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THE MATHEMATICAL SETTING

We fix a standard Borel space (X, B). The set of probability Borel
measures on (X, B) are denoted by M. The total variation metric
on Mj is defined by

drv(p1, p2) = |p1 — pal(X),  p1, p2 € My

Let (), .A) be a measurable space and Q : Y x X x B — [0,1] is a
parametric family of stochastic kernels:
@ for all B € B the function (y,x) — Q(y,x, B) is
A ® B-measurable,
Q forall (y,x) € Y x X, B— Q(y, x, B) is a probability
measure on B.

Y : Z x  — Y a strongly stationary stochastic process being
interpreted as the environment which influences the evolution our
main process of interest.
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We assume that we are given the X-valued process X;, t € N such
that Xp = xp € X is fixed and

P(Xt+]_ € B|]:t):Q(Yt,Xt,B) P—a.s., tGN,
where the filtration is
Fr=0(Xs,0<s<t; Ys,s<t), teN.
Let ut € My denote the law of X; for t € N.
WE AIM TO STUDY...

@ the convergence of i to a limiting law as t — oo, and

@ the ergodic properties of X;.

...under various assumptions.
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ASSUMPTIONS

DEFINITION

We define the action of a parametric kernel Q : Y x X x B — [0, 1]
on a bounded measurable function ¢ : X — R as

[QU)l(x) = /X 6(2) Qly.x.d2). y € V. x € X.

This definition makes sense for any non-negative measurable ¢,
too.

THE STRUCTURE OF OUR ASSUMPTIONS WILL BE "A) + B)”,
WHERE

A) is a parametric set of conditions on the dynamics, where the
parameter represents the actual state of the environment,

B) is a condition controlling the environment.
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FOSTER-LYAPUNOV TYPE DRIFT CONDITION WITH

LONG-TIME CONTRACTIVITY

ASSUMPTION

A) Let V : X — R, be a measurable function. We assume that
there are measurable functions K,~ : ) — [1,00) such that, for all
xeXandy e,

[QRIY)VI(x) <A(¥)V(X) + K(y).

B) We assume that

3 := limsup EY/" <K(Y0) ﬁfy(Y;J) <1

n—oo
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MINORIZATION ON NIVEAU SETS

ASSUMPTION

A) We assume that for some 0 < ¢ < 1/3Y/2 — 1, there is a
measurable function o : Y — [0,1) and a probability kernel
k:)Y x B —[0,1] such that, for all y € Y and A € B,

inf Qly,x,A) > (1 -« k(y,A),
VAR LG, (y,x,A) = (1 = aly))s(y, A)

where R(y) = 250 and V=1([0, R(y)]) # 0.

B) There exists 0 < 6 < 1 such that

lim EY" (a(Yo)") = 0.

n—oo
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THE MAIN RESULT

THEOREM (CONVERGENCE TO STATIONARY DISTRIBUTION)

Under our standing assumptions, there exists a universal probability law
L, independent of xg, such that

Law(Xn) L% pis, as N — oc.

More precisely, for any 1/2 < X < 1, there exist c(\),v(X) > 0 such that

drv(pn, i) < 2 Z
n=N

E max (Yl It ) 4 ()t 273 gment/?
oskelmsps LK

holds for all N € N.

REMARK

An important particular case is when a(-) is constant, then we have

)

1/3

drv(pn, pe) = O(e™°"

for some ¢ > 0.
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Let S: Y% — V7 be the left shift (Sy); = yj+1. j € Z.
The environment is stationary = Law(Y) is S-invariant.

(V% A% Law(Y), S) forms a dynamical system. We say that an
event A € A% is invariant iff ST1(A) = A and the process Y is

ergodic if the o-algebra generated by invariant events Z, is trivial
for Law(Y) i.e. for all A€ Z, Law(Y)(A) € {0,1}.

THEOREM (A LAW OF LARGE NUMBERS)

Under our assumptions, if (Y)tcyz is ergodic, then for any bounded
and measurable ® : X — R

¢(X1)+.I.V.+<D(XN) _>/X¢(Z)M*(dz), N — oo

holds in LP, for all 1 < p < oo, where p, is as in the previous
theorem.
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GENERALIZATIONS

Many stochastic models, including all discretized diffusions (as well
as discretely sampled diffusions), fall within the scope of our

framework.

