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The mathematical setting

We fix a standard Borel space (X ,B). The set of probability Borel
measures on (X ,B) are denoted by M1. The total variation metric
on M1 is defined by

dTV(µ1, µ2) = |µ1 − µ2|(X ), µ1, µ2 ∈M1.

Let (Y,A) be a measurable space and Q : Y × X × B → [0, 1] is a
parametric family of stochastic kernels:

1 for all B ∈ B the function (y , x) 7→ Q(y , x ,B) is
A⊗ B-measurable,

2 for all (y , x) ∈ Y × X , B 7→ Q(y , x ,B) is a probability
measure on B.

Y : Z× Ω→ Y a strongly stationary stochastic process being
interpreted as the environment which influences the evolution our
main process of interest.
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We assume that we are given the X -valued process Xt , t ∈ N such
that X0 = x0 ∈ X is fixed and

P(Xt+1 ∈ B | Ft) = Q(Yt ,Xt ,B) P− a.s., t ∈ N,

where the filtration is

Ft = σ(Xs , 0 ≤ s ≤ t; Ys , s ≤ t), t ∈ N.

Let µt ∈M1 denote the law of Xt for t ∈ N.

We aim to study...

the convergence of µt to a limiting law as t →∞, and

the ergodic properties of Xt .

...under various assumptions.
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Assumptions

Definition

We define the action of a parametric kernel Q : Y ×X ×B → [0, 1]
on a bounded measurable function φ : X → R as

[Q(y)φ](x) =

∫
X
φ(z)Q(y , x , dz), y ∈ Y, x ∈ X .

This definition makes sense for any non-negative measurable φ,
too.

The structure of our assumptions will be ”A) + B)”,
where

A) is a parametric set of conditions on the dynamics, where the
parameter represents the actual state of the environment,

B) is a condition controlling the environment.
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Foster-Lyapunov type drift condition with
long-time contractivity

Assumption

A) Let V : X → R+ be a measurable function. We assume that
there are measurable functions K , γ : Y → [1,∞) such that, for all
x ∈ X and y ∈ Y,

[Q(y)V ](x) ≤ γ(y)V (x) + K (y).

B) We assume that

γ̄ := lim sup
n→∞

E1/n

(
K (Y0)

n∏
k=1

γ(Yk)

)
< 1.
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Minorization on niveau sets

Assumption

A) We assume that for some 0 < ε < 1/γ̄1/2 − 1, there is a
measurable function α : Y → [0, 1) and a probability kernel
κ : Y × B → [0, 1] such that, for all y ∈ Y and A ∈ B,

inf
x∈V−1([0,R(y)])

Q(y , x ,A) ≥ (1− α(y))κ(y ,A),

where R(y) = 2K(y)
εγ(y) and V−1([0,R(y)]) 6= ∅.

B) There exists 0 < θ < 1 such that

lim
n→∞

E1/nθ (α(Y0)n) = 0.
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The main result
Theorem (Convergence to stationary distribution)

Under our standing assumptions, there exists a universal probability law
µ∗, independent of x0, such that

Law(XN)
dTV−→ µ∗, as N →∞.

More precisely, for any 1/2 < λ < 1, there exist c(λ), ν(λ) > 0 such that

dTV(µN , µ∗) ≤ 2
∞∑

n=N

[
E
(

max
0≤k<bn1/3c3

α(Yk)bn
1/3c−1

)
+ γ̄(λ− 1

2 )bn1/3c2−n1/3

+ cn2/3e−νn
1/3

]

holds for all N ∈ N.

Remark

An important particular case is when α(·) is constant, then we have

dTV(µN , µ∗) = O(e−ζn
1/3

)

for some ζ > 0.
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Let S : YZ → YZ be the left shift (Sy)j = yj+1, j ∈ Z.

The environment is stationary ⇒ Law(Y ) is S-invariant.

(YZ,A⊗Z, Law(Y ),S) forms a dynamical system. We say that an
event A ∈ A⊗Z is invariant iff S−1(A) = A and the process Y is
ergodic if the σ-algebra generated by invariant events I, is trivial
for Law(Y ) i.e. for all A ∈ I, Law(Y )(A) ∈ {0, 1}.

Theorem (A law of large numbers)

Under our assumptions, if (Y )t∈Z is ergodic, then for any bounded
and measurable Φ : X → R

Φ(X1) + . . .+ Φ(XN)

N
→
∫
X

Φ(z)µ∗(dz), N →∞

holds in Lp, for all 1 ≤ p <∞, where µ∗ is as in the previous
theorem.
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Generalizations

Many stochastic models, including all discretized diffusions (as well
as discretely sampled diffusions), fall within the scope of our
framework.

