


8th European Congress of Mathematics
Minisymposium Orthogonal Polynomials and Special Functions

Dual bases and orthogonal polynomials

Paweł Woźny

Institute of Computer Science
University of Wrocław, POLAND

e-mail: Pawel.Wozny@cs.uni.wroc.pl

20–26 June 2021, Portorož, Slovenia



Part I. Dual bases: construction and applications
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Dual basis: definition

• Let b0, b1, . . . , bn be linearly independent (basis) functions
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• Let b0, b1, . . . , bn be linearly independent (basis) functions.

• Let us consider a space
Bn := span {Bn},

where
Bn := {b0, b1, . . . , bn},

with an inner product
〈·, ·〉 : Bn × Bn → C.
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• Let b0, b1, . . . , bn be linearly independent (basis) functions.

• Let us consider a space
Bn := span {Bn},

where
Bn := {b0, b1, . . . , bn},

with an inner product
〈·, ·〉 : Bn × Bn → C.

• We say that functions
Dn :=

{
d
(n)
0 , d

(n)
1 , . . . , d

(n)
n

}
form a dual basis (are dual functions) of the space Bn wrt 〈·, ·〉, if
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• Let b0, b1, . . . , bn be linearly independent (basis) functions.

• Let us consider a space
Bn := span {Bn},

where
Bn := {b0, b1, . . . , bn},

with an inner product
〈·, ·〉 : Bn × Bn → C.

• We say that functions
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0 , d
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n
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1. span
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d
(n)
0 , d

(n)
1 , . . . , d

(n)
n

}
= Bn
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Dual basis: definition

• Let b0, b1, . . . , bn be linearly independent (basis) functions.

• Let us consider a space
Bn := span {Bn},

where
Bn := {b0, b1, . . . , bn},

with an inner product
〈·, ·〉 : Bn × Bn → C.

• We say that functions
Dn :=

{
d
(n)
0 , d

(n)
1 , . . . , d

(n)
n

}
form a dual basis (are dual functions) of the space Bn wrt 〈·, ·〉, if

1. span
{
d
(n)
0 , d

(n)
1 , . . . , d

(n)
n

}
= Bn,

2.
〈
bi, d

(n)
j

〉
= δij (0 ≤ i, j ≤ n),

where δij = 0 for i 6= j, and δii = 1
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Dual bases: applications

• Representation. If g ∈ Bn then

g =

n∑
k=0

akbk, where ak :=
〈
g, d

(n)
k

〉
(0 ≤ k ≤ n).
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Dual bases: applications

• Representation. If g ∈ Bn then

g =

n∑
k=0

akbk, where ak :=
〈
g, d

(n)
k

〉
(0 ≤ k ≤ n).

• Approximation. For a given function f, the element

p∗ :=

n∑
k=0

ckbk, where ck :=
〈
f, d

(n)
k

〉
(0 ≤ k ≤ n),

is the best approximation of f in the set Bn in the following sense:

||f− p∗|| = min
p∈Bn

||f− p|| (|| · || :=
√
〈·, ·〉).
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Remarks.
1. One can find the optimal element omitting the orthogonal basis of the space Bn
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Dual bases: applications

• Representation. If g ∈ Bn then

g =

n∑
k=0

akbk, where ak :=
〈
g, d

(n)
k

〉
(0 ≤ k ≤ n).

• Approximation. For a given function f, the element

p∗ :=

n∑
k=0

ckbk, where ck :=
〈
f, d

(n)
k

〉
(0 ≤ k ≤ n),

is the best approximation of f in the set Bn in the following sense:

||f− p∗|| = min
p∈Bn

||f− p|| (|| · || :=
√
〈·, ·〉).

Remarks.
1. One can find the optimal element omitting the orthogonal basis of the space Bn.
2. Skillful use of dual bases often results in less costly algorithms of solving many
computational problems.
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Dual bases: recent results and applications

• Dual polynomial bases: Goldman (1994).

• Dual Bernstein polynomials: Ciesielski (1987), Jüttler (1998), Lewanowicz and W.
(2006–2012), Rababah and Al-Natour (2007), Chudy and W. (2018, 2021).

• Dual Bézier-Said-Wang basis: Zhang et al. (2010).

• Computing roots of polynomials: Barton and Jüttler (2007), Liu et al. (2009).

• Degree reduction or merging of Bézier curves and surfaces: Gospodarczyk, Lewano-
wicz, W. (2009–2017).

• Polynomial approximation of rational Bézier curves and surfaces: Lewanowicz, Keller,
W. (2012–2017).

