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Spherical Eigenfunctions on S?

Spherical eigenfunctions on S? (spherical harmonics) are defined by
the Helmholtz equation

Acfp+MNfr=0, :S2 =R, (=1,2,...
where \p = /(f+ 1), { =1,2,3..., and
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Geometry of random eigenfunctions - Motivations

» Zero sets of eigenfunctions have been studied from the
beginning of the XIX century (vibration modes of a membrane

- Chladni (1808), S. Germain (1816), Kirchoff (1850) - see
A.Logunov's talk on wednesday)

» Quantum mechanics - Berry's ansatz (1977,2002)

» Seminal papers on nodal sets of random spherical harmonics
by Nazarov and Sodin (2009) and Wigman (2010)

» Fourier components of spherical random fields - strong
motivations from Cosmology (CMB)



Gaussian Random eigenfunctions

Consider the isotropic Gaussian random field
f:QxS? =R, f(gx)2f(x), g eSO

then for some {y¢}r=01.2.... Eﬂg < oo (Spectral Representation
Theorem)

F(x) = 3 fil(x), in L2(Q)
¢

Efy(x) =0, Efe(x)fe(y) = Pe({x.y)) .

and we have introduced Legendre Polynomials

1 df
Pi(t) = WW(
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2 - 1),

Pi(1) =




Excursion Sets

Let M be a general Riemannian manifold (in our case M = §?).
Consider the excursion sets

Au(F.M) = {x € M : f(x) > u}

Our main goal in this talk is to study the geometry of these
excursion sets in the case of Gaussian random eigenfunctions



Excursion sets




LKC in dimension 2 - Tubes




Lipschitz-Killing Curvatures of Excursion Sets

By the (Steiner’'s) Tube Formula:

n=dim( M)

p(Tube(M,p)) = > wiln_j(M)p/
j=0

for
Tube(M, p) = {t € RN : dist(M.x) < p}

ml /2

where w; is the volume of a unit ball in R/, Wj = =7
r(+1)




Lipschitz-Killing Curvatures ||

LKCs depend on the Riemannian metric, and are a measure of the
k-dimensional size of the Riemannian manifold M. In particular, in
dimension 2

» Lo(Ay(f)) is the Euler-Poincare characteristic
(minima+maxima-saddles) of the excursion regions, i.e. the
third Minkowski functional (2 for the sphere).

» L1(Ay(f)) is half the boundary length of the excursion
regions, e.g. the second Minkowski functional (O for the
sphere).

» Lo(Ay(f)) is the area of the excursion regions, e.g. the first
Minkowski functional (47 for the sphere).



Some Notation

Let us write (Flag Coefficients)

i+ k| [+ k\wisk
k - k WrWj

kld

pre(v) = (2m) ™K 2 H_g (u)d(u) = (2m) K2 (1)}t = o (u).
Hu) = -o(u) = (2r) " exp(—12/2),

and H; denotes the Hermite polynomials: Ho(u) =1, Hi(u) = u,
Hg(u)—u —1, H3(u) = v® = 3u, ...



Gaussian Kinematic Formula (GKF)

Due to Taylor and Adler (2007), it allows to evaluate expected
values of Lipschitz-Killing curvatures for excursion regions under
very general (but Gaussian) circumstances.

1_‘ B dimM —i f—l—k 1_‘ |
ELi(Au(f.-M) = D | | Lian(M)pe(v)
k=0

Note that pg(u) does not depend on f, M and £f+k(M) does not
depend on wu.



Gaussian Kinematic Formula (GKF)

The Lipschitz-Killing Curvatures £F are computed under the

metric induced by the covariance structure of the field; for every
Xp. Yp € Tp(M)

gf(Xp. Yp) L= ]E[pr X Ypf]

For isotropic fields, this is the Euclidean metric scaled by the
square root of the covariance function at the origin (for random

spherical harmonics v/ \¢/2)

8, (Xp. Yp) = V/ A/ 2{Xp, Yp)ga-



L KCs for Gaussian spherical harmonics

» First LKC (e.g. Euler-Poincare characteristic)

ELo(Au(f(x). 52)) = 2{1 = &(u)} + 4 x (\e/2)5-d(u)
» Second LKC (e.g., half the boundary length)
EL3 (Au(F(x). 5%)) = 47 x v/ A2 ()

2v/2
» Third LKC (e.g., area)

ELo(Au(f(x), S%)) = 4m x {1 - d(u)} .

Our goal is to study the fluctuations (Variances and CLT, as
(' — o0) around these expected values.



Nodal Lines

Note that for u = 0 the nodal length has expected length
E{2L1(Au(fe(x), $))} = V21 x V/Ar ;
this is consistent with Yau's Conjecture:
aVE <H(f710)) < oVE,

see Logunov's talk on the zeroes of Laplace eigenfunctions (more
to follow below).



