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« Delandtsheer-Doyen parameters
for block transitivity (1989)

« Davies' bound for flag-transitivity
(1987)

« Our new results about each:
collaboration with Alice Devillers
and Carmen Amarra
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f-designs

1 ft-(v.k,A) design D= (P,B) P set of v points B set of blocks
Block is a k-subset of P
Each t-subset of points contained in A blocks

2 Symmeftry: Aut(D) = { permutations of P mapping blocks to blocks }
If t > 2 then Block-transitive = point-transifive

Want t > 2 and
G < Aut(D) block-transitive
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2-design imprimitive symmetry

1 2-(v.k, A) design D={(P,B) G < Aut(D) block-transitive

c-d

2 G point-imprimifive 3 G — invariant point — partition X (¥

set B and the partition X
How do they intferact?

L ) } G preserves both the block
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Delandtsheer-Doyen Theorem

2-(v,k, A) design D= (P, B) G < Aut(D) block-transitive, point-imprimifive

« Each block contains n inner pairs (same part of %)

« and mc outer pairs (different parts of %)
« Setx =k(k—1)/2Then part size ¢ = % and number of parts d = x;m

(n,m) called the Delandtsheer-

v=c-d Doyen parameters
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Bounds on Delanditsheer-Doyen
parameters (n,m)

2-(v,k,A) design D= (P,B) G <Aut(D) block-transitive, preserves point-partition X

« G induces transitive group K < Sym(Z) on the d parts of £, and for A € X
« Stabiliser G, induces transitive group H < Sym(A) on ¢ points of A

Amarra, Devillers, P: PairRank(K) = # K-orbits on unordered pairsinX <m
. and PairRank(H) = # H-orbits on unordered pairsin A <n

Can bounds on the Delandtsheer-
Doyen parameters be attained?
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Cameron-Praeger designs 1993
Pattern of block-part intersections , _,

2-(v, k, A) design D= (P, B) G < Aut(D) block-transitive, point-imprimifive

« Observed: If there exists 2-design with intersections x4, x,, ...,x4 then exists
one with K = Sym(Z) and H = Sym(4)

» Here PairRank(K) = PairRank(H) = 1.
« Found all 2-designs with m = n = 1 provided k > 5,k # 8

When can the PairRank bounds be

v=c-d achieved with max{m, n} > 2 ¢
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Some examples meeting the DD-
PairRank Bounds

D = Projective Plane PG(2,9). Withv=1+qg+¢*=cdandc>1,d > 1, and ¢ =C, O
Singer cycle

Here k = g + 1, and PairRank (Cy) = % = m, and PairRank (C,) = %1 =n

Amarra, Devillers, P: PairRank(K) = # K-orbits on unordered pairsin Zis < m
. and PairRank(H) = # H-orbits on unordered pairsin Ais < n

Good: m, n can be arbitrarily large
Limitations: exactly which (m,n) arise?

Can bounds be attained with
Groups H = C. and K = C4 both regular other kinds of groups?
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New construction meeting the DD-
PairRank Bounds (Amarra, Devillers, P)

Start withn = 2. Take A = F, and ¢ = 1 + 2na for some a,

H = [c].[2a], (translations and multiplications by nt* powers]

Then PairRank (H) = n
k(k—1)

To construct a 2-design we need c +n = [a triangular number]

And fake d =1 + %1 K = Sq so PairRank (K) =m =1 Condifions give a 2-

“Cleverly” define one block and take allimages under H wr K design meeting

Block: n parts of £ contain two points (different H-orbits on pairs); fEelli{elal S ololblale SAila

k — 2n more parts contain one point m=1. Which values of n
work, and for how many
prime powers ce
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New construction: when does it work?