Why we need to generalize these results?
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GENERALIZATIONS

Many stochastic models, including all discretized diffusions (as well
as discretely sampled diffusions), fall within the scope of our
framework.

Why we need to generalize these results?

@ A broad class of processes are not covered in this way.
@ For instace, vector autoregressive models are failed to satisfy
the one-step drift and minorization conditions.

To alleviate this issue and thus making these techniques applicable
to a larger class of models, we generalize our theorems.
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GENERALIZATIONS

Many stochastic models, including all discretized diffusions (as well
as discretely sampled diffusions), fall within the scope of our
framework.

Why we need to generalize these results?

@ A broad class of processes are not covered in this way.
@ For instace, vector autoregressive models are failed to satisfy
the one-step drift and minorization conditions.

To alleviate this issue and thus making these techniques applicable
to a larger class of models, we generalize our theorems.

We require the drift and minorization conditions only over several
steps and with constant additive term.
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THE p-STEP DRIFT AND CONTRACTIVITY CONDITION

ASSUMPTION

A) Let V : X — Ry be a measurable function. We assume that
there is an integer p > 1, a measurable function v : YP — (0, c0)
and a constant K > 1 such that, for all x € X and

(YI,-'-,)/p) eypr

[QUyp)R(Yp-1) - RQUy1)VI(x) <v(y1, -, yp)V(X) + K

and
[Qy)VI(x) < KV(x) + K.

B) We assume that

n—oo

7 = limsup EY/n (HV(Y(il)erla s Y )> <1l
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ASSUMPTION (THE p-STEP MINORIZATION CONDITION)

A) We assume that for some 0 < ¢ < 1/3%? — 1, there is a
constant 0 < o < 1 and a probability k such that, for all
(y1,---,¥p) € VP and A € B(X),

[QUyp)QYp-1) - - QUy1I(x, A) = (1 — a)r(A),
(1)

inf
x€V=Y([0,R(y1,--,¥p)])

where R(y1,...,yp) = m and we require

V=0, R(y1s - - -5 yp)]) # 0.

THEOREM

Under the new assumptions above, Law(Xy) converges to a

limiting law, independent of xg, at speed e N

Furthermore, if (Yi)tez is ergodic, then the law of large numbers
holds as stated above.
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AN OVERVIEW OF THE PROOF
°
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REPRESENTATION BY IRFS:

There exists T; : Y x X x Q — X,

t € Z such that

E(Xe | Y =y) = Te(yt) o

def X0,Y
0,t

. Tl ()/1 )Xo

T:(y,-,-) is constant on

—1

V ([0, R(y)]) with probability at
N————’

small set

least 1 — a(y) = coupling effect.

Furthermore, the sigma-algebras
O'(Tt(y,X,-), X € X: ye y), teZ
are independent.
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A COUPLING ARGUMENT FOR THE STABILITY OF LAw(Xy)

Let us start the process from two different initialization xg, xj. The time
interval 0,..., T is cut into disjoint pieces of size T%/3 (there are T1/3
such pieces).

IDEA

Either the “small sets” are visited at least T1/3 times or there is a whole
piece of size T2/3 without visits.

@ In the first case, the minorization condition guarantees couplings of
the two trajectories outside a set of probability of the order
maxo<i<T (k)T "1 (= O(e=<T"") if a is constant).

@ In the other case the drift condition guarantees that a contractive
effect acts for at least T2/3 steps. As no returns to the small set
occur during this interval, the latter probability is also small.

An extension of this argument guarantees the Cauchy property for the
sequence L£(X,) in total variation norm, which proves convergence, even
with a rate.
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L-MIXING APPROACH TO THE LAW OF LARGE

NUMBERS

Let (Gt)ten, be an increasing, and (G;" ):en, be a decreasing sequence of
sigma-algebras such that, for each t € N, G; is independent of Q:r.

