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FROM STATISTICAL PHYSICS

Inspired by physics of particles.

o Statistical idea: use a mean
(mean field) to study the
interaction between particles.

e Mean field representative of the
particles as a whole.

e Example: pressure of the air.
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..TO ECONOMY

Strategical interaction between agents in economy.

Theory of general equilibrium in economy: Mean field=vector of prices.
Clear approach of what the market is.

Game theory: solution of a MFG describes Nash equilibria when the
number of players N — oo.
Aims:

o A “mean field” to have a relevant representation of reality.

e Obtain a macroscopic model (continuum) of "mean field” type simpler
than the discrete model with N agents.
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Basic purrosE oF MFG

Describe interacting “rational” particles (players)

(stochastic) diff.

e players have controlled dynamical state < .
equation
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e players have controlled dynamical state < (stoc .aStIC) d
equation
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Basic purrosE oF MFG

Describe interacting “rational” particles (players)

. hastic) diff.
e players have controlled dynamical state < (stoc .aStIC) d
equation
mean-field interaction:
e players are indistinguishable < no privileged interaction
with some particles

o players try to minimize a cost functional

Study equilibria in the large population limit, i.e. as the number N of
players — oo
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MEAN FIELD GAMES-APPLICATIONS

Economy:
e economical equilibria with rational expectations

e financial markets (formation of prices and dynamical equilibria,
formation of volatility)

e game theory
e environmental policy

Engineering:
e control of wireless power, management of demand in electrical power,
e traffic problems

Social sciences:
e crowd motion (mexican wave, pedestrian dynamic, congestion...)
@ opinion dynamic and consensus problems,
e models of distribution of the population (e.g. segregation).
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THE LIMIT PROBLEM

Reduce the asymptotic analysis to one typical player that interacts with a
population with density m(x,t) : R? x [0, T] — R.

State of a typical player: Xo ~ mo,
dXs = vsds + V2dB;s in RY,

Vs is the controlled velocity, Bs a Brownian motion,
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THE LIMIT PROBLEM

Reduce the asymptotic analysis to one typical player that interacts with a
population with density m(x,t) : R? x [0, T] — R.

State of a typical player: Xo ~ mo,
dXs = vsds + V2dB;s in RY,

Vs is the controlled velocity, Bs a Brownian motion, with cost:

T

1

Jm(v) = E f SVl + V(X6) + (m(X6) ds + ur(Xr),
0

e V:RY = R encodes “spatial preferences”

o f . R i R iS the “Coupling” (could be a functional over #(R9) )
e ur :RY — R is the final cost
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]
MFG sysTEM

Suppose that, given m, the typical player behaves optimally.
Denote by u her density.
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]
MFG sysTEM

Suppose that, given m, the typical player behaves optimally.
Denote by u her density. In an equilibrium / consensus regime,

m = 4.

PDE description:

—0tu— Au+ 3IVul? = f(m(x, t)) + V(x) inRYx(0,T)
dtm — Am — div(mVu) = 0 inR9 x (0, T) (MFG)
m(0) = my, u(T)=ur in RY
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]
MFG sysTEM

Suppose that, given m, the typical player behaves optimally.
Denote by u her density. In an equilibrium / consensus regime,

m=pu.

PDE description:

—0iu - Au+ 3[VuP = f(m(x,1)) + V(x) inRIx(0,T)
dtm — Am — div(mVu) = 0 inRYx (0, T) (MFG)
m(O) = Mo, U(T) = ur in RY

Hamilton-Jacobi eq. comes from the DPP: best player’s strategy.
u(x, t) is the value function of the typical player, i.e.

. T1 5
u(x,t) = |r\'|/f Eft §|vs| + V(Xs) + f(m(Xs)) ds + ur(Xt)
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]
MFG sysTEM

Suppose that, given m, the typical player behaves optimally.
Denote by u her density. In an equilibrium / consensus regime,

m =

PDE description: The (forward) MFG backward-forward system

—0iu— Au+ 3IVul? = f(m(x, t)) +V(x) inRYx(0,T)
drm — Am - div(mVu) =0 inRY x (0, T) (MFG)
m(0) = mo, u(T)=ur in RY

Fokker-Planck equation: (optimal) distribution of the typical player /

population.
The drift —Vu is the optimal strategy.
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CONNECTIONS WITH THE LARGE POPULATION PROBLEM

In the N-players game, interactions are with 1N i 6th (instead of m)
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CONNECTIONS WITH THE LARGE POPULATION PROBLEM

In the N-players game, interactions are with ,‘T, i 6th (instead of m)

Players look for a consensus - Nash equilibrium (i.e. no interest for any
player to leave the consensus):

Described by huge Nash system of N quasilinear (HJB) equations.