• Construction of dual bases: W. (2013, 2014).

• Dual basis functions in subspaces: Kersey (2013).

• Method of solving boundary value problems: Gospodarczyk, W. (2017).

• Numerical solving of fractional partial differential equations: Jani et al. (2017, 2018)
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Construction of dual basis: first method

• Let us write the dual function d(n)i as a linear combination of b0, b1, . . . , bn:

d
(n)
i :=

n∑
k=0

a
(n)
ik bk (0 ≤ i ≤ n).
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Construction of dual basis: first method

• Let us write the dual function d(n)i as a linear combination of b0, b1, . . . , bn:

d
(n)
i :=

n∑
k=0

a
(n)
ik bk (0 ≤ i ≤ n).

• One can easily prove that the ith column of the following matrix:

〈b0, b0〉 〈b1, b0〉 . . . 〈bn, b0〉
〈b0, b1〉 〈b1, b1〉 . . . 〈bn, b1〉

... ... ... ...

〈b0, bi〉 〈b1, bi〉 . . . 〈bn, bi〉
... ... ... ...

〈b0, bn〉 〈b1, bn〉 . . . 〈bn, bn〉



−1

contains the coefficients[
a
(n)
i0 , a

(n)
i1 , . . . , a

(n)
in

]T
(0 ≤ i ≤ n)
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Construction of dual basis: first method

• Let us write the dual function d(n)i as a linear combination of b0, b1, . . . , bn:

d
(n)
i :=

n∑
k=0

a
(n)
ik bk (0 ≤ i ≤ n).

• One can easily prove that the ith column of the following matrix:

〈b0, b0〉 〈b1, b0〉 . . . 〈bn, b0〉
〈b0, b1〉 〈b1, b1〉 . . . 〈bn, b1〉

... ... ... ...

〈b0, bi〉 〈b1, bi〉 . . . 〈bn, bi〉
... ... ... ...

〈b0, bn〉 〈b1, bn〉 . . . 〈bn, bn〉



−1

contains the coefficients
[
a
(n)
i0 , a

(n)
i1 , . . . , a

(n)
in

]T
(0 ≤ i ≤ n).

• Cost: O(n3)
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Construction of dual basis: second method

• S. Lewanowicz, P. W., Dual generalized Bernstein basis, Journal of Approximation
Theory 138 (2006), 129–150
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Construction of dual basis: second method

• S. Lewanowicz, P. W., Dual generalized Bernstein basis, Journal of Approximation
Theory 138 (2006), 129–150.

• Suppose we know the orthonormal basis P0, P1, . . . , Pn of the space Bn wrt 〈·, ·〉:

1. span {P0, P1, . . . , Pn} = Bn,

2. 〈Pi, Pj〉 = δij (0 ≤ i, j ≤ n)
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Construction of dual basis: second method

• S. Lewanowicz, P. W., Dual generalized Bernstein basis, Journal of Approximation
Theory 138 (2006), 129–150.

• Suppose we know the orthonormal basis P0, P1, . . . , Pn of the space Bn wrt 〈·, ·〉:

1. span {P0, P1, . . . , Pn} = Bn,

2. 〈Pi, Pj〉 = δij (0 ≤ i, j ≤ n).

Theorem. Let αki be the coefficients in

Pk =

n∑
i=0

αkibi (k = 0, 1, . . . , n).
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Construction of dual basis: second method

• S. Lewanowicz, P. W., Dual generalized Bernstein basis, Journal of Approximation
Theory 138 (2006), 129–150.

• Suppose we know the orthonormal basis P0, P1, . . . , Pn of the space Bn wrt 〈·, ·〉:

1. span {P0, P1, . . . , Pn} = Bn,

2. 〈Pi, Pj〉 = δij (0 ≤ i, j ≤ n).

Theorem. Let αki be the coefficients in

Pk =

n∑
i=0

αkibi (k = 0, 1, . . . , n).

Then the dual basis functions have the following form:

d
(n)
i =

n∑
k=0

αkiPk (i = 0, 1, . . . , n)
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Construction of dual basis: third method

Disadvantages of the methods:

• we have to invert a full matrix (the first method),

• we need the orthonormal basis of the space Bn (the second method)
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Construction of dual basis: third method

Disadvantages of the methods:

• we have to invert a full matrix (the first method),

• we need the orthonormal basis of the space Bn (the second method).