For some p > 1, the process (W;):en is called L-mixing of order p with
respect to (G, G )ien, if it is adapted to (G;)ien, and

M,y(W) = SUP [Wellp < oo,

ZSUPHWt E(W|G:_,)Il < o0
=0t

LEMMA (L. GERENCSER, 1989)

For an L-mixing process W of order p > 2 satisfying E(W,) =0, t € N,

]

with a constant C, that does not depend either on N or on W'

_ GM P (w)
VN

L N> 1

2 \
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IN THE VERY LAST STEP OF THE PROOF OF LLN,

by the triangle inequality, we can write

1 N v .

=N [ 207 | - [ o(2) pld

v | A - [ e@n
~Xt

NS [ 0@ (e - (5. d2)| +
N= ' / p

N—
Z/ ®(2) [1e(S"Y,dz) — pui(dz)]
=0

P

p
An

%é <q> (zggv") - /X ¢(z)ﬂt(sf*1Y,dz)>

By Cn

p

where

@ by the Birkhoff ergodic theorem, Ay Nio>o 0, with no explicit
rate,

@ by the stability of Law(X}), BN N—go 0, (By > O(e_cn1/3)),
@ by the L-mixing lemma, Cy —> 0, (Cy > O(N‘1/6))_
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LINEAR SYSTEMS IN RANDOM ENVIRONMENTS

Fix integers m,d > 1 and let A, B : R™ — R9%? be measurable
functions.

Operator norm of a matrix M € R9*9 will be denoted |||M]|].
Let Y; € YV :=R™, t € Z be a stationary process.
We consider the process X; € R? obeying the linear dynamics
Xer1 = A(Ye)Xe + B(Ye)ers1, t €N,
Xo = Xp € Rd,

where e, € R?, t > 1 is an i.i.d. sequence, independent of (Yi)tez.
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THEOREM: ASSUME THAT...

e A, B are bounded; B(y), A(y) are invertible for all y € R™
such that sup,.cm (||IAQy) I+ [11B(y)7HII) < oo;

@ co has a density f : R — R, bounded away from 0 on
compact sets; E|eg| < o0.

@ Exists p > 1 such that E [In|||A(Y,)A(Yp-1)...A(Y1)]]]] <O.
@ There is n > 0 such that

. 1 o
F(a) = tim B [THIAYRAYp 1) - A(Yi-ppi)l
i=1

is differentiable on o € (=7, 7).

Then Law(X;) converges to a limiting law, independent of xp, at
speed et Furthermore, if (Yi)tez is ergodic, then the law of
large numbers holds as stated above.
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STOCHASTIC GRADIENT LANGEVIN ALGORITHM

Let U:R? — R, be differentiable with VU = E[H(6, Y)], where
H:RY x R™ — RY a measurable function. The data stream (Y;),cz is a
R™-valued strict sense stationary process We consider, for some fixed

A >0,
Ons1 = O0n — AH(0n, Yn) + VAni1,
0o € R

where &,, n > 1 is an i.i.d sequence of standard d-dimensional Gaussian
random variables independent of (Y})nez-

AN APPLICATION: SAMPLING FROM HIGH-DIMENSIONAL
PROBABILITY DISTRIBUTIONS

For A small and n large, Law(6,) is expected to be close to the
probability defined by

J,e YO do

A=A
7T( ) fRd e_U(g/)de,a

A € B(RY).
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WE ASSUME THAT...

@ O Thereis a bounded and measurable A : R™ — R,, and b >0
such that, (H(0,y),0) > A(y)|0)?> — b for all 6 € R and
y € R™.
@ There exist K1, K>, K3 such that
|H(0, y)| < Ki|0] + Kaoly| + Ks.
@ Yo is bounded, say, |Yo| < M ass., E[A(Yp)] > 0.
Furthermore, there is > 0 such that the limit

MNa):= lim EInIEeof(A(Y1)+...+A(Yn))
n—oo n

exists for all & € (—n,n) and T is continuously differentiable
on (—n,n). (Gartner—Ellis type condition.)
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THEOREM

Let A > 0 be small enough. Under these Assumptions, there exists
a probability law p(\), independent of the initial value, such that,
for all 0 < 0 < 1/3,

drv(Law(6,), (M) < ci(o) Z e—C2(g)j1/3—g’
Jj=n

for some c1(0), c2(0) > 0 (which also depend on \). Moreover, if
the data stream is ergodic, then for arbitrary bounded measurable
¢ :RY R,
®(0p) + ...+ P(0n-1)
n

= [ o) unes),

asn— oo inLP, forall p> 1.
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WE ANALYZE SINGLE-SERVER QUEUING SYSTEMS

WITH...