Start with n = 2. So we want prime power ¢ = 1 + 2na for some a, and

we needc+n — kk=

[o triangular number] with k = 2n
Write k = 4nt + r with 1 < r < 4n get a quadratic equation:

r(r—1)
2

for(£) = 8n2t2 + 2n(2r — 1)t + ( —n)

Whenever f, .(t) = ¢ is a prime Some n give no solutions, e.g.n =6, 10, 15
power, get 2-design with k = 4nt + r Most n seem to give many solutions!
and d = <2 + 1, with DD- Possibly infinitely many — depends on

n

oarameters (n, 1) and Bunyakovsky's conjecture in number
achieving the PairRank bounds fheory
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Bunyakovsky’s conjecture - 1857

Qur conditions: n>2,1<r < 4n:

fur(® = 8n2t% + 2n(2r — Dt + ( 22 —p)

2

Bunyakovsky’s Conjecture (for these polynomials):
if f,,-(t) ireducible over intfegers, and f,, . (t) not identically zero modulo any prime

Then f, .(t) = c is a prime for infinitely many values of t

First version on arXiv September 2020
 Aftracted attention of Gareth Jones and Sasha Zvonkin

* |Infensive email exchanges
e Extremely fruitful —e.g. forn = 2, they found 12,357,532

prime values for f, 5(t) with t < 10°
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Bunyakovsky’s conjecture - 1857

1857 Bunyakovsky’s Conjecture: unfortunately still open

1962 Bateman and Horn: proposed approximation E (x) for which the number of integers
t < x with f,, .(t) prime

2020 W. Li: improved (more easily computable) version of Bateman-Horn estimate.
2021 Jones & Zvonkin:
« exhaustive search for several (n,r) where we had found multiple examples

" Showed that the numbers of prime values of f, .(t) for t < 10® were exfremely close to
the Bateman-Horn estimate E£(10%) in all cases

« E.g.for (n,7)=(2,3) number of prime values up to 108 is
12,357,532 while E(108) = 12,362,961.06.
« Great for the design construction — also evidence for truth of Bunyakovsky Conjecture
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A much shorter second half: flag-
fransitive, point-imprimitive 2-designs
2-(v,k, A) design D= (P, B) G < Aut(D) flag-transitive, point-imprimitive

* Flag: incident point-block pair — each non-empty part-block intersection must
have same size.

1987 Hugh Davies: k and v both bounded above in terms of A
- But Hugh gave no explicit upper bounds as functions of A

Alice Devillers and | set out to find some

v=c-d \ explicit upper bounds.
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Hunting for explicit upper bonds: flag-
fransitive, point-imprimitive 2-designs

2-(v,k, A) design D= (P, B) G < Aut(D) flag-transitive, point-imprimitive

1993 Cameron, P: Showed that v < (k — 2)? and that smallest k is 6
2018 Zhan, Zhou: exactly 14 examples with k = 6 — all have v = (k — 2)? = 16
» 8o just need to find upper bound for k in terms of A

1961 Higman — McLaughlin: 1 > 2

2021 Devillers, Liang, P, Xu: exactly
v=c-d \ two examples with 1 = 2; both have

k=6 v=16
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Hunting for explicit upper bonds: flag-
fransitive, point-imprimitive 2-designs
2-(v,k, A) design D= (P, B) G < Aut(D) flag-transitive, point-imprimitive

1993 Cameron, P: Showed that v < (k — 2)? and that smallest k is 6

2021 Devillers, P: k<222(1—-1) and so v < (222(1 — 1) — 2)?

L ) J How good are these bounds?
v=c-d } \

Noft tight for 4 = 2 since bound is
k < 8 while only examples have k = 6




% AUSTRALIA

Hunting for explicit upper bonds: flag-
fransitive, point-imprimitive 2-designs
2-(v,k, A) design D= (P, B) G < Aut(D) flag-transitive, point-imprimitive

2021 Devillers, P: k <222(1—1) so v < (242(1—1) — 2)?

Analysed v < 100 with 1 < 4 : exactly eleven examples

L ) } Our future objective: find all the
v=c-d } \

examples with 1 = 3,4




Remaining
challenges:

Find all Delandtsheer-
Doyen parameters (n,m)
where there exist block-
transitive point-imprimitive
2-designs

admitting groups H, K with
PairRank(H) = n and
PairRank(K) = m

Improve the upper bound
k < 222(2 —1) for flag-
transitive point-imprimitive
2-designs.

Prove Bunyakovsky's
Conjecturel
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Thank you and
Stay safe

Western Australian donkey orchid.
Photo courtesy: John Henstridge