P. W., Construction of dual B-spline functions, Journal of Computational and Applied
Mathematics 260 (2014), 301–311.

8ECM 2021 Paweł Woźny, University of Wrocław, Poland



7/18

Construction of dual basis: third method

Disadvantages of the methods:

• we have to invert a full matrix (the first method),

• we need the orthonormal basis of the space Bn (the second method).

P. W., Construction of dual B-spline functions, Journal of Computational and Applied
Mathematics 260 (2014), 301–311.

This method does not require:

• the inverting of a full matrix,

• the knowledge of the orthonormal basis
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Construction of dual basis: third method – idea

• P. W., Construction of dual B-spline functions, Journal of Computational and Applied
Mathematics 260 (2014), 301–311.

• Let k < n, and Bk := {b0, b1, . . . , bk}
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Construction of dual basis: third method – idea

• P. W., Construction of dual B-spline functions, Journal of Computational and Applied
Mathematics 260 (2014), 301–311.

• Let k < n, and Bk := {b0, b1, . . . , bk}.

• Suppose we know the dual basis

Dk :=
{
d
(k)
0 , d
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1 , . . . , d

(k)
k

}
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• It is possible to find the dual basis

Dk+1 :=
{
d
(k+1)
0 , d

(k+1)
1 , . . . , d

(k+1)
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}
for Bk+1 := Bk ∪ {bk+1} wrt. the same inner product in a linear time
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Construction of dual basis: third method – idea

• P. W., Construction of dual B-spline functions, Journal of Computational and Applied
Mathematics 260 (2014), 301–311.

• Let k < n, and Bk := {b0, b1, . . . , bk}.

• Suppose we know the dual basis

Dk :=
{
d
(k)
0 , d

(k)
1 , . . . , d

(k)
k

}
for the basis Bk wrt. 〈·, ·〉.

• It is possible to find the dual basis

Dk+1 :=
{
d
(k+1)
0 , d

(k+1)
1 , . . . , d

(k+1)
k+1

}
for Bk+1 := Bk ∪ {bk+1} wrt. the same inner product in a linear time:

Dk
O(k)
=⇒ Dk+1.

• There are quite simple connections between elements of the dual bases Dk and Dk+1
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Construction of dual basis: third method – remarks

• Using this method, we can construct all the dual bases

D1, D2, . . . , Dn

in the time O(n2)
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Construction of dual basis: third method – remarks

• Using this method, we can construct all the dual bases

D1, D2, . . . , Dn

in the time O(n2).

• One can solve efficiently some approximation problems:

Problem. Given a function f and ε > 0, find the least natural number n such that

min
g∈ spanBn

||f− g|| < ε.
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Construction of dual basis: third method – remarks

• Using this method, we can construct all the dual bases

D1, D2, . . . , Dn

in the time O(n2).

• One can solve efficiently some approximation problems:

Problem. Given a function f and ε > 0, find the least natural number n such that

min
g∈ spanBn

||f− g|| < ε.

• The optimal element g∗ is obtained in terms of basis functions b0, b1, . . . , bn. It often
results in less costly algorithms of solving many computational problems.
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Part II. Dual Bernstein and orthogonal polynomials
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Dual Bernstein bases: classical case

• Basis functions ⇒ classical Bernstein basis polynomials (Bernstein, 1912):

Bni (x) =

(
n

i

)
xi(1− x)n−i (0 ≤ i ≤ n).
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Dual Bernstein bases: classical case

• Basis functions ⇒ classical Bernstein basis polynomials (Bernstein, 1912):

Bni (x) =

(
n

i

)
xi(1− x)n−i (0 ≤ i ≤ n).

• Inner product ⇒ shifted Jacobi polynomials:

〈f, g〉J :=
∫ 1
0

(1− x)αxβ f(x)g(x) dx (α,β > −1).
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Dual Bernstein bases: classical case

• Basis functions ⇒ classical Bernstein basis polynomials (Bernstein, 1912):

Bni (x) =

(
n

i

)
xi(1− x)n−i (0 ≤ i ≤ n).

• Inner product ⇒ shifted Jacobi polynomials:

〈f, g〉J :=
∫ 1
0

(1− x)αxβ f(x)g(x) dx (α,β > −1).

• Dual basis ⇒ dual Bernstein polynomials (Ciesielski, α = β = 0, 1987; Lewanowicz,
W., α,β > −1, 2006):

Dnk(x;α,β) ∈ Πn (0 ≤ k ≤ n).
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Dual Bernstein bases: classical case

• Basis functions ⇒ classical Bernstein basis polynomials (Bernstein, 1912):

Bni (x) =

(
n

i

)
xi(1− x)n−i (0 ≤ i ≤ n).