Lasry - Lions = ’06 — Nash equilibria ity solution to (MFG)
Huang - Caines a solution to (MFG) provides
—>
- Malhamé =~ '05 an e-Nash equilibrium for large N
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A VARIATIONAL VIEWPOINT

MFG system has a fixed point structure: m — u = m.
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A VARIATIONAL VIEWPOINT
MFG system has a fixed point structure: m — u = m.

Anyhow, min. problem for the single player can be recast into

1
Im(v,p) = ff —IVPu+ Vu + f(m)ﬂ dxdt —|—f ur(u(T))dx
RIx(0,T) 2 RY

subject to the Fokker-Planck constraint
Ot — Au — div(vu) = 0.

In the equilibrium, (v, 1) is a minimizer of Jm.
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A VARIATIONAL VIEWPOINT
MFG system has a fixed point structure: m — u = m.

Anyhow, min. problem for the single player can be recast into

1
Jm(V, 1) = f f SV + Vi + f(m)u dxat + f ur(u(T))dx
RIx(0,T) 2 RY
subject to the Fokker-Planck constraint
Ot — Au — div(vu) = 0.

In the equilibrium, (v, 1) is a minimizer of Jm.
These couples can be found by minimization of

1
E(v.p) = f f LVt Vit Fu) ot + f ur(u(T))okx.
RIX(0,T) 2 R

where F(m) = [ f(u)dpu.

(viewpoint shift to “Mean-Field type control problems”)
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A VARIATIONAL VIEWPOINT

Reminiscent of Benamou—Brenier dynamic formulation of optimal
transport.

Developed in the context of MFG by several authors: Cardaliaguet, Carlier,
Meszaros, Santambrogio, Silva, ...
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A VARIATIONAL VIEWPOINT

Reminiscent of Benamou—Brenier dynamic formulation of optimal
transport.

Developed in the context of MFG by several authors: Cardaliaguet, Carlier,
Meszaros, Santambrogio, Silva, ...

Indicates the crucial role played by
(incr.) monotonicity of f «— convexity of F.

In this case one has
@ existence and uniqueness of weak solutions,
e stability: for 6 € (0,1), m(x,6T) - m(x)as T — oo,
@ regularity: F behaves as a congestion term.
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EXISTENCE OF CLASSICAL SOLUTIONS

e smallness conditions, perturbative regime:

~0iu— Au = —gH(x,t,Vu, m) inRY x (0, T)
dtm — Am = —ediv(mV,H(x,t,Vu,m)) inR%x (0, T)
m(0) = my, u(T)=ur in RY

solutions exist provided that mg, ur are “small”, or T is small, or £ is small
[Ambrose, C.-Gianni-Mannucci, ...]
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EXISTENCE OF CLASSICAL SOLUTIONS

e smallness conditions, perturbative regime:

~0iu— Au = —gH(x,t,Vu, m) inRY x (0, T)
dtm — Am = —ediv(mV,H(x,t,Vu,m)) inR%x (0, T)
m(0) = my, u(T)=ur in RY

solutions exist provided that mg, ur are “small”, or T is small, or £ is small
[Ambrose, C.-Gianni-Mannucci, ...]

e monotone case: f increasing (competition),
e H = |Vul® - f(m), no restrictions on f
e H=|Vul” — f(m), y # 2 needs “mild growth”, that is f ~ m,

a < a’(d,y).
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EXISTENCE OF CLASSICAL SOLUTIONS

e anti-monotone case: f decreasing (aggregation).
In the model case f~ —m® , classical solutions exist if

a < —.

d
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EXISTENCE OF CLASSICAL SOLUTIONS

e anti-monotone case: f decreasing (aggregation).
In the model case f~ —m® , classical solutions exist if

