
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e They are closely related to the orthogonal systems.

e Skillful use of dual bases often results in less costly algorithms of solving many com-
putational problems.

e C(lassical, discrete and g families of dual Bernstein polynomials have nice connections
with classical, discrete and g families of orthogonal polynomials.

e (Classical) Dual Bernstein polynomials:
— three differential-recurrence relations,
— fourth-order differential equation,
— first-order non-homogeneous recurrence relation,

— third-order recurrence relation
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Conclusions

e Dual bases can be efficiently constructed.
e They are closely related to the orthogonal systems.

e Skillful use of dual bases often results in less costly algorithms of solving many com-
putational problems.

e C(lassical, discrete and g families of dual Bernstein polynomials have nice connections
with classical, discrete and g families of orthogonal polynomials.

e (Classical) Dual Bernstein polynomials:
— three differential-recurrence relations,
— fourth-order differential equation,
— first-order non-homogeneous recurrence relation,

— third-order recurrence relation.

e For a given x, «, 3, the values of all n + 1 (classical) dual Bernstein polynomials
D} (x; &, B) (0 <k <) can be computed with the complexity O(n)
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