Multipole space - Gaussian case
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2nd Order GKF

T heorem

(Cammarota and M (2018) - see also Rossi (2016), M and
Wigman (2014)) As I — oc

Lj(Au(S?): fr) — B [£;(Au(S%); fy)]

= _% L :] upp—j(u) (Ae/2) /2 /

52
and we have also the following Variance asymptotics

Ho(fe(x))dx + Re;(.) .

Var { £;(Au(S?): )}

L B R -’ 327 2—j—1
=72 { [2 _J.] upj(u) (Ae/2) X ore1 T 0r—yo0 (A ) .




Some Remarks

Some features of the previous result are worth discussing:

» The leading terms can be written in terms of the norm of the
eigenfunctions (no need for gradient and Hessian)

» [he asymptotic behaviour of all the LKC's is proportional to

Js2 Ha(fy(x))dx. Full correlation in the high-energy limit
{ — oo;

» Full correlation across different levels vy, up;

» The leading terms all disappear in the "nodal” case u =0 -
Berry's cancellation phenomenon (Wigman 2010).



Background: Wiener-Chaos Expansions

Consider (see Nourdin-Peccati 2011)
Y = G(Z), Z=N(0,1), , E[G(Z)?] < ;

it is well-known that the following expansion holds, in the L?()
sense:

62)= Y Hy(2). (1)
qg=0 "

where
Jg(G) :=E[G(Z)Hq(Z)]



Wiener Chaos
Diagram’s (Wick) Formula
E [Hq, (Z1)Hay(Z2)] = 62 a1 {E [Z1 5]} % .

Therefore

Var {G(2Z)} _Z ‘f{G) .
qg=0

More generally, for {Zj.....Zj....} i.i.d. standard Gaussian the g-th
order Wiener chaos is

Cq = span{Hg,(Z1) - ... - Hq,(Zp)} . 1+ --.Gp = q ;

We have the orthogonal decomposition

L3(Q) = écq .
q=0



Excursion Area

(M and Wigman 2011-2014) We can write

LalAn) = [ uoo) ()
[{y,~)(.) denoting the indicator function. Also

ey = E [y (Z)He(2)
= [ Ha@)6(@)dz = (-1 He-1(2)0(2)

where
(—1)H_1(2)o(z) =1 — d(u) .



Excursion Area

Thus
S Hq(fe(x))
L) = . (1) Hpma (o)
— Z (_q11)q Hq 1({;)@({1),‘}5{; hg;q = L‘;E Hq(fg()i’))dx
g=0 " '
also
Var {£2(Ay)} = Z ﬁH{r‘;_l(u)gﬁz(u) Var {h.q} .



Polyspectra

More explicitly, we have that

hg;[} :f H[](fg(x)]dx — 47 ;
22

i

he1 = [ fe(x)dx =0 ;
J§2
ez = [ (7200 = 1) = 1l — Bl el

hea = [ (720) = 3600)dx = [ x)dx

hia = [ (00 = 662(0x) + 3)dx



Variance
By Diagram Formula
Var (g} = [ E{Hy(f()Hy(fy))} doy
— 8r%q /: {Py(cosf)}sin0db ;

The following asymptotics is crucial:

| Const S D
Var {hp.q} ~ 2 xfc- W-Md;ﬁ,

{ O((=1) for g =2

O(f2log/) for g =4
O((—2) for g = 3,5, ...

Note that hp.y =0 for all £ =1,2, ...,



Reduction Principle

Dominant terms correspond to g = 2 when Hi(u) # 0, i.e., for
u # 0; for u = 0 a phase transition occurs. Indeed

1 ,
L2(Au) — E[L2(Au)] = 5H1(u)d(u)he2 + Op(y/log £/2) ,
and for u # 0
1 2
Var {L2(Auy)} ~ {ng(u)rﬁx(u)} Var{hso} , as { — oo .
Note that
hea = [ {7200 = 1} o = 1lly — E [flaen]

e.g., fluctuations for u # 0 dominated by random norm of the
eigenfunctions.



Other Lipschitz-Killing Curvatures

Likewise we have the expansion

2£1(Au(S); ) = lim [ IV () | 82(Fa(x) — u)dx

w-almost surely and in L%(£2), and similarly for the Euler-Poincaré
Characteristic we have

ColAu(%); ) = lim, [ det (V21(0x)} 0:(VAi(O) o) ()
These expressions can be expanded into Hermite polynomials in

{V2£,(.), V1(.). fe(.) }; the second-chaos however is a function of
f, alone. Is this phenomenon more general?