Why we need to generalize these results?

A broad class of processes are not covered in this way.

For instace, vector autoregressive models are failed to satisfy
the one-step drift and minorization conditions.

To alleviate this issue and thus making these techniques applicable
to a larger class of models, we generalize our theorems.

We require the drift and minorization conditions only over several
steps and with constant additive term.
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The p-step drift and contractivity condition

Assumption

A) Let V : X → R+ be a measurable function. We assume that
there is an integer p ≥ 1, a measurable function γ : Yp → (0,∞)
and a constant K ≥ 1 such that, for all x ∈ X and
(y1, . . . , yp) ∈ Yp,

[Q(yp)Q(yp−1) . . .Q(y1)V ](x) ≤ γ(y1, . . . , yp)V (x) + K

and
[Q(y)V ](x) ≤ KV (x) + K .

B) We assume that

γ̄ := lim sup
n→∞

E 1/n

(
n∏

i=1

γ(Y(i−1)p+1, . . . ,Yip)

)
< 1.
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Assumption (The p-step minorization condition)

A) We assume that for some 0 < ε < 1/γ̄1/2 − 1, there is a
constant 0 ≤ α < 1 and a probability κ such that, for all
(y1, . . . , yp) ∈ Yp and A ∈ B(X ),

inf
x∈V−1([0,R(y1,...,yp)])

[Q(yp)Q(yp−1) . . .Q(y1)](x ,A) ≥ (1− α)κ(A),

(1)
where R(y1, . . . , yp) = 2K

εγ(y1,...,yp) and we require

V−1([0,R(y1, . . . , yp)]) 6= ∅.

Theorem

Under the new assumptions above, Law(XN) converges to a

limiting law, independent of x0, at speed e−cN
1/3

.

Furthermore, if (Yt)t∈Z is ergodic, then the law of large numbers
holds as stated above.
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The big picture

Representation by IRFs:

There exists Tt : Y × X × Ω→ X ,
t ∈ Z such that

E(Xt | Y = y) = Tt(yt) ◦ . . .T1(y1)x0

def
= Z x0,y

0,t

Tt(y , ·, ·) is constant on
−1
V ([0,R(y)])︸ ︷︷ ︸

small set

with probability at

least 1− α(y) ⇒ coupling effect.

Furthermore, the sigma-algebras
σ(Tt(y , x , ·), x ∈ X , y ∈ Y), t ∈ Z
are independent.
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A coupling argument for the stability of Law(XN)

Let us start the process from two different initialization x0, x
′
0. The time

interval 0, . . . ,T is cut into disjoint pieces of size T 2/3 (there are T 1/3

such pieces).

Idea

Either the “small sets” are visited at least T 1/3 times or there is a whole
piece of size T 2/3 without visits.

In the first case, the minorization condition guarantees couplings of
the two trajectories outside a set of probability of the order

max0≤k<T α(yk)T
1/3−1 (= O(e−cT

1/3

) if α is constant).

In the other case the drift condition guarantees that a contractive
effect acts for at least T 2/3 steps. As no returns to the small set
occur during this interval, the latter probability is also small.

An extension of this argument guarantees the Cauchy property for the
sequence L(Xn) in total variation norm, which proves convergence, even
with a rate.
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L-mixing approach to the Law of Large
Numbers

Let (Gt)t∈N, be an increasing, and (G+
t )t∈N, be a decreasing sequence of

sigma-algebras such that, for each t ∈ N, Gt is independent of G+
t .

For some p ≥ 1, the process (Wt)t∈N is called L-mixing of order p with
respect to (Gt ,G+

t )t∈N, if it is adapted to (Gt)t∈N, and

Mp(W ) = sup
t∈N
‖Wt‖p <∞,

Γp(W ) =
∞∑
τ=0

sup
t≥τ
‖Wt − E (Wt |G+

t−τ )‖ <∞.