Requests numbered by n € N ——

Buffer having Server following
infinite capacity FIFO service discipline

Inter-arrival and service times:
@ Z, € Ry is the time between the arrival of n-th and
(n+ 1)-th requests,
e 5, € R, denotes the service time of the n-th request.

Starting with an empty queue, the sequence of waiting times
(W) nen satisfies the Lindley recursion

W, = (Wn—l +Sp-1 — Zn)—l-a n>0

Wo = 0.
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If (Sn)nez, (Zn)nez are i.i.d. sequences, independent of each other,
and E(So) < E(Z), then (W,),en is @ Markov chain satisfying the
Doeblin condition.

=- Geometric rate of convergence can be established.
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If (Sn)nez, (Zn)nez are i.i.d. sequences, independent of each other,
and E(So) < E(Z), then (W,),en is @ Markov chain satisfying the
Doeblin condition.

=- Geometric rate of convergence can be established.

However, if (Sn, Zn)nez is merely stationary and ergodic, then the
only bound which we have found is

drv(L(Wh), i) < 0'3('2"251 > max | Wy, & + SUPZé—J

where £, = S, — Zpy1, n € Z.
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If (Sn)nez, (Zn)nez are i.i.d. sequences, independent of each other,
and E(So) < E(Z), then (W,),en is @ Markov chain satisfying the
Doeblin condition.

=- Geometric rate of convergence can be established.

However, if (Sn, Zn)nez is merely stationary and ergodic, then the
only bound which we have found is

drv(L(Wh), ) < Og{'gﬂij > max | Wi, & + supZé_J ;

where £, = S, — Zpy1, n € Z.

@ This bound is not a concrete and explicit rate estimate.

@ It is inappropriate for statistical analysis.
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THE NON-I.I.D. SETTING IS INTERESTING BECAUSE...

@ dependence arises often in queuing networks where arrival
processes are departure processes of other queues,

@ processing operations like batching or the presence of multiple,
different classes of requests can also cause dependence.

What makes it challenging is that (W,),ecn fails to be Markovian.

WE CONSIDER G;/G/1/00 QUEUING:
@ (Zp)nez is strongly stationary,
@ (Sp)nez is i.i.d and independent of (Z,)nez-

This case is amenable to analysis because the sequence of waiting
times is a MCRE with driving noise (S,,)necz and random
environment (Z,)pez. The parametric kernel is

Q(z,w,A) =P [(w+ S —2z), €A], z,w e Ry, Ac B(Ry).
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THEOREM

@ Assume that the sequence of inter-arrival times (Z,)ncz is

@ bounded, and strongly stationary,
@ satisfies the Gartner—Ellis type condition: there is 7 > 0 such
that the limit

1
M(a) = lim ~InE[ex(2t+2)]

n—oo N

exists for all « € (—n,n) and T is differentiable on (—n,n).

@ The sequence of service times (S)nez is

@Q i.id. and independent of (Z,)ncz.

Q@ 3B > 0 Elefo™] < oo,

@ L(So) has a density s — f(s) (w.r.t. the Lebesgue measure)
which is bounded away from 0 on compact subsets of R .

Then there exists a probability p. on B(Ry) such that

drv(L(W,), pe) < crexp (—C2”1/3) ;
for some ci, ¢, > 0.

[e]ele] lo}
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SOME REMARKS ON THE PROOF:
@ A good candidate for the Lyapunov function is
Vs(x) =e* -1, > 0.
o With this V3, we have v3(z) = e #?E (%), and
Ks(z) :=~vs(z) + 1.
@ The Girtner—Ellis type condition ensures that exists 3 > 0
such that

lim sup E/" (KB(ZO) ﬁ ’YB(Zk)> <1

n—o0 k=1

Thank you for your attention!
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