• Inner product ⇒ shifted Jacobi polynomials:

〈f, g〉J :=
∫ 1
0

(1− x)αxβ f(x)g(x) dx (α,β > −1).

• Dual basis ⇒ dual Bernstein polynomials (Ciesielski, α = β = 0, 1987; Lewanowicz,
W., α,β > −1, 2006):

Dnk(x;α,β) ∈ Πn (0 ≤ k ≤ n).

• More on dual Bernstein polynomials and their relations with shifted Jacobi and Hahn
(or dual Hahn) polynomials in a few minutes. . .
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Dual Bernstein bases: discrete case

• Basis functions ⇒ discrete Bernstein basis polynomials (Neamtu, 1991; Sablonnière,
1992):

bni (x;N) =
1

(−N)n

(
n

i

)
(−x)i(x−N)n−i (0 ≤ i ≤ n ≤ N; N ∈ N).
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Dual Bernstein bases: discrete case

• Basis functions ⇒ discrete Bernstein basis polynomials (Neamtu, 1991; Sablonnière,
1992):

bni (x;N) =
1

(−N)n

(
n

i

)
(−x)i(x−N)n−i (0 ≤ i ≤ n ≤ N; N ∈ N).

• Inner product ⇒ Hahn polynomials Qk(x;α,β,N):

〈f, g〉H :=

N∑
x=0

(
α+ x

x

)(
β+N− x

N− x

)
f(x)g(x) (α, β > −1).
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Dual Bernstein bases: discrete case

• Basis functions ⇒ discrete Bernstein basis polynomials (Neamtu, 1991; Sablonnière,
1992):

bni (x;N) =
1

(−N)n

(
n

i

)
(−x)i(x−N)n−i (0 ≤ i ≤ n ≤ N; N ∈ N).

• Inner product ⇒ Hahn polynomials Qk(x;α,β,N):

〈f, g〉H :=

N∑
x=0

(
α+ x

x

)(
β+N− x

N− x

)
f(x)g(x) (α, β > −1).

• Dual basis ⇒ dual discrete Bernstein polynomials (Lewanowicz, W., α,β > −1,
2008):

dnk(x;α,β,N) ∈ Πn (0 ≤ k ≤ n ≤ N).
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• This dual basis is closely related to Hahn (or dual Hahn) polynomials

8ECM 2021 Paweł Woźny, University of Wrocław, Poland



11/18

Dual Bernstein bases: discrete case

• Basis functions ⇒ discrete Bernstein basis polynomials (Neamtu, 1991; Sablonnière,
1992):

bni (x;N) =
1

(−N)n

(
n

i

)
(−x)i(x−N)n−i (0 ≤ i ≤ n ≤ N; N ∈ N),

• Inner product ⇒ Hahn polynomials Qk(x;α,β,N):

〈f, g〉H :=

N∑
x=0

(
α+ x

x

)(
β+N− x

N− x

)
f(x)g(x) (α, β > −1).

• Dual basis ⇒ dual discrete Bernstein polynomials (Lewanowicz, W., α,β > −1,
2008):

dnk(x;α,β,N) ∈ Πn (0 ≤ k ≤ n ≤ N).

• This dual basis is closely related to Hahn (or dual Hahn) polynomials. For example:

dni (x;α,β,N) =

n∑
k=0

V
(α,β)
Nk Qk(i;α,β, n)Qk(x;α,β,N)
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• Basis functions ⇒ discrete Bernstein basis polynomials (Neamtu, 1991; Sablonnière,
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(α,β)
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Dual Bernstein bases: q-case

• Basis functions ⇒ generalized Bernstein basis polynomials (Phillips, ω = 0, 1996;
Lewanowicz, W., 2004):

Bnk(x; ω|q) =
1

(ωq;q)n

[n
k

]
q
xk(ωq/x;q)k(x;q)n−k (0 ≤ k ≤ n).
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Dual Bernstein bases: q-case

• Basis functions ⇒ generalized Bernstein basis polynomials (Phillips, ω = 0, 1996;
Lewanowicz, W., 2004):

Bnk(x; ω|q) =
1

(ωq;q)n

[n
k

]
q
xk(ωq/x;q)k(x;q)n−k (0 ≤ k ≤ n).

• Inner product ⇒ big q-Jacobi polynomials Pk(x; a, b,ω|q)

8ECM 2021 Paweł Woźny, University of Wrocław, Poland



12/18

Dual Bernstein bases: q-case

• Basis functions ⇒ generalized Bernstein basis polynomials (Phillips, ω = 0, 1996;
Lewanowicz, W., 2004):

Bnk(x; ω|q) =
1

(ωq;q)n

[n
k

]
q
xk(ωq/x;q)k(x;q)n−k (0 ≤ k ≤ n).