Critical Values

Critical values are defined by
Nu(fy;$?) = # {x € §? : Vfy(x) = 0 and fy(x) > u} .
We have (Cammarota, M and Wigman 2016)

Theorem

E [Nu(f; S*)] = Nega(u)

gi(u) = \/ﬁ/ (2e7% + (2 — 1)e~"/2)dt
= ug(u) + V2(1 — &(V2u)) ,

Vor (Nt 8%)] = 8aB(0)Var { [ Ha(fix))d | + 0oe(1)

= i gz{u)2(4“)1 + GE—}DD(E?’) :




Reduction principle for critical values

In Cammarota and M (2020) it was shown that

Theorem
Nu(fe; $?) — E [Ny(f;: S?)]

_ %Afgg(u) /Sz Ho (fy(x))dx + op{\/\/ar Wu(fe: S?)])

—3t2/2 2 —t? 4
go(u) = ——e (2—6t"—e " (1—4t+t7))dt .
u VBW



Correlation

As a consequence, for all u # 0.1

Corr® {Ny(fe: S%). Li(Au(S%); ) }
Cov? {Ny(fe; S?), Li(Au(S?); ;) }
Var {Nu(fy; S)} Var {L;(Au(S?); fz)}

—1,asl — 0.

We also have, for all uq,up #£ 0,1
Corr® { Ny, (f;S?), N (f;S%)} = 1, as £ — oo,

(asymptotically full correlation at any two non-zero thresholds
uy, Uy.)



Quantitative Central Limit Theorems

Wasserstein distance between two random variables X and Y

Dw(X.Y):= sup |Eh(X)—Eh(Y)|
heLip(1)

Lip(1) Lipschitz functions of constant 1.
Fourth-Moment Theorem (Nourdin and Peccati 2009,2011):
Taking Z ~ N(0,1) and X, € Cq

X — EX, 2q — 2 Xo—EXn 4|
(s D <\ g \IE vl RS

Similar results hold for Kolmogorov and Total Variation distances.



Quantitative Central Limit Theorems

Recall that {hs.q} belong to the g-th order Wiener chaos; hence it

holds that:
As { — o0
[ O(L)forqg=2.3
he:q _ E[hf;q] _ (‘/El) ! |
W g <)) Oliegr) ora=4
lq k O({—U‘l) for qg=>5.6....




Quantitative Central Limit Theorem

In view of the Reduction Principle we can show that

Theorem
Asl — oo, foru#0 (j =1,2) and for u# (0,1) (for j =0) we
have that

L£i(Au(S?); fy) — E [£;(Au(S?); )]
v/ Var(L;(Au(S?); fr))

and likewise for u £ 0, =1

Z)=0(7'?)

dw (

(ﬁj(Au(SQ); i) — E [£;(Au($%): )]

Z) = 0712y .
VA ) B

w




A Higher-Dimensional Conjecture

Define the set of singular points
Pj:={ueR: upi(u)=0};

for instance,

Po.P1 = {0} .
Py = {0*1},:5}3 — {U,:l:\/g}_....

Gaussian random eigenfunctions on S9, e.g.

Asafp,g = —Agafed  Apg = (L +d —1) ;



Higher-dimensional Spherical Harmonics

Elfrq] =0, E[f2] =1, Elfea(x)fra(y)] = Gra((x.¥))

Gr-d(.) Gegenbauer polynomial of order d (with Gp.4(1) =1); it is
convenient to recall that

Ae:d
Gy.q(1) = a

Dimension of the corresponding eigenspaces is

2E+d—1(f+d—2) 2 yd-1

~ Tt as = oo .
/ (-1 CE -

Ne,a =



Conjecture - 2nd order GKF

We have

252 d+ 1)2w2
Var U Hg(fg;d(x))dx] _ 25 _ 9D G,
gd

Ng-o Ne-d
d+1)°w?, (d —1)!
~ ( )fjjll( )asf—}-r:x:.

We then propose the following Conjecture:
As { — oo, for all k =0,1.....d we have that

Lio(Ay(ST): ) — E [L‘k(AU(Sd ) fg)}

' T o Apy \ (6002
= ala e (57) [ Pttt VT
: ;

e



Nodal Cases: the Excursion Area

At u = 0 the leading second-order chaos disappears, and we are
left with

C2g+1 —
Var { £2(Ao(S%). ) } = EEZ 2B (0) + o(t72)

where

(1) (x/2)%

Qg+l = fﬂ ST W) edy L Jo(v) = (k!)2
k=0 '

Hence, with probability one

meas(x : fy(x) > 0)

meas(x : fy(x) < 0) wlastzoc.