Lemma (L. Gerencsér, 1989)

For an L-mixing process W of order p ≥ 2 satisfying E(Wt) = 0, t ∈ N,∥∥∥∥∥ 1

N

N∑
i=1

Wi

∥∥∥∥∥
p

≤ CpM
1/2
p (W )Γ

1/2
p (W )√

N
, N ≥ 1

with a constant Cp that does not depend either on N or on W .
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In the very last step of the proof of LLN,

by the triangle inequality, we can write∥∥∥∥∥∥∥
1

N

N∑
t=1

Φ

Z x0,Y
0,t︸ ︷︷ ︸
∼Xt

− ∫
X

Φ(z)µ∗(dz)

∥∥∥∥∥∥∥
p

≤

∥∥∥∥∥ 1

N

N−1∑
t=0

∫
X

Φ(z)
[
µ∗(S

tY, dz)− µ∗(dz)
]∥∥∥∥∥

p︸ ︷︷ ︸
AN

+

∥∥∥∥∥ 1

N

N∑
t=1

∫
X

Φ(z) (µt − µ∗)(S t−1Y, dz)

∥∥∥∥∥
p︸ ︷︷ ︸

BN

+

∥∥∥∥∥ 1

N

N∑
t=1

(
Φ
(
Z x0,Y

0,t

)
−
∫
X

Φ(z)µt(S
t−1Y, dz)

)∥∥∥∥∥
p︸ ︷︷ ︸

CN

where

by the Birkhoff ergodic theorem, AN
N→∞−→ 0, with no explicit

rate,

by the stability of Law(Xt), BN
N→∞−→ 0, (BN ≥ O(e−cn

1/3
)),

by the L-mixing lemma, CN
N→∞−→ 0, (CN ≥ O(N−1/6)).
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Linear systems in random environments

Fix integers m, d ≥ 1 and let A,B : Rm → Rd×d be measurable
functions.

Operator norm of a matrix M ∈ Rd×d will be denoted |||M|||.

Let Yt ∈ Y := Rm, t ∈ Z be a stationary process.

We consider the process Xt ∈ Rd obeying the linear dynamics

Xt+1 = A(Yt)Xt + B(Yt)εt+1, t ∈ N,
X0 = x0 ∈ Rd ,

where εt ∈ Rd , t ≥ 1 is an i.i.d. sequence, independent of (Yt)t∈Z.
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Theorem: Assume that...

A,B are bounded; B(y), A(y) are invertible for all y ∈ Rm

such that supy∈Rm

(
|||A(y)−1|||+ |||B(y)−1|||

)
<∞;

ε0 has a density f : Rd → R+ bounded away from 0 on
compact sets; E |ε0| <∞.

Exists p ≥ 1 such that E [ln |||A(Yp)A(Yp−1) . . .A(Y1)|||] < 0.

There is η > 0 such that

Γ(α) = lim
n→∞

E
1
n

n∏
i=1

|||A(Yip)A(Yip−1) . . .A(Y(i−1)p+1)|||α

is differentiable on α ∈ (−η, η).

Then Law(Xt) converges to a limiting law, independent of x0, at

speed e−ct
1/3

. Furthermore, if (Yt)t∈Z is ergodic, then the law of
large numbers holds as stated above.
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Stochastic gradient Langevin algorithm

Let U : Rd → R+ be differentiable with ∇U = E [H(θ,Y0)], where
H : Rd ×Rm → Rd a measurable function. The data stream (Yn)n∈Z is a
Rm-valued strict sense stationary process We consider, for some fixed
λ > 0,

θn+1 = θn − λH(θn,Yn) +
√
λξn+1,

θ0 ∈ Rd

where ξn, n ≥ 1 is an i.i.d sequence of standard d-dimensional Gaussian
random variables independent of (Yn)n∈Z.

An application: sampling from high-dimensional
probability distributions

For λ small and n large, Law(θn) is expected to be close to the
probability defined by

π(A) =

∫
A
e−U(θ)dθ∫

Rd e−U(θ′)dθ′
, A ∈ B(Rd).
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We assume that...

A 1 There is a bounded and measurable ∆ : Rm → R+, and b ≥ 0
such that, 〈H(θ, y), θ〉 ≥ ∆(y)|θ|2 − b for all θ ∈ Rd and
y ∈ Rm.

2 There exist K1, K2, K3 such that
|H(θ, y)| ≤ K1|θ|+ K2|y |+ K3.

B Y0 is bounded, say, |Y0| ≤ M a.s., E [∆(Y0)] > 0.
Furthermore, there is η > 0 such that the limit

Γ(α) := lim
n→∞

1

n
lnEeα(∆(Y1)+...+∆(Yn))

exists for all α ∈ (−η, η) and Γ is continuously differentiable
on (−η, η). (Gärtner–Ellis type condition.)
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Theorem

Let λ > 0 be small enough. Under these Assumptions, there exists
a probability law µ(λ), independent of the initial value, such that,
for all 0 < % < 1/3,

dTV(Law(θn), µ(λ)) ≤ c1(%)
∞∑
j=n

e−c2(%)j1/3−%
,

for some c1(%), c2(%) > 0 (which also depend on λ). Moreover, if
the data stream is ergodic, then for arbitrary bounded measurable
Φ : Rd → R,

Φ(θ0) + . . .+ Φ(θn−1)

n
→
∫
Rd

Φ(z)µ(λ)(dz),

as n→∞ in Lp, for all p ≥ 1.
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We analyze single-server queuing systems
with...