• Inner product ⇒ big q-Jacobi polynomials Pk(x; a, b,ω|q).

• Dual basis ⇒ generalized dual Bernstein polynomials (Lewanowicz, W., 2006):

Dnk(x;a, b,ω|q) ∈ Πn (0 ≤ k ≤ n).

8ECM 2021 Paweł Woźny, University of Wrocław, Poland



12/18

Dual Bernstein bases: q-case

• Basis functions ⇒ generalized Bernstein basis polynomials (Phillips, ω = 0, 1996;
Lewanowicz, W., 2004):

Bnk(x; ω|q) =
1

(ωq;q)n

[n
k

]
q
xk(ωq/x;q)k(x;q)n−k (0 ≤ k ≤ n).

• Inner product ⇒ big q-Jacobi polynomials Pk(x; a, b,ω|q).

• Dual basis ⇒ generalized dual Bernstein polynomials (Lewanowicz, W., 2006):

Dnk(x;a, b,ω|q) ∈ Πn (0 ≤ k ≤ n).

• Generalized dual Bernstein polynomials are closely related to big q-Jacobi and q-Hahn
polynomials Qk(x; a, b,N|q) (or dual q-Hahn polynomials).

8ECM 2021 Paweł Woźny, University of Wrocław, Poland



12/18

Dual Bernstein bases: q-case

• Basis functions ⇒ generalized Bernstein basis polynomials (Phillips, ω = 0, 1996;
Lewanowicz, W., 2004):

Bnk(x; ω|q) =
1

(ωq;q)n

[n
k

]
q
xk(ωq/x;q)k(x;q)n−k (0 ≤ k ≤ n).

• Inner product ⇒ big q-Jacobi polynomials Pk(x; a, b,ω|q).

• Dual basis ⇒ generalized dual Bernstein polynomials (Lewanowicz, W., 2006):

Dnk(x;a, b,ω|q) ∈ Πn (0 ≤ k ≤ n).

• Generalized dual Bernstein polynomials are closely related to big q-Jacobi and q-Hahn
polynomials Qk(x; a, b,N|q) (or dual q-Hahn polynomials). For example:

Dni (x;a, b,ω|q) =

n∑
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Dual Bernstein basis polynomials

• Bernstein basis polynomials of degree n

Bni (x) =

(
n

i

)
xi(1− x)n−i (0 ≤ i ≤ n).
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Dual Bernstein basis polynomials

• Bernstein basis polynomials of degree n

Bni (x) =

(
n

i

)
xi(1− x)n−i (0 ≤ i ≤ n).

• Associated with the Bernstein basis, there is a unique dual basis

Dn0 (x;α,β), D
n
1 (x;α,β), . . . , D

n
n(x;α,β) ∈ Πn

defined so that

〈Dni , Bnj 〉J = δij (i, j = 0, 1, . . . , n),

where

〈f, g〉J :=
∫ 1
0

(1− x)αxβ f(x)g(x) dx (α,β > −1).
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• Bernstein basis polynomials of degree n

Bni (x) =

(
n

i

)
xi(1− x)n−i (0 ≤ i ≤ n).

• Associated with the Bernstein basis, there is a unique dual basis Dnk(x;α,β) ∈ Πn
(0 ≤ k ≤ n) defined so that〈

Dni , B
n
j

〉
J
= δij (i, j = 0, 1, . . . , n),

where

〈f, g〉J :=
∫ 1
0

(1− x)αxβ f(x)g(x) dx (α,β > −1).

• Shifted Jacobi polynomials R(α,β)k (x) are orthogonal wrt the inner product 〈f, g〉J, i.e.,〈
R
(α,β)
k , R

(α,β)
l

〉
J
= δklhk (k, l = 0, 1, . . . ; hk > 0)

8ECM 2021 Paweł Woźny, University of Wrocław, Poland



14/18

Dual Bernstein basis polynomials: important results

• Ciesielski, 1987 (α = β = 0): definition, recurrence relation.

• Jüttler, 1998 (α = β = 0): Bernstein-Bézier representation.

• Lewanowicz, W., 2006–2017 (α,β > −1): recurrence relation, orthogonal expansion,
”short” representation, constrained dual Bernstein polynomials, Bézier form, . . .

• Rababah, Al-Natour, 2007: extended Jüttler’s results to the case α,β > −1.