2
a < —.

d

Indeed, in such a regime, the energy functional

1
&(vop) = f f X VRu Vi — ™+ dixat + f ur(u(T))ox,

dx(0,T) 2

constrained to
Ot — Ay — div(vu) = 0.

is bounded from below: minimizers exist, and they are smooth.
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consequence of the following inequality: if d;u — Au — div(vu) = 0, then

o
(ff ’ua+‘|) < ff |V|2,u
R9%(0,T) RI%(0,T)

andé < 1ifand only if a < % (while 6 > 0 if and only if @ < ﬁ)
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consequence of the following inequality: if d;u — Au — div(vu) = 0, then

o
(ff ’uaJr‘l) < ff |V|2,u
R9%(0,T) RI%(0,T)

andé < 1ifand only if a < % (while 6 > 0 if and only if @ < ﬁ)

Some phenomena that arise:
e No unigueness
@ periodic in time solutions and travelling waves
e concentration phenomena as the viscosity vanishes
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consequence of the following inequality: if d;u — Au — div(vu) = 0, then

o
(ff ’uaJr‘l) < ff |V|2,u
R9%(0,T) RI%(0,T)

andé < 1ifand only if a < % (while 6 > 0 if and only if @ < ﬁ)

Some phenomena that arise:

e No unigueness

@ periodic in time solutions and travelling waves

e concentration phenomena as the viscosity vanishes
What about existence when

f~-m® a ?7?

v
Qlnrn
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MAIN RESULTS

—0iu— Au+ VuP = —om* +V inRYx (0, T)
dm — Am — div(mVu) = 0 in R x (0, T)
m(0) = my, u(T)=ur in RY

V be a bounded potential (not too much radially decreasing).
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MAIN RESULTS

—0iu— Au+ VuP = —om* +V inRYx (0, T)
dm — Am — div(mVu) = 0 in R x (0, T)
m(0) = my, u(T)=ur in RY

V be a bounded potential (not too much radially decreasing).

THEOREM (NON-EXISTENCE)
Let @ > 2. Under some integrability assumptions on my, ur, there exist
o*, T* such that if

o>o" and T>T",

then the MFG system has no (classical) solutions.
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THEOREM (EXISTENCE)

Let 5 2<a < 5. Under some integrability assumptions on mg, ur, there
eX|sts o9 = ao(d, a, mo, ut, TIAV|s) such that if

o Loy,

then the MFG system has at least a (classical) solution.

V=0, V#0.
, , hon-existence
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ON THE PLANNING PROBLEM

Consider the problem

—0iu— Au+ VU = —em® +V inRYx (0, T)
dtm — Am — div(mVu) = 0 inRYx (0, T)
m(0) = my, m(T)=mr in RY
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ON THE PLANNING PROBLEM

Consider the problem

—0iu— Au+ VU = —em® +V inRYx (0, T)
dtm — Am — div(mVu) = 0 inRYx (0, T)
m(0) = my, m(T)=mr in RY

Leta > %. Under some integrability assumptions on mg, mt, there exist
o*, T* such that if

o>0o" and T>T",

then the MFG Planning problem has no (classical) solutions.
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NON-EXISTENCE

Based on three ingredients:
(i) conservation of energy
(i) momentum
(i) “virial identity”

} involve [, 2 m(x, 1)

Daria Ghilli (LUISS, Universita di Roma) MFG with aggregation 21/6/2021 17/23



NON-EXISTENCE

Based on three ingredients:
(i) conservation of energy
(i) momentum
(i) “virial identity”

} involve jg{d IxI2 m(x, t)
(i) the MFG system can be seen as an Hamiltonian system:

{ut = % (m, u)

my = =% (m, u)
where
1
F(m,u) = f vmvu + §|Vu|2m - Vm+om*dx=E.
R

obtained by HJ-9dim+ FKP - d;u
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(ii) testing FKP by x2,

d

p dm(t)x2 dx:2d—f m(t)Vu(t) - x dx

R
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(ii) testing FKP by x2,

g m(t)x? dx = 2d - f m(t)Vu(t) - x dx
at Rd Rd

(iii) HJ - (Vm - x) + FKP - (Vu - X)

d

1
— Vm-Vu+ =|VulPmdx
dt Rd + 2| |

m(t)Vu(t) - xdx = —2f

Rd
ad

_a—|—1

f m*t! —VV . xmdx.
Rd
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(ii) testing FKP by x2,

g m(t)x? dx = 2d - f m(t)Vu(t) - x dx
at Rd Rd

(iii) HJ - (Vm - x) + FKP - (Vu - X)

