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Introduction

My work is devoted to solving the plane problem of radon
computed tomography using the inhomogeneity of the internal
structure of a two-dimensional body. For this purpose, it is advisable
to use interlination operators, since these operators restore (possibly
approximated) functions by their known traces on a given system of
lines. They provide a method to construct operators whose integrals
from the lines (linear integrals) will be equal to integrals from the
most renewable function. l.e. interlination is a mathematical
apparatus, naturally related to the problem of restoring the
characteristics of objects according to their known projections.
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Formulation of the Problem

Let the function f(x.y) be a discontinuous function of two variables

in the domamn D. We will assume that the domam D 1s divided mto
arbitrary triangles. The sides of triangles do not intersect. The function
f(x,y) has first-order discontinuities at the boundaries between these

triangular elements (not necessarily all). The experimental data are uni-
lateral traces of a function along a system of the given lines. Based on
these data, let us construct an analytic formula of an unknown function
(1.e. the discontinuous interlination operator).



Consider a triangular element TU-,I':E,}

Approximation of Discontinuous Functions of two
variables by Discontinuous interlination splines

=1.m

Let’s us consider given:

. Functlontraces f(x,y) on the straight line x = x;
(on the right and on the left of the line respectively):

op; ()= lLm f(x,y), om; (y)= Lm f(x,y);

x—x;+0 x—x;,—0

oppij =¢p; (y;)= lim f(x,y),
x—x;+0
y—y;+0

omp;; =om; (y;)=lim  f(x,y)
x—x;—0
y—y;+0



¢ Functiontraces on the straight line y=y j (on the right and on the left of the line respectively).

Formulas are developed similarly to the traces along the line x =x;.

Ny
e . Oy e )
.\\C/é; o Function traces on the straight line y=-—/"4 i Uiy i
A EBM A If+1 _If
PdnTURui/'&R;

[on the right and on the left of the line respectively):

;i (x) =f[x, SV +Vj+l —0],

x- —x-
20 - 26 i+1 i
JUNE

2 0 21 np;i(x) = f (x,

) =y =)

Xi+1 — X

+yj+1+0], npm;; =T]mij(xi)=f(xi+0,yj+1—0),

or

(y—yj)(xi—xz‘+1)+
YVit17Yj

EM )= 1 Oy =5w) o]
5 [ Vir1 =Y

np; (V) =f [ Xit+] —O,y],



Theorem 1. Let the traces of the function f(x,y) satisfy the conditions
T wp;i(x;) =op;(¥y), nmy(x)=op; (J‘ j+1)= g (Xi.1 ) =wpj(%ia) - (1)

gEB.IQI\; <« Thatis, the tracks at the intersection points of the lines coincide. Then operator

PdnTURui/&RJ (D3l~(x,y) (92] (y)
O (5. ) =— L=~ )+ 0p; (9) = @i ) |+ — v () -
R 03 (A)\ 7 ’ ST w2\
20 - 26 (X=X 1)V js1—V)) ol; (x)
JUNE i [y T =) O | i dg)

2021

| +(y—yj)(xi—xi+1) wpi| % +(y—yj)(xi—xi+1) wp ()
vl Vj+1=>;) 7\ V1 =¥j) ’ &

EM

5 is the operator of interlination of a function f(x,y) on &T; : 0 f(x, y)| = f(x, y)‘.. :
Il > eT; &T;



Theorem 2. If f(x,v) is a continuous function together with its partial derivatives up

to the second order inclusively inside a triangular element Tj; . then for the residual
{> RA(x.3)=(-0)f equals
N4
ECMT. RrGuy)=

PORTORDZ &,
2

. — 5 3 T
s “’3’1 (Z 22 [ j FUD 4 ydudy +—nd ;y) | J D v)dudy-+
@3 ( 12) W 2 ( 13) x; (=X ) ia—y;)
20 - 26 T
JUNE -
2021
SLslEN, L OLix) T OV vy dudv, (x, y) e T;;
wl;(493) ’ o .

x-+1+(y_yj)(xi —Xi1) y;
EITI l Yjn=r;)
=




Theorem 3. Let f(x,v)e L“(T ).V (x,v) e T,. , then there are the following error esti-

. Ki . &K“»
! N mates V' (x.y) € Ty;. :

gEcM\C/ﬁ

PORTORDZ &,
o

1,1 X —X; y—yj
Rrels [rDen) ) (o) S
L (Ty) Xp—Xj4l Vil =Yj
20 - 26
JUNE

2021
SLOVENI where LIJ;I(TH) =lmZ,(T,) =Supwaf|f(x,y)| — significant upper bound of the function
i) T e j

|/ (x.»)| on T, . that is. the smallest of the numbers K=0 for which the inequality
E ITI |/ (x,»)|>K holds on the set of measure zero.