• Chudy, W., from 2018 (α,β > −1): differential-recurrence relations, differential equ-
ation, new recurrence relations (for dual Bernstein polynomials of the same degree),
. . .
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Dual Bernstein basis polynomials: explicit formulas

• Recurrence relation

Dn+1i (x;α,β) =

(
1−

i

n+ 1

)
Dni (x;α,β) +

i

n+ 1
Dni−1(x;α,β) + ϑ

n
i R

(α,β)
n+1 (x),

where ϑni – simple coefficient
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• Orthogonal expansion

Dni (x;α,β) =
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k=0

C
(α,β)
k Qk(i;β,α, n)R

(α,β)
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n+ 1

)
Dni (x;α,β) +

i

n+ 1
Dni−1(x;α,β) + ϑ

n
i R

(α,β)
n+1 (x).

• Orthogonal expansion

Dni (x;α,β) =

n∑
k=0

C
(α,β)
k Qk(i;β,α, n)R

(α,β)
k (x),

whereQk(i;β,α, n) are Hahn orthogonal polynomials, and C(α,β)
k – simple coefficient
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Dual Bernstein basis polynomials: explicit formulas

• Recurrence relation

Dn+1i (x;α,β) =

(
1−

i

n+ 1

)
Dni (x;α,β) +

i

n+ 1
Dni−1(x;α,β) + ϑ

n
i R

(α,β)
n+1 (x).

• Orthogonal expansion

Dni (x;α,β) =

n∑
k=0

C
(α,β)
k Qk(i;β,α, n)R

(α,β)
k (x).

• Short representations

Dni (x;α,β) = A
(α,β)
ni

i∑
k=0

(−i)k
(−n)k

R
(α,β+k+1)
n−k (x),

Dnn−i(x;α,β) = B
(α,β)
ni

i∑
k=0

(−1)k
(−i)k
(−n)k

R
(α+k+1,β)
n−k (x),

where A(α,β)
ni , B(α,β)

ni – simple coefficients
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Dual Bernstein basis polynomials: newer results

• Representation in the basis (1− x)j (0 ≤ j ≤ n)

Dni (x;α,β) =

n∑
j=0

E
(α,β)
nij 3F2

(
j− n, −i, 1

−n, −n− α
1

)
· (1− x)j (0 ≤ i ≤ n),

where E(α,β)nij – simple coefficient
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where E(α,β)nij – simple coefficient.

• F(i, j) := 3F2

(
j− n, −i, 1

−n, −n− α
1
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(α,β)
nij 3F2

(
j− n, −i, 1

−n, −n− α
1

)
· (1− x)j (0 ≤ i ≤ n),

where E(α,β)nij – simple coefficient.

• F(i, j) := 3F2

(
j− n, −i, 1

−n, −n− α
1

)
(i, j = 0, 1, . . . , n).

• The quantities F(i, j) satisfy recurrence relation of the form

(i− n)(n− i+ α)F(i+ 1, j) − (i+ 1)(n+ j− i+ α+ 1)F(i, j) =

= −(n+ 1)(n+ α+ 1) (0 ≤ i, j ≤ n).
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• Representation in the basis (1− x)j (0 ≤ j ≤ n)

Dni (x;α,β) =

n∑
j=0

E
(α,β)
nij 3F2

(
j− n, −i, 1

−n, −n− α
1

)
· (1− x)j (0 ≤ i ≤ n),

where E(α,β)nij – simple coefficient.

• F(i, j) := 3F2

(
j− n, −i, 1

−n, −n− α
1

)
(i, j = 0, 1, . . . , n).

• The quantities F(i, j) satisfy recurrence relation of the form

(i− n)(n− i+ α)F(i+ 1, j) − (i+ 1)(n+ j− i+ α+ 1)F(i, j) =

= −(n+ 1)(n+ α+ 1) (0 ≤ i, j ≤ n).

• Proof. Zeilberger’s algorithm
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Dual Bernstein basis polynomials: newer results (cont.)

• Differential-recurrence relations

(
(1− x)D− (n− i+ α+ 1)I

)
Dni (x;α,β) =

=
(i− n)(i+ β+ 1)

i+ 1
Dni+1(x;α,β) −U

(α,β)
ni

n+ α+ 1

i+ 1
R(α,β+1)n (x),

(
xD+ (i+ β+ 1)I

)
Dni (x;α,β) =

=
i(n− i+ α+ 1)

n− i+ 1
Dni−1(x;α,β) +U

(α,β)
ni

n+ β+ 1

n− i+ 1
R(α+1,β)n (x),

where 0 ≤ i ≤ n, D :=
d
dx

, I – identity operator, a U(α,β)
ni – simple coefficient
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Dual Bernstein basis polynomials: newer results (cont.)