Nodal Area: the Central Limit Theorem

Theorem
(M and Wigman (2014)) As { — oo

L2(Ao(S"), fr) — E[L2(Ao(S"), )]

d
wi /Var {L2(Ao(S), )}

Z) — OE—}c}c(l) '

and hence

Lo(Ao(S"), fr) — E[L2(A0(S"), fy)]

N(0.,1) .
/ Var {L£o(Ag(S"), fz) } —q N(0,1)




Proof

Idea of the proof
L(Ao(S"). fr) — E[L2(Ao(S"), fe)]

M 1 )2k+1 |
kz—:l k +1)! HEk(”)@(”)hf;szrl + Ry

where, as M — oo,

oo ( 1 2k+1

Ru= (2k + 1)!

k=M+1

-Ho(u)o(u)heopi1 = op(v/ Var {L2(Ao(S"). f;)})

The proof can be completed by an application of the multivariate
Fourth Moment Theorem to the terms (hy.3, ..., hpopa1)



Nodal Length

Much more attention has been devoted to random nodal lengths,
l.e., In our case:

Len(f;.S%) := 2L1(Ao(f;.).S%)
A groundbreaking paper by Wigman (2010) showed that

Var [Len(fs, S2)] = —2— + Opyoo(1) -

Hence, with probability one (compare Yau's conjecture)

Len(fy, S?)
VA

21 as l — oo .



The Reduction Principle for Nodal Lines

More recently, it was shown that

Theorem
(M, Rossi and Wigman (2020)) As { — o

Len(S?; f;) — E [Len(S?; ;)] = —% %%hm + op(v/ Var {hga})
(3)
and hence
dw(LEH(SQ; ) _E[Len(S": fy) N(0,1)) = 0r00(1) -

v/ Var {Len(S2; )}

Hence the nodal lengths is asymptotically proportional to the
integral of Hy(fy) (a related result on the torus was given by M,
Peccati, Rossi and Wigman (2016); for R? see Nourdin, Peccati,
Rossi (2019) and Vidotto (2021)).



Correlation between Nodal and Boundary Lengths

The Correlation between Nodal and Boundary Lengths is
asymptotically zero, because the former is dominated by the
second chaos, the latter by the fourth.

However, subtracting the effect on the boundary length of the

random norm ||f[[,2(s2y, one obtains full correlation.
(M and Rossi 2021)

Elim Corr(Len(S?: f;). £1(Au(S™). fz)) = 0.
—+ D

lim Corr*(Len(S?; f;), L1(Au(S™).f;)) =1 .

f— oo



Corrected Boundary Length

More generally, it can be shown that the fourth-chaos for the
boundary length at any level u (possibly different from zero) is
asymptotic to

%g.ﬁ:(u)ﬁHﬂu) + 4Ha(u) — 3}% o Ha(fo(x))dx



Reduction Principle for Total Critical Points

Building on Cammarota and Wigman (2019), it was shown in
Cammarota and M (2020) that

Ag
2332,/371

as a consequence, the nodal lengths and critical points are
perfectly correlated in the high-energy limit:

N_oo(S% f) = E [N_oo(S?; )] = he.a + op((?log () ;

lim Corr?(Len(S?;f;). N_oo(S%: ;) =1 .

f—o00



An Overview of the Reduction Principles

» At v # 0, LKC's and Critical Values are dominated by
heo = [s2 Ho(fe)dx

» At v = 0, Nodal Lengths and Critical Points are dominated by
hea = [s2 Ha(fe)dx

» At u # 0, the norm-corrected boundary length is dominated
by he 4 = fsz Ha(f)dx

» At u =0, the Excursion Area is dominated by
hg,2q+1 = fsg ng+1(fg)dx, q = 1.2,3.



The Asymptotic Correlation Table

The limiting value of Corr?(.,.), as { — oc
Li(u1) Lj(u2) Len(0) Len*(u) £L2(0) Ny
ﬁj(ul) 1 1 0 0 0

|"'-|-|.

T

-

¥*

—

=

R
o= O O O =
o = O O O =
= O O = = O
_= O O = = O
o O = O O O
o~ O O O~



Related Works and Conclusions

» Some analogous (but not equivalent) Reduction Principles
hold for random eigenfunctions on the torus (Arithmetic
Random Waves: Rudnick and Wigman (2008), Krishnapur,
Kurlberg and Wigman (2013), M, Peccati, Rossi, Wigman
(2016), Benatar, M and Wigman (2020), and many others...)

» Related reduction principles hold for random eigenfunctions on
R? (Berry's Random Waves) (Nourdin, Peccati, Rossi (2019))

» The results on the sphere can be extended to the local
behaviour of random spherical harmonics ( Todino 2020)

» [ he results on the zeroes can be extend to random sections of
fiber bundles (spin spherical harmonics) (Lerario et al.,
ongoing)

» Some related Reduction Principles hold for excursion sets of
random fields on §? x R (M, Rossi and Vidotto (2021)