S
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Approximation of the Discontinuous Two Variables Function by a
Discontinuous Interlination Spline and Triangular Elements with One
Curved Side

Let-a-discontinuous- function- of* two- variables f(x, v) -defined- in-the- domain-
D .- We- assume- that- the- region- D -s- divided- by- lines-
Xg=0<xy<xy <..<xy, =L -yy=0<p <)y <.. ..<y,=1 into- rectangular-
elements,-and- each-rectangle-is-divided-into-two -right-triangles - with - curvilinear-
hypotenuse.-Triangles-do-not-fit-into-each-other,-and-the-sides-of-the-triangles-do-
not- intersect.- The- function- f(x, y) ‘has- discontinuities- of- the- first- kind- at- the-
boundaries-between -these- right- triangles- (not-necessarily-between- all).- We- con-
struct-an-operator-of-discontinuous-piecewise-polynomial-interlination-such-that-in-
each-triangle-it-is-an-operator-of polynomial-interlination-of-a-function- f(x, 1) .
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Consider a triangular element TU" i=Lnj=Lm

Lets us consider given:

X

1) traces of the function f(x.y) on the line x = x; (to the right and to the left
of the line):

2) traces of the function f(x,y) on the line y = ¥V (to the right and to the left
ofthe line);

3) fraces of a function f(x,v) on a curved hypotenuse (below and above of the

line). 10
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Theorem 5. If traces of the function f(x,y) satisfy the conditions
-1
wpi(xj))=epi(y;), nmi(x;)=ep; (g (1- h(-tf))],
-1 _ -1
1myj (h (l—g(}';—))) =Wp; (h (l—g(yj))] :
then the operator

Lf(x,3) =L f (x, 0) + Ly (x, ) — L5 (x. )
Ly f (x,y) = h(x) -nmy; (¥) + g(v) -1y (x)
Lyf(x.y)=yvpjx)+op;(y)—opi(y;) .

LLf(x,y)= h(x)(@pf W) +up; () -opi(y; )) T

g(y) (mﬂzj (x) + pmy (X) =y p; (x]] :

interlinated a function f(x,y) onthree sides of atriangle T;;.i=1n, j=Lm,ie.

Lf(x, J-‘J|},=},j =wpj(x), | =en0).
Lf(x.y)=f(x.y), if h(x)+g(y)=1.

3)

11
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Theorem 6. If f(x,v)e C‘(]’])(sz) , then for the residual
Rf(‘t: .}1) :(I_L)f(x: J‘) equals

R G 3) = (A= 1) - g [ £ vy +

l-gG) v x g7 (1=h(x))
@ [ [fPevdudvegmf [ D wy)dudy
x 0 0 v

Remark. For arbitrary functions f(x,v)=u(x)+v(y). where u(x),v(y) are
arbitrary functions of one variable, equality holds Lf(x, v)= f(x, v).

Comment. If op;(y)=0m;(¥) ., wp;(x)=ywm;(x), np;(x)=nm;(x), then

the constructed discontinuous spline of the form (3) is a continuous interlination

spline at the boundaries of a triangular element Tj

12
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Example. Let the function f(x,v) be defined in the domain
T=TyuwT;, wT3 UT, asshown in Fig. 4a. The cathetus of these triangu-

lar elements are formed by straight lines x =0,y =0, and the hypotenuses
given by an equation of the form A(x)+ g(v) =1, where they satisfy the
conditions /(x),g(y) and are defined in each triangular element as follows:

1

ATTTH
AT

Ty : h(x)=x", () =y,  Ta:h(x)=-x,g(y)=y,

0.5

0 ||IIII |||h

fo.s, O<x<l,0<y<l—x?, \\ M ///
f(x,y)=9-x+1, -1<x<0,0<y<l+x, 05 \

\x2+y2, —\/1—y2<x<\/1—y2,—1<y<0. /

Ty: h(x)=x, g() =y, Ty4: h(x)=x", g(y)=y".

13
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As initial data we will use the traces of a given function on the lines of
triangular elements:

T2 op(») = f(+0,»)=0.5, wp(x)=f(y,+0)=0.5,
nm(x) = f(x,1 e 0)=0.5=nm(y)=0.5

Ty: om(y)=f(-0,y)=1, wp(x)=f(x,40)=—x+1,
np(y)=f(x,1+x+0)=—-x+1

Ty: om(y) = £(=0,0)= >, wm(x)=f(x,~0)= x>,

np(x)zf(x,—\/l—x2 +0)=1

T4: op(») = f(+0,3) =y, ym(x)= f(x,~0)= x>,

nm(x) = f(x,~\V1—x> —0) =1

14



We construct the operator L1(x, y) on T, . By the theorem 5 it has a view

:}7'5‘ Llf(x’y):Llf(xay)+L2(x>y)_L12(x>y)
Qe s
‘ ?E M Lif (x,y) = h(x)-nm(y) + g(») -nm(x) = x> -0,5+ y-0,5
% PORTORDZ A~y

4y Ly f(x,9) =y p(x)+pp(»)—@p(0)=0,5+0,5-0,5=0,5

2006 Llaf(xy)=hx)(ep(y)+up(y)—ep0))+ g(¥)(nm(0)+ pm(x)—y p(x)) =

2021 = x%(0,5+0,5-0,5)+ 1(0,5-0,5+0,5) = 0,5x> + 0,5y
Em L1f(x,y)=0,5x%+0,5y+0,5-0,5x> 0,5y = 0,5
5 [ That is, the linear function of the interlination operator restored exactly.

15
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Operators L2,13,L4 are constructed in a similar way. As a result, we ob-

tain the discontinuous interlinaton operator, which completely coincides
with the given function

16
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Conclusions

Paper develops a method for approximation of the discontinuous functions
of two variables by discontinuous interlination splines using triangular ele-
ments. Experimental data are one-sided traces of a function given along a
system of lines (such data are commonly used in remote methods, in par-
ticular in tomography). The paper also proposes a method for approximat-
ing the discontinuous functions of two variables taking into account trian-
gular elements having one curved side. Proposed methods improve ap-
proximation of the discontinuous functions, allowing an application to more
complex domains of the definition and avoiding the Gibbs phenomenon.

17
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