1
g m(t)Vu(t)-xdx:—2f Vm - Vu+ =|VuPmdx
at Rd Rd 2
__d f m**! —VV . xmdx.
a+1 Rd
Then,
>0
dzf m(t)x? dx = 4E + 2do (,_ 2 f m*+ 42 2V'f2\(/) vV.xmax
a2 Jpo ST\ d) Je falp(V=inf V)+VV-2m e
>4E
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d? 2 Vol 1
— m(t)x dxz—i—f Y Vmp+om®ldx >0
dt2 Ld ( ) RY mo 0 0

whenever o is large (or myg is “large”).

mx~A2

e

mx~2

AN

BAD!

OK!

o

N/ T
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a? 2 [Vmol? ’
— m(t)x dXZ—i—f— —Vmo+om@™dx>0
dt2 Ld ( ) RY mo 0 0

whenever o is large (or myg is “large”).

Planning problem: [0, mox?dx, [, mrx2dx are given.

mx~A2
mx~A2

OK!

BAD!

0 \/ T t

= No solutions for large T.
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a? 2 [Vmol? ’
— m(t)x dXZ—i—f— —Vmo+om@™dx>0
dt2 Ld ( ) RY mo 0 0

whenever o is large (or myg is “large”).

Planning problem: [0, mox?dx, [, mrx2dx are given.

mx~A2
mx~A2

OK!

BAD!

0 T t 0 \/ Tt
= No solutions for large T.
MFG problem: [, mox2dx is given, & [, m(T)x?dx < 2d.
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EXISTENCE

As usual, solutions can be obtained as fixed points of the operator m — u,

—0tu— Au+ VU = —om® +V inRYx (0, T)
O — Ay — div(uVu) = 0 inRY x (0, T)
u(0) = moy, u(T)=ur in RY
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EXISTENCE

As usual, solutions can be obtained as fixed points of the operator m — u,

—0tu— Au+ VU = —om® +V inRYx (0, T)
O — Ay — div(uVu) = 0 inRY x (0, T)
u(0) = moy, u(T)=ur in RY

To use fixed point theorems, one needs compactness and suitable

estimates, i.e.
Imllx < C.

Unfortunately, the non-existence step does not help here.
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A PRIORI ESTIMATES IN L20[+1

Let5 <a< ﬁ and (u, m) be a solution to the MFG system. Then,

y? T ?
— oY <1, §<1, v—(f f,uz"””(t)dxdt) :
C 0 Rd

where C depends on d, a, mg, ur and § depends on a.

Qln
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A PRIORI ESTIMATES IN L20[+1

Let 2 < @ < Z%; and (u, m) be a solution to the MFG system. Then,

% T ?
— oY <1, §<1, v—(f fﬂ2“+1(t)dxdt) :
C 0 Rd

where C depends on d, a, mg, ur and § depends on a.
Enough to set up a fixed point procedure (o small).

(combination of conservation of energy, “Second order estimates” and
parabolic regularity)
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EXTENSIONS

e more general f
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EXTENSIONS

e more general f

e non-quadratic problems H = |Du|” — f(m), y # 2
e non-existence:
(i), (ii), (iii) hold, but not obvious how to combine them

e existence: same issues
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EXTENSIONS

e more general f

e non-quadratic problems H = |Du|” — f(m), y # 2
e non-existence:
(i), (ii), (iii) hold, but not obvious how to combine them

e existence: same issues

@ Planning problem: existence ??
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EXTENSIONS

e more general f

e non-quadratic problems H = |Du|” — f(m), y # 2
e non-existence:
(i), (ii), (iii) hold, but not obvious how to combine them
e existence: same issues
@ Planning problem: existence ??
o stability of solutions ?7?

might be that, when ¢ is small and V = 0, m vanishes as T — .
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Thank you for your attention.
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