• Differential-recurrence relations

(
(1− x)D− (n− i+ α+ 1)I

)
Dni (x;α,β) =

=
(i− n)(i+ β+ 1)

i+ 1
Dni+1(x;α,β) −U

(α,β)
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n+ α+ 1

i+ 1
R(α,β+1)n (x),

(
xD+ (i+ β+ 1)I

)
Dni (x;α,β) =

=
i(n− i+ α+ 1)

n− i+ 1
Dni−1(x;α,β) +U

(α,β)
ni

n+ β+ 1

n− i+ 1
R(α+1,β)n (x),

where 0 ≤ i ≤ n, D :=
d
dx

, I – identity operator, a U(α,β)
ni – simple coefficient.

• Proof. Representation of Dni in the basis (1 − x)j + recurrence for F(i, j) + sym-
metry:

Dni (x;α,β) = D
n
n−i(1− x;β,α)
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Dual Bernstein basis polynomials: newer results (cont.)

• Third differential-recurrence relation

(
x(x− 1)D2 + 1

2
(α− β+ (σ+ 1)(2x− 1))D

)
Dni (x;α,β) =

= (i− n)(i+ β+ 1)Dni+1(x;α,β) + i(i− α− n− 1)Dni−1(x;α,β) −

−(i(i− α− n− 1) + (i− n)(i+ β+ 1))Dni (x;α,β),

where 0, 1, . . . , n

8ECM 2021 Paweł Woźny, University of Wrocław, Poland



16/18

Dual Bernstein basis polynomials: newer results (cont.)

• Third differential-recurrence relation

(
x(x− 1)D2 + 1

2
(α− β+ (σ+ 1)(2x− 1))D

)
Dni (x;α,β) =

= (i− n)(i+ β+ 1)Dni+1(x;α,β) + i(i− α− n− 1)Dni−1(x;α,β) −

−(i(i− α− n− 1) + (i− n)(i+ β+ 1))Dni (x;α,β),

where 0, 1, . . . , n.

• Proof. Representation in the basis R(α,β)k (x) + differential equation for R(α,β)k (x) +
difference equation for Hahn orthogonal polynomials Qk(x;a, b;N)
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Dual Bernstein basis polynomials: newer results (cont.)

• Fourth-order differential equation

4∑
j=0

wj(x)D
jDni (x;α,β) = 0 (0 ≤ i ≤ n),

where wj(x) is a polynomial of degree j (0 ≤ j ≤ 4)
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Dual Bernstein basis polynomials: newer results (cont.)

• Fourth-order differential equation

4∑
j=0

wj(x)D
jDni (x;α,β) = 0 (0 ≤ i ≤ n),

where wj(x) is a polynomial of degree j (0 ≤ j ≤ 4).

• Proof. It follows from new differential-recurrence relations
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Dual Bernstein basis polynomials: newer results (cont.)

• Fourth-order differential equation

4∑
j=0

wj(x)D
jDni (x;α,β) = 0 (0 ≤ i ≤ n),

where wj(x) is a polynomial of degree j (0 ≤ j ≤ 4).

The newer results

⇓
• F. Chudy, P. W., Differential-recurrence properties of dual Bernstein polynomials,

Applied Mathematics and Computation 338 (2018), 537–543
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Dual Bernstein basis polynomials: newest results

• First-order non-homogeneous recurrence relation

(x− 1)(i+ 1)Dni (x;α,β) + x(n− i)Dni+1(x;α,β) =

C
(α,β)
ni

(
(n− i)(n+ α+ 1)xR(α,β+1)n (x) +

+(i+ 1)(n+ β+ 1)(1− x)R(α+1,β)n (x)
)
,

where C(α,β)
ni – simple coefficient
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Dual Bernstein basis polynomials: newest results

• First-order non-homogeneous recurrence relation

(x− 1)(i+ 1)Dni (x;α,β) + x(n− i)Dni+1(x;α,β) =

C
(α,β)
ni

(
(n− i)(n+ α+ 1)xR(α,β+1)n (x) +

+(i+ 1)(n+ β+ 1)(1− x)R(α+1,β)n (x)
)
,

where C(α,β)
ni – simple coefficient.

• Proof. Induction on n + properties of shifted Jacobi polynomials
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Dual Bernstein basis polynomials: newest results (cont.)