Requests numbered by n ∈ N

Buffer having

infinite capacity

Server following

FIFO service discipline

Inter-arrival and service times:

Zn ∈ R+ is the time between the arrival of n-th and
(n + 1)-th requests,
Sn ∈ R+ denotes the service time of the n-th request.

Starting with an empty queue, the sequence of waiting times
(Wn)n∈N satisfies the Lindley recursion

Wn = (Wn−1 + Sn−1 − Zn)+, n > 0

W0 = 0.
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If (Sn)n∈Z, (Zn)n∈Z are i.i.d. sequences, independent of each other,
and E(S0) < E(Z0), then (Wn)n∈N is a Markov chain satisfying the
Doeblin condition.

⇒ Geometric rate of convergence can be established.

However, if (Sn,Zn)n∈Z is merely stationary and ergodic, then the
only bound which we have found is

dTV (L(Wn), µ∗) ≤ P

 min
0<k<n

k∑
j=1

ξj > max

W1, ξ0 + sup
k∈N

k∑
j=1

ξ−j

 ,

where ξn = Sn − Zn+1, n ∈ Z.

1 This bound is not a concrete and explicit rate estimate.

2 It is inappropriate for statistical analysis.

A. Lovas, M. Rásonyi Markov chains in random environments 23 / 27



Markov chains in random environments An overview of the proof Applications

If (Sn)n∈Z, (Zn)n∈Z are i.i.d. sequences, independent of each other,
and E(S0) < E(Z0), then (Wn)n∈N is a Markov chain satisfying the
Doeblin condition.

⇒ Geometric rate of convergence can be established.

However, if (Sn,Zn)n∈Z is merely stationary and ergodic, then the
only bound which we have found is

dTV (L(Wn), µ∗) ≤ P

 min
0<k<n

k∑
j=1

ξj > max

W1, ξ0 + sup
k∈N

k∑
j=1

ξ−j

 ,

where ξn = Sn − Zn+1, n ∈ Z.

1 This bound is not a concrete and explicit rate estimate.

2 It is inappropriate for statistical analysis.
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The non-i.i.d. setting is interesting because...

1 dependence arises often in queuing networks where arrival
processes are departure processes of other queues,

2 processing operations like batching or the presence of multiple,
different classes of requests can also cause dependence.

What makes it challenging is that (Wn)n∈N fails to be Markovian.

We consider GI/G/1/∞ queuing:

(Zn)n∈Z is strongly stationary,

(Sn)n∈Z is i.i.d and independent of (Zn)n∈Z.

This case is amenable to analysis because the sequence of waiting
times is a MCRE with driving noise (Sn)n∈Z and random
environment (Zn)n∈Z. The parametric kernel is

Q(z ,w ,A) := P
[
(w + S0 − z)+ ∈ A

]
, z ,w ∈ R+, A ∈ B(R+).
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Theorem

I Assume that the sequence of inter-arrival times (Zn)n∈Z is

a bounded, and strongly stationary,
b satisfies the Gärtner–Ellis type condition: there is η > 0 such

that the limit

Γ(α) := lim
n→∞

1

n
ln E

[
eα(Z1+...+Zn)

]
exists for all α ∈ (−η, η) and Γ is differentiable on (−η, η).

II The sequence of service times (Sn)n∈Z is

a i.i.d. and independent of (Zn)n∈Z.
b ∃β0 > 0 E[eβ0S0 ] <∞,
c L(S0) has a density s 7→ f (s) (w.r.t. the Lebesgue measure)

which is bounded away from 0 on compact subsets of R+.

Then there exists a probability µ∗ on B(R+) such that

dTV (L(Wn), µ∗) ≤ c1 exp
(
−c2n

1/3
)
,

for some c1, c2 > 0.
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Some remarks on the proof:

A good candidate for the Lyapunov function is
Vβ(x) = eβx − 1, β > 0.

With this Vβ, we have γβ(z) = e−βzE
(
eβS0

)
, and

Kβ(z) := γβ(z) + 1.

The Gärtner–Ellis type condition ensures that exists β̄ > 0
such that

lim sup
n→∞

E1/n

(
Kβ̄(Z0)

n∏
k=1

γβ̄(Zk)

)
< 1.

Thank you for your attention!
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