• Third-order recurrence relation

3∑
j=0

vj(n, i; x;α,β)D
n
i+j(x;α,β) = 0 (0 ≤ i ≤ n− 3),

where vj(n, i; x;α,β) – simple cubic polynomial in i (and linear polynomial in x)
(0 ≤ j ≤ 3)
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Dual Bernstein basis polynomials: newest results (cont.)

• Third-order recurrence relation

3∑
j=0

vj(n, i; x;α,β)D
n
i+j(x;α,β) = 0 (0 ≤ i ≤ n− 3),

where vj(n, i; x;α,β) – simple cubic polynomial in i (and linear polynomial in x)
(0 ≤ j ≤ 3).

• Proof. It follows from new first-order non-homogeneous recurrence relation
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Dual Bernstein basis polynomials: newest results (cont.)

• Third-order recurrence relation

3∑
j=0

vj(n, i; x;α,β)D
n
i+j(x;α,β) = 0 (0 ≤ i ≤ n− 3),

where vj(n, i; x;α,β) – simple cubic polynomial in i (and linear polynomial in x)
(0 ≤ j ≤ 3).

The newest results

⇓
• F. Chudy, P. W., Fast and accurate evaluation of dual Bernstein polynomials, Nume-

rical Algorithms 87 (2021), 1001–1015
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Dual Bernstein basis polynomials: newest results (cont.)

• F. Chudy, P. W., Fast and accurate evaluation of dual Bernstein polynomials, Nume-
rical Algorithms 87 (2021), 1001–1015
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Dual Bernstein basis polynomials: newest results (cont.)

• F. Chudy, P. W., Fast and accurate evaluation of dual Bernstein polynomials, Nume-
rical Algorithms 87 (2021), 1001–1015.

• Problem. Let us fix numbers: n ∈ N, x ∈ [ − 1, 1] and α,β > −1. Consider the
problem of computing the values

Dni (x;α,β)

for all i = 0, 1, . . . , n
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• Problem. Let us fix numbers: n ∈ N, x ∈ [ − 1, 1] and α,β > −1. Consider the
problem of computing the values

Dni (x;α,β)

for all i = 0, 1, . . . , n.

• Solution.

First-order non-homogeneous recurrence relation ⇒ O(n).
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Dual Bernstein basis polynomials: newest results (cont.)

• F. Chudy, P. W., Fast and accurate evaluation of dual Bernstein polynomials, Nume-
rical Algorithms 87 (2021), 1001–1015.

• Problem. Let us fix numbers: n ∈ N, x ∈ [ − 1, 1] and α,β > −1. Consider the
problem of computing the values

Dni (x;α,β)

for all i = 0, 1, . . . , n.

• Solution.

First-order non-homogeneous recurrence relation ⇒ O(n).

Previous results ⇒ O(n2).
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Dual Bernstein basis polynomials: newest results (cont.)

• F. Chudy, P. W., Fast and accurate evaluation of dual Bernstein polynomials, Nume-
rical Algorithms 87 (2021), 1001–1015.

• Problem. Let us fix numbers: n ∈ N, x ∈ [ − 1, 1] and α,β > −1. Consider the
problem of computing the values

Dni (x;α,β)

for all i = 0, 1, . . . , n.

• Solution.

First-order non-homogeneous recurrence relation ⇒ O(n).

Previous results ⇒ O(n2).

• Tests: veeery good numerical properties :-)
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Conclusions

• Dual bases can be efficiently constructed
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• They are closely related to the orthogonal systems.

• Skillful use of dual bases often results in less costly algorithms of solving many com-
putational problems.

• Classical, discrete and q families of dual Bernstein polynomials have nice connections
with classical, discrete and q families of orthogonal polynomials.

• (Classical) Dual Bernstein polynomials:

– three differential-recurrence relations,

– fourth-order differential equation,

– first-order non-homogeneous recurrence relation,

– third-order recurrence relation
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Conclusions

• Dual bases can be efficiently constructed.

• They are closely related to the orthogonal systems.

• Skillful use of dual bases often results in less costly algorithms of solving many com-
putational problems.

• Classical, discrete and q families of dual Bernstein polynomials have nice connections
with classical, discrete and q families of orthogonal polynomials.

• (Classical) Dual Bernstein polynomials:

– three differential-recurrence relations,

– fourth-order differential equation,

– first-order non-homogeneous recurrence relation,

– third-order recurrence relation.

• For a given x, α, β, the values of all n + 1 (classical) dual Bernstein polynomials
Dnk(x;α,β) (0 ≤ k ≤ n) can be computed with the complexity O